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PREFACE. 



The present work has been undertaken at the request 
of many teachers, in order to be placed m the hands of 
beginners, and to serve as an introduction to the larger 
treatise published by the author; it is accordingly based 
on the earUer chapters of that treatise, but is of a more 
elementary character. Great pains have been taken to 
render the work intelligible to young studentt, by the use 
of simple language and by copious explanations 

In determining the subjects to be included and the 
space to be assigned to each, the author has been guided 
by the papers given at the various examinations in ele- 
mentary Algebra which are now carried on in this country. 
The book may be said to consist of three parts. The first 
part contains the elementary operations in integi^ and 
fractional expressions ; it occupies eighteen chapters. The 
second part contains the solution of equations and pro- 
blems; it occupies twelve chapters. The subjects contained 
in these two parts constitute nearly the whole of every ex- 
amination paper which was consulted, and accordingly they 
are treated with ample detail of illustratton and exercise. 
The third part forms the remainder of the book; it con- 
sists of various subjects which are introduced but rarely 
into the examination papers, and which are therefore more 
briefly discussed. 

The subjects are arranged in what appears to be the 
most natural order. But many teachers find it advan- 
tageous to introduce easy equations and problems at a very 
early stage, and accordingly provision has been made for 
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such a course. It will be found that Chapters XIX. and 
XXI. may be taken as soon as a student has proceeded as 
far as algebraical multiplication. 

In accordance with the recommendation of teachers, the 
examples for exercise are very numerous. Some of these 
have been selected from the College and University exami- 
nation papers, and son»e from the works of Saunddrson and 
Simpson ; many however are original, and are constructed 
with reference to points which have been shewn to be im- 
portant by the author's experience as a teacher and an 
examiner. 

The author has to acknowledge the kindness of many 
distinguished teachers who have examined the sheets of his 
work and have given him valuable suggestions. Any re- 
marks on the work, and especially the indication of diffi- 
culties either in the text or the examples, will be most 
thankfully received. 

I. TODHUNTER. 

St John's Collbob, 
Jidy 1863. 



Four new Chapters have been added to the present edi- 
tion, and also a collection of Miscellaneous Examples which 
are arranged in sets, each set containing ten examples. 
These additions have been made at the request of some 
eminent teachers, in order to increase the utility of the 
work. 

July 1867. 
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L The Principal Signt, 

1. Algebra is the science in which we reason about 
numbers, with the aid of letters to denote the numbers, 
and of certain signs to denote tho operations pcrformea 
on the numbei^ and the relations of the numbers to each 
other. 

2. Numbers may be either known numbers, or num- 
bers which have to be found, and which are therefore 
called unknojtm numbers. It is usual to represent known 
numbers by the first letters of the alphabet, a, h, c, &c., 
and unknoton numbers by the last letters x,y,z\ this is 
however not a necessary rule, and so need not be strictly 
obeyed. Niunbcrs may bo either whole or fractional The 
worn quantity is often used with the same meaning as 
nuniber. The word integer is often used instead of whole 
number » 

3. The beginner has to accustom himself to the use of 
letters for representing numbers, and to learn the meaning 
of the si^s; we shaU begin by explaining the most im- 
portant signs and illustrating their use. We shall assume 
that the student has a knowledge of the elements of Arith- 
metic, and that he admits the truth of the common notions 
required in all parts of mathematics, such as, if eq%ujd% be 
added to equals the whiles are equal, and the like. 

4. The sign + placed before a number denotes that the 
number is to be added. Thus a+b denotes that the num- 
ber represented by Ms to be added to the number repr» 

T. A. 1 



2 THE PRINCIPAL 9IGNS. 

tented by a. If a represent 9 and h represent 3, then a f 9 
represents 12. The sign + is called the pliu sign, and 
a+b is read thus ^'apliu b." 

5. The sign —placed before a number denotes that the 
number is to be subtracted. Thus a—b denotes that the 
number represented by 2^ is to be subtracted from the 
number represented by a. If a represent 9 and b repre- 
sent 3, then a-b represents 6. The sign - is called the 
minus sign, and a- 6 is read thus **a mintis h** 

6. Similarly a+b + c denotes that we are to add b ta 
Oy and then add c to the result; a + b — c denotes that we 
are to add & to a, and then subtract c from the result; 
a-b-k-c denotes that we are to subtract b from a, and then 
add c to the result; a—b-c denotes that we are to sub- 
tract b from a, and then subtract c from the result. 

7. The sign = denotes that the numbers between 
which it is placed are equoL Thus a = b denotes that the 
number represented by a is equal to the number repre- 
sented by b. And a-i'b=e denotes that the sum of the 
numbers represented by a and b is equal to the number 
represented by c; so that if a represent 9, and b represent 
3, then c must represent 12. The sign = is called the 
sign qf equality^ and a=b is read thus ^*a equals b'* or 
" a is equal to b.** 

8. The sign x denotes that the numbers between 
which it stands are to be multiplied together. Thus 
o X 6 denotes that the number represented by a is to be 
multiplied by the number represented by b, I.f a repre- 
sent 9, and b represent 3, then axb represents 27. The 
sign X is called the sign of multiplication, and axb is 
read thus "a into b." Similarly axbxc denotes the pro- 
duct of the numbers represented by a, b, and c, 

9. The sign of multiplication is however often omitted 
for the sake of brevity ; thus ab is used instead of a x 6. 
and has the same meaning; so also abc is used instead of 
axbxc, and has the same meaning. 

The sign of multiplication must not be omitted when 
numbers are expressed in the ordinary way by figures 
Thus 45 cannot be used to represent the produet of 4 and 
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ff, because a different meaning has already been appro- 
priated to 45, namely, forty-jive. We must therefore re- 
present the product of 4 and 5 in another way, and 4x5 
IS the way which is adopted. Sometimes, however, a 
point is u;^ instead of the sign x ; thus 4.5 is used in- 
stead of 4x5. 'lo prevent any confusion between the 
point thus used as a sign of multiplication, and the point 
!ised in the notation for decimal fractions, it is advisable 
to place the point in the latter case higher up; thus 

4'5 may be kept to denote ^ + t^ • But in fact the point is 

not used instead of the sign x except in cases where there 
can be no ambiguity. For example, 1.2.3.4 may be put for 
1x2x3x4 because the points nere will not be taken for 
decimal points. 

.The point is sometimes placed instead of the sign x 
between two letters ; so that a,hha used instead of a x &. 
But the point is here superfluous, because, as we have 
said, ab is used instead of a x &. Nor is the point, nor the 
sign X necessary between a number expressed in the or- 
dinary way by a figure and a number represented by a 
letter; so that, for example, 3a is used instead of 3xa, 
and has the same meaning. 

10. The sign -^ denotes that the number which pre- 
cedes it is to be divided by the number which follows it. 
Thus a-i-h denotes that the number represented by a is to 
be divided by the number represented by 6. If a repre- 
sent 8, and h represent 4, then a-i-h represents 2. The 
sign -T- is called the sign qf division, and a -5-6 is read 
thus "a by b." 

There is also another way of denoting that one num- 
ber is to be divided by another; the dividend is placed 

a , 
over the divisor with a line between them. Thus ? is 

nsed instead ofa—h, and has the same meaning. 

11. The letters of the alphabet, and the signs which 
we have already explained, together with those which may 
(Kscur hereafter, are called algehraical symbols, because 
they are used to represent the numbers about which we 
nay bo reasoning, the operations performed on them, and 

1-2 



4 EXAMPLES, L 

their Telations to eiUJb other. Any collection of Algebraical 
gymbola is called an algebraical expression, or bnefly Ki 
ejupreesion, 

12 We shall now give somo examples as an exercise 
in the use of the symbols which have been explained; 
these examples consist in finding the numerical Talues of 
oertam algebraical expressions. 

Suppose a=l, 6=2, c=3, d=5, «=6,/=0. Then 
7a+36-2(i+/=7 + 6-10 + = 13-10 = 3. 
2a& + 86c-<w+^=4 + 48-6 + = 62-6 = 46. 

b '*' cd ac" 2 15 3 

4C45£ _ 12 + 30^ 42^ . 
'l^" 5-2 3 

Examples. L 

If a=l,5=2, c = 3, d=4, « = 5,/=0, find the numeri- 
cal values of the following expressions: 

L 9a+26 + 3c-2/ 2. 4e-3a-3& + 5c 

a 1ae + Zbc+9d-a/. 4. Sabc-bcd+Qcde-d^, 

, r -, ^ 4a 9& 8c 6rf 
5. dbcd+abce+abde-^acde'^-bcde, 6. -j + T "*" ^ "" y* 

„ 4ac 86<; Ccc? j. 12a 6& 20<; 

2a4-5& 3& + 2C fl + 6-fC-f-rf &+£+8f 

11. —3—+— g 2d • fi + 6-<£ 

^ a + c & + rf c + « -. fl + &-i-c + <^+g 

^^ ^r^^ J^"^r:^- *^ e-d+C'-b^a 
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II. Factor. Coefficient, Power, Temu, 

13. Wlicn one number consists of the product of two 
or more numbers, each of the latter is called a /actor of 
the product. Thus, for example, 2x3x5 = 30; and each 
of the numbers 2, 3, and 5 is a /actor of the product 30. 
Or we may regard 30 as the product of the two factors, 
2 and 15, or as the product of the two factors 6 and 5, 
or as the product of the two factors 3 and 10. And so, also, 
we may consider 4ab sls the product of the two factors 
4 and ab, or as the product of the two factors 4a and b, 
or as the product of the two factors 4b and a; or we may 
regard it as the product of the thi-ee fEu^tors 4 and a and b. 

14. When a number consists of the product of two 
factors, each factor is called the coefficient of the other 
fewitor; so thsit coefficient is equivalent to co/acior. Thus 
considering 4ab as the product of 4 and ab, wo call 4 
the coefficient of a6, and ab the coefficient of 4; and 
considering 4.ab as the product of 4a and &, we call 4a 
the coefficient of b, and o the coefficient of 4a, There will 
be little occasion to use the word coefficient in practice in 
any of these cases except the first, that is the case in which 
4 is regarded as the coefficient of ab; but for the sake of 
distinctness wo speak of 4 as the numerical coefficient of 
db in 4ab, or briefly as the numerical coefficient. Thus 
when a product consists of one factor which is represented 
arithmetically, that is by a figure or figures, and of an- 
other factor which is represented algebraically, that is by 
a letter or letters, the former factor is called the numet^- 
cal coefficient. 

\6. When all the factors of a product are equal, the 
product is called a power of that factor. Thus 7 x 7 is 
called the second potcer of 7 ; 7 x 7 x 7 is called the third 
power of 7; 7x7x7x7 is called the /ourth power of 7 ; 
and so on. In like manner a x « is called the second power 
of a; axaxais called the third power of a; a'<a>.a'x>a 
is called t\\Q /ourth power of a ; and so on. And a itself ic 
sometimes called the^r«^ power cf a. 
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16. A power is more briefly denoted thus: instead ci 
expressing all the equal factors, we express the factor once, 
and place over it the number which indicates how often it 
is to be repeated. Thus a* is used to denote axa\ a* ia 
used to denote a x a x a ; a^ is used to denote axaxay.a\ 
ftnd so on. And a^ may be used to denote the first power 
of a, Uiat is a itself; so that a} has the tame meaning ae a. 

17. A number placed over another to indicate ho^ 
many times the latter occurs as a ^tor in a power, is 
called an ind^x qf Die power, or an exponent qf the pofwer; 
or, briefly, an index, or expotienL 

Thus, for example, in o^ the exponent is 3; in a" the 
exponent is n. 

18. The student must distinguish very carefully between 
a coefficient and an expotient. Thus 3<; means three times c; 
here 3 is a ctyefficient But c^ means e timet e times c; 
here 3 is an exponent. That is 

3c=c+c+c, 

4^-cxexc, 

19. The second power of a, that is a\ is often called the 
square of a, or a squared; and the third power of a, that is 
a^ is often called Uie cube of a, or a cubed. There are no 
such words in use for the higher powers; a!* is read thus 
"a to the fourth potoer" or briefly ** a <o tiiefourtliT 

20. If an expression contain no parts connected by the 
signs + and — , it is called a simple expression. If an 
expression contain parts connected by the signs + and — 
it IS called a compound expression, and tlie parts con- 
nected by the signs + and — are called terms of the ex- 
pression. 

niui f/j7, Ahc^ tind Srt^c- are simple expressions; c^+l^—<^ 
mnd cxproHsiuri, and a', 6*, and <^ are its terma 

an ex])re8sion consists of two terms it is 
...dal expression : when it consists of three 
Uled a irifffmiial expression; any expression 

^ serem! terms may he called a multinomial 

or ^polynomicd expression. 
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Thus 2a+32» is a binomial expression; a-2b + b€ is a 
trinomial expression; and a—b-k-c—d—e may be called a 
multinomial expression or a polynomial expression. 

22. Each of the letters which occur in a term is 
called a dimension of the term, and the number of the 
letters is called the degree of the term. Thus d^l^c or 
a-Kay.h'Kh'Khx^c is said to be of six dimensions or of 
the sixth degi'ee. A numerical coefficient is not counted ; 
tlius ^'&* and «3&* are of the same dimensions, namely 
scven^imensions. Thus the word dimensions refers tc 
the number of algebraical multiplications involved in the 
term; that is, the degree of a term, or the number of its 
dimensions^ is the sum qf the exponents qf its algebraical 
factors, provided we remember that if no exjwnent be 
expressed the exponent 1 must be understood, as indicated 
in Art 16. 

23. An expression is said to be homogeneous when all its 
terms are of the same dimensions. Thus 7a^ + Sa^ft + 4abe 
lA homogeneous, for each term is of three dimensions. 

We shall now give some more examples of finding the 
numerical values of algebraical expressions. 

Suppose a=l, 6 = 2, c=3, rf=4, d = 5,/=0. Then 
62=4^ ^8 = 8, 6*= 16, 6» = 32. 
36"i^3x4=12, 66» = 5x8 = 40, 9&» = 9 x32 = 2r<i. 
tf»==6^ = 5, «*=62 = 25, «* = 5»=125. 
a«&»*=l X 8 = 8, 36V=3 x 4 x 9 = 108. 
d*-i-c^-7ab-^f*=64 + 9 -1^ + = 59. 

.3c»-4c-10 27-12-10 _g_^B 

^-2c2 + 5c-23 27-18 + 15-23 1 
^ + fP c»-a» ^ 125 + 64 27-1 
« + rf c-a ~ 5 + 4 3-1 
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Examples. IL 

If a=l. h-% c=3, rf=4, «=5,/=0, find the nmnenoal 
valaes of the following expressions: 

1. a'+62+c»+d»+«»^-y'. 

3. ahi? + hcd^ - deo^ +/". 

4. c"-2<;» + 4c-ia 

6. a' + 3a'& + 3a&2+J?. 

6. ^ + 6«22^ + 6*-4^ft-4€y. 

7. ^' 



i>%» rf« 32 
4a i^ ¥' 




2^ + 2 3«-9 ««-l 
e-3 "*" «-2 «+3' 








8a« + 36» 4c' + Gft» c«4.rf« 




a2 + 6* ' c-«-6« «» • 




28 12 


4 


a« + 6» + c* d'-c'-V a«+^ 


-c».-di" 



10. 



11. 



13 ^ 14 ^^ 

IS ..^•^'^ Ifi ^-<?'._ 
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IIL Remaining Signs. Bracketi, 

24. The difference of two numbers is somevimes de- 
noted by the sign ~; thus a~6 denotes the difference of 
the numbers represented by a and b ; and is equal to a— &, 
orb— a, according as a is greater than &, or less than b : but 
this symbol - is very rarely required. 

25. The sign > denotes w greater than^ and the 
sign < denotes is less than; thus a>& denotes that the 
number represented by a is greater than the number 
represented by 6, and &<:a denotes that the number re- 
presented by 6 is less than the number represented by a. 
'i'hus in both cases the opening of the angle is turned 
towards the greater number. 

26. The sign .'. denotes then or there/ore; the sign *.* 
denotes since or because. 

27. The square root of any assigned number is that 
number which has the assigned number for its square or 
second potoer. The cube root of any assigned number is 
that number which has the assigned number for its cube or 
third power. The fourth root of any assigned number is 
that number which has the assigned number for its fourth 
power. And so on. 

Thus since 49=7*, the square root of 49 is 7; and so if 
a—l^, the square root of a is b. In like manner, since 
125=5^, the cube root of 125 is 6 ; and so if a^c^, the cube 
root of a is c 

28. The square root of a may be denoted thus J/a; 
but generally it is denoted simply thus *ya. The cube root 
of a is denoted thus ija. The fourth root of a is denoted 
thus \la. And so on. 

Thus V9=3; 4^8=2. 

The sign ^/ is said to be a corruption of the initial 
latter of the woi'd radix. 
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29. When two or more numbers are to be treated at 
forming one number they are enclosed within brackets. 
Thus, suppose we have to denote that the sum of a and h 
is to be multiplied by c\ we denote it thus {a-\-h)xc or 
{a + &} X c, or simply (a + ft)c or {a + 6} c; here we mean that 
the w}u>le of a +6 is to be multiplied by e. Now if we omit 
the brackets we have a-^bc, and this denotes that b ofdy 
is to be multiplied by c and the result added to a. Simi- 
larly, [a-k-b-c)d denotes that the result expressed by 
a + 6-c is to be multiplied by d^ or that the whole of 
a+6— c is to be multiplied by d) but if we omit the 
brackets we have a+b—cd, and this denotes that c only 
is to be multipUed by d and the result subtracted from 
a+6. 

So also (a-ft + c)x(rf+«) denotes that the result ex- 
pressed byrt— & + cis to be multiplied by the result ex- 
pressed by<3?+«. This may aLo be denoted simply thus 
(a— 6+c)(5+«); just as a X 6 is shortened into ab. 

So also >J{a-\'b+c) denotes that we are to obtain the 
result expressed by a -f- & -t- c, and then take the square root 
of this result 

So also {ab^ denotes dbxab; and (ab^ denotes (Axdbxab. 

So also {a-i'b-c)-r'{d+e) denotes that the result ex- 

Eressed bya+^-cistobe (Avided by the result expressed 
J d+e, 

30. Sometimes instead of nsin? brackets a line is 
drawn over the numb ers whic h are t o be treated as forming 
one number. Thus a—bA-cxd+e is used with the same 
meaning bs (a-b+c)x(d + e). A line used for this pur- 
pose is called a vinculum. So also (a+&— <?)^(rf+«) may 

be denoted thus , " : and here the line between 

d+e ' 

a-^-b-c and d-^e is really a vinculum used in a particular 
sensa 

31. We have now explained all the signs which are 
used in algebra. We may observe that in some cases the 
word sign is applied specially to the two signs + and - ; 
thus in tlie Rule for Subtraction we shall spe^Uc of changing 
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th$ HgnSy meaning the signs + and - ; and in muUiplicft 
tion and division we shall speak of the Rule qftSi^nSf mean- 
ing a rule relating to the signs + and -. 

32. We shall now give some more examples of finding 
the numerical values of expressions. 

Suppose a=l, 6=2, c=3, rf=5, «=8. Then 
y/(2b + 4c)^ ^/(4 + 12)=- V(16)=4. 
4((4c-26)=^(12--4)=y,8)=2. 

e^(26 + 4c)-(2rf-i>)i^(4c-26)=8x 4-8x2=32- 16-16. 
J{(«-&)(2«-6&)}=.y{(8--*2)(16-10)}- J3 X 6)=6. 
{(«-rf)(* + c)-(rf-c)(c-»-a)}(a4-^-={3x5-2x4}6-7x6«42. 
iy(c»+3c^+3c&2 + 5«)^ ^(a» + &»-2a6) 

■=y(274•54 + 36 + 8)•^^/(l + 4-4)=4/(126)■«-l-0. 



£XAMPLE& IIL 

If a=«l, &=«2, c=3, rf=6, e=8, find the numerical 
values of the following expressicms : 



1. a{b+c). 2. b{c + d). a c(e-d). 



4. &V+^-^. 6. c^i^-6*-c«). 6. ~zjf' 



zC— 40'' 

10. (a + 26+3c + 5«-4<30(6^-5rf-4c-3ft + 2a). 

11. (a^ + b^+c'Xe'-d'-c^. 12. (3^J?»-7c^. 

13. e»J{d*-3e) + dJ{(P + Se), 

14. «-{^/(«+l) + 2} + (tf-^^)^(e-4). 

15. i^Ca^ + 2ab+I^x y (a» + 3a^6 + 3aft" + ft»), 

16. y(c"-3c•a4•3ca«-a')-^^/(&» + <^-2c6)L 
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IV. Change of tJie order of Terms, Like Terms. 

* 33. When all the terms of an expression are connected 
by the sign + it is indifferent in what order they are 
placed; thus 5 + 7 and 7 + 5 give the same result, namely, 
12; and so also a+& and 6 + a give the same result, namely, 
the sum of the numbers which are represented by a and b. 
We may express this fact algebraically thus, 

a+6=&+a 

Similarly, a+&+c=a + c + &=6+c+a. 

34. When an expression consists of some terms pro- 
ceded by the sign + and some terms preceded by the 
sign — , we may write the former terms first in any order 
we please, and the latter tenns after them in any order we 
please. This is obvious from the common notions of arith- 
metic. Thus, for example, 

7 + 8-2-3=8 + 7-2-3-=7 + 8-3-2=8 + 7-3-2, 

a + 6-c— «=&+a-c— «=sa+6— «— c=& + a— e-c. 

35. In some cases we may change the order of the 
tenns further, by mixing up the terms which are preceded 
by the sign — with those which are preceded by the sign + . 
Thus, for example, suppose that a represents 10, and b re- 
presents 6, and c represents 5, then 

a+&-c=a-c+6=&-c + a; 

for we arrive without any difficulty at 11 as the result in 
all the cases. 

Suppose however that a represents 2, h represents 6,' 
and e represents 5, then the expression a-c + h presents a 
difficulty, because we are thus apparently required to take 
a greater number from a lei^s, namely, 5 from 2. It will 
be convenient to agree that such an expression as a— c + 6, 
when c is greater than a, shall be understood to mean the 
same thing as a + 6-c. At present we shall not use such 
AD expression as a-hb^e except when c is less than a +6; 
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80 tbat a + h-c will not cause any difficulty. Similarly, we 
shall consider —h^a to mean the same thing as a-6. 

36. Thus the numerical value of an expression remains 
the same, wliatevcr may be the order of the terms which 
compose it. This, as we have seen, follows partly from our , 
notions of addition and subtraction, and partly from an 
agreement as to the meaning which we ascribe to an ex- 
pression when oar ordinary arithmetical notions are not 
strictly applicable. Such an agreement is called in algebra 
a convention^ and conventional is the corresponding ad- 
jective. 

37. We shall often, as in Art. 34, have to distinguish 
the terms of an expression which are preceded by the sign 
+ from the terms which are precedea by the sign — , and 
tJie following definition is accordingly adopted. The terms 
in an expression which are preceaed by tlie sign + are 
called positive terms, and the terms which are preceded 
by the sign — are called negative terms. This definition is 
introduced merely for the sake of brevity, and no meaning 
is to be given to the words positive and negative beyond 
what is expressed in the definition. 

38. It will be seen that a term may occur in an ex- 
pression preceded hy no sign, namely the first term. Such 
a term is counted with the positive terms, that is it is 
treated as if the sign + preceded it It \vill be found that 
if such a change he made in the order of the terms, as to 
bring a term which originally stood fir^t and was preceded 
by no sign, into any ether place, then it will be preceded by 
the sign + . For example, 

a+&— c=ft+a— c=&— c+a; 

here the term a has no sign before it in the first expre^ 
sio'.i, but in the other equivalent expressions it is preceded 
by the sign +. Hence we haw the following important 
addition to the definition in Art SI; if a term be preceded 
by no sign, the sign + is to be understood, 

39. Terms are said to be like when they do not differ 
at all, or differ only in their numerical coeflScients ; other- 
wisa they are said to be unlike. Thus a, 4a, and la are 



14 LIKE TERMS, 

like terms ; a\ fia", and 9a' are like terms; a', db^ md }^ 
are unlike terms. 

40. An expression which contains like terms may be 
simplified. For example, consider the expression 

6a-o + 36 + 6tf-ft + 3tf-2a; 

by Art 35 this expres^on is equivalent to 

6a-a— 2«+36-& + 5c+3<;. 

Now 6a— a— 2a=3a; for whatever number a may re- 
present, if we subtract a from 6a we have 5a left, and tjien 
if we subtract 2a from 5a we have 3a left. Similarly 
32) - 6 =» 26 ; and 5(; + 3c = d>c. Thus the proposed expression 
may be put in the simpler form 

3a + 2ft + 8c. 

Again; consider the expression a-Zh—4b, This is 
equal to a— lb. For it' we have first to subtract 2b from 
a number o^ and then to subtract Ah from the remainder, 
we shall obtain the required result in one operation by 
subtracting Ih from a; this follows from the common no- 
tions of Arithmetia Thus 

a-36-46-a-7ft. 

41. There will be no difficulty now in giving a mean- 
ing to such a statement as the following, 

-36-46--75. 

We cannot subtract 35 from nothing and then subtract 
45 from the remainder, so that the statement just given is 
not here intelligible in itself, separated from the rest of an 
algebraical sentence in which it may occur, but it can be 
easily explained thus: if in the course of an algebraiod 
operation we have to subtract 3ft from a number and then 
to subtract 46 from the remainder, we may subtract lb at 
once instead. 

As the student advances in the subject he may be led 
to conjecture that it is possible to give some meaning to 
the proposed statement by itself, that is, apart from an> 
oth^Y algebraical operation, and this conjecture will h^ 
foond correct, when a larger treatise on Algebra can b« 
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80 that a + h-e will not cause any difficulty. Similarly, we 
ahall consider - & 4- a to mean the same thing as a -&. 

36. Thus the numerical value of an expression remains 
the same, whatever may be the order of the terms which 
compose it This, as we have seen, follows partly from our , 
notions of addition and subtraction, and partly from an 
agreement as to the meaning which we ascribe to an ex- 
pression when our ordinary arithmetical notions are not 
strictly applicable. Such an agreement is called in algebra 
a convention^ and conventional is the corresponding ad- 
jective. 

37. We shall often, as in Art. 34, have to distinguish 
the terms of an expression which are preceded by the sign 
+ from the terms which arc precedca by the sign — , and 
tlie following definition is accordinglv adopted. The terms 
in an expression which are preceaed by the sign -f are 
called positive terms, and the terms which are preceded 
by the sign — are called negative terms. This definition is 
introduced merely for the sake of brevity, and no meaning 
is to be given to the words positive and negative beyond 
what is expressed in the defimiian. 

38. It will be seen that a term may occur in an ex- 
pression preceded hy no sign, namely the first term. Such 
a term is counted with the positive terms, that is it is 
treated as if the sign + preceded it It will be found that 
if such a change be ma^ in the order of the terms, as to 
bring a term which originally stood firFt and was preceded 
by no sign, into any other place, then it will be preceded by 
the sign +. For example, 

here the term a has no sign before it in the first expres- 
sion, but in the other equivalent expressions it is preceded 
by the sign +. Hence we haise the following important 
addition to the definition in Art 37 ; if a term be preceded 
by no sign, the sign + is to be understood, 

39. Terms are said to be like when they do not differ 
at all, or differ only in their numerical coefficients ; other- 
wise they are said to be unlike. Thus a, 4a, and la are 
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V. Additiofk 

43. It lis convenient to make three cases in Addition, 
namely, I. When the terms are all like terms and have the 
samo sign; II. When the terms are all like terms but 
have not all the same sign; III. When the terms are not 
fdl like terms. We shall take these three cases in order. 

44 I. To add like terms which have the samo sign. 
Add the numerical coefficients, pr^x the common flgn^ 
and annex the common letters. 

For example, 6a + 3a + 7a=* 16a, 

-2&c-76c-96c=-lS6c. 

In the first example 6a is equivalent to 4- 6a, and 16a 
to + 16a. See Art. 3a 

45. II. To add like terms which have not all the 
same sign. Add ail the positive numerical coefficients 
into one sum, and all the negative numerical coefficients 
into another; take the difference of these two sums, 
prefix the sign cf tJie greater, and annex the common 
letters. 

For example, 

7a-3a+lla+a-5a-2a=19a-10a=9a, 
2&<?-7ftc-3&c + 4&c + o5(;-66c=ll&c-l66c=-66<?. 

aA\ ^^' ^? *^ *®"**^ ^^^c^ a™ ^^^ all like terma. 
Add together the terms which are like terms by the rule 
m the second case, and put dovm the other terms each 
preceded by its proper sign. 

For example; add together 
4a+6ft-7c+3rf, 3a-&+2c+5(f, 9a-2ft-c-£^ 
and -a+Zh+Ac-Zd+e. 
It is convenient to arrange the terms m columns, si 
that hke terms shall stand in the same column; thus we 
have 
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3a— 6 + 2<? + 6<^ 
9a-2ft- c- <l 



15a+56-2c + 4<^+« 



Here ' he terms 4a, 3a, 9a, and —a are all like terms; 
the sum </f the positive coefficients is IG; there is one term 
leith a negative coefficient, namely — a, of which the co- 
efficient is I. The dififercnco of 16 and 1 is 15; so that 
we obtain 4-15a from these like terms; the sign + may 
however be omitted by Art. 38. Similarly we have 
6& - 6 - 26 + 36=66. And so on. 

47. In the following examples the terms are arranged 
suitably in colmnns : 

x^ + ^x^- 3^+1 a«+ ab-¥ b^-c 

4a;' + 7A''+ iP-9 3a'-3a6-76' 

'■2x^+ a?- 9x4-8 4a»4-6a6+96« 
-3^- «2 + 10a;-l a«~3a6-36* 



9a;*- x-\ 9a2 -c 

In the first example we have in the first column 
flj'+4j:»— 2d?'-3dr', that is Sar*— 6j?', that is, nothing; this 
is udually expressed by saying the terms tchich involve a^ 
cancel each other. 

Similarly, in the second example, the terms which in- 
volve ah cancel each other; and so also do the terms which 
Involve 6". 

*la^-3xy + X 

Za^ - y*+ 3a?— y 

— 2aj2 + 4a?y + 62/'— «-2y 

-Ixy-- 3/*+ 9a:-5y 

4dJ* +4y«- 23? 



12^:2- 6a?y + 7y* + 10a?- 8y 
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Examples. V. 
Add together 
1. 3a-2i>, 4a-66, 7a- -116, a+9ft. 

3. 5a + 36+<;, 3a + 36-f3(;, a+3& + 5c. 

4. 3ar+2y-;8f, 247-2y + 22r, -j? + 2^ + 32r. 
6. 7a-4b-{-c, 6«+36-5c, -12a + 4<:. 

6. a-Aa + b, 3;p + 2ft, a-x-db, 

7. a+6-c, b + c-a, c+a-ft, a+5— c 

a a + 26 + 3c, 2a-b'-2c, b-a-c, c-^a-^b, 
9. a-2& + 3<;-4</, 3&-4<; + 5</-2a, 5c-6rf+3a-4* 
7rf-4a + 6&-4c. 

10. «»-4a^+5j?-3, ar*-7:c'-14d? + 5, -;c« + 9^+a? + a 

11. a?*-2a?»-f3a:*, a:' + ;c2 + ^^ 4a!* + 5x^, 2x^ + Sa!-'4, 

-3j?»-2:it-5. 

12. a3-3a'ft + 3a&2-&», 2a^ + 50^-6(0^- 7 b\ 
a»-a6* + 2/A 

13. «'-2<M;*+a'a? + a», dr"4 3«^, 2o»-aa:*-2«". 

14. 2ab-Saj^ + 2a^Xj I2ab + iOaa^ - 6a*Xy 

15. ^ + y* + ar», -4a:2-5^, 8a:*-7y* + 10;»', 6y*-6;f". 

16. 3;c*-4a?2^ + y' + 2a? + 3y-7, 2;r*-4y2+ 3^1.-5^4. 8, 

10;cy + 8y* + 9y, 6;i?--6a?y + 3y* + 7a:-7y+ll. 

17. «*-4:rV + 6a:V-4^ + y*, 4;i:V-12:»V + 12d?y*-4y* 

6a:'y'-12xy'' + 62/*, 4;ry»-4y*, y*. 

18. a^ + ary* -»- xz^ — ^-y - ary^ - a^z, 
a^y + y^ + yz*- xy^-y^z - xyz, 
m^z-k-y'^'z+j^-xyz-i/z'-xz*. 



SUBTRACTION. 19 



VI. Subtraction. 

49, Suppose we have to take 7 + 3 from 12 ; the result 
is the same as if we first take 7 from 12, and then take S 
from the remainder; that is, the result is denoted by 
12-7-3. 

Thus i2-(7 + 3)=12-7-3. 

Here we enclose 7 + 3 in brackets in the first expression, 
because we are to take the fohole of 7 + 3 from 12; see 
Art 29. 

Similarly 20-(5 + 4 + 2)=20-6-4-2. 

In like manner, suppose we have to take h + c from a; 
the result is the same as if we first take b from a, and 
then take c from tlie remainder; that is, the result is 
denoted by « - 6 - c. 

Thus a-(6+c)=a-6-«. 

Here we enclose h+c in brackets in the first expression, 
because we are to take the whole otb+c from a. 

Similarly a-(6+c + rf)=a-6-c-dL 

49. Next suppose we have to take 7-3 from 12. If 
we take 7 from 12 we obtain 12-7; but we have thus 
taken too much from 12, for we had to take, not 7, but 7 
diminished by 3. Hence we must increase the result by 3; 
and thus we obtain 12— (7-3)=12-7 + 3. 

Similarly 12-(7 + 3-2)=12-7-3 + 2. 

In like manner, suppose we have to take b—c from a. 
If we take b from a we obtain a— &; but we have thus 
taken too much from a, for we had to take, not &, but b 
diminished by c. Hence we must increase the result by e; 
and thus we obtain a - (6 - c) =a - 6 + c. 

Similarly a-(6+c-(30=a-&-c + <l 

50. Consider the example 

a-(& + c-rf) = a-&-<T+rf; 
that is, if b+c-d be subtracted from a the result fa 

2—2 
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a—b-c-^d. Here we see that, in the ezpressioii to be 
subtracted there is a term —d, and in the result there is 
the corresponding term -^d; al»o in the expression to be 
subtracted there is a term + c, and in the result there is a 
term —c; also in the expression to be subtracted there is a 
term b, and in the result there is a term — b. 

From considering this example, and the others in the 
two preceding Articles we obtain the following rule for 
Subtraction : change the signs of aU tJie terms in the ex* 
pression to be subtracted, and then collect the terms as in 
Addition. 

For example; from 4js—3y+2z subtract Zx — y-^z. 
Change the signs of all tlie terms to be subtracted ; thus 
we obtain —Sx+y-^z; then collect as in addition; thus 

4x—3y + 2Z'-3x+y-z=x—2y + z. 

From 3aj*+5:r3_6-iJj_ 7^.^.5 take 2a?*-2;»* -I- 5aj* -6a?-7. 

Change the signs of all the terms to be subtracted 
and procMBed as in addition; thus we have 

3a^+5a^- 6a^-7x+ 6 
— 2;r*+2:»»- 5^+6^+ 7 



iir* + 7^-lla?*- a: + 12 



The beginner will find it prudent at first to go through 
the operation as fully as we nave done here ; but he may 
gradually accustom himself to putting do\>Ti the result 
without actually changing all the signs, but merely sup- 
posing it done. 

61. We have seen that 

a—(p^c)=a—b + c. 

Thus corresponding to the term —cm the exxyression 
to be subtracted we have +c in the result. Hence it is 
not uncommon to find such an example as the following 
proposed for exercise: from a subtract -c; and the result 
required is a+c. The beginner may explain this in the 
manner of Art. 41, by considering it as having a meaning, 
not in itself^ but in connexion wiw some other parts of au 
algebraical operation. 
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It is ttsnnl however to offer some remarVg which will 
seive to impress results on the attention of the beginner, 
and perhaps at the same time to suggest reasons for them. 

Thus we may say that a= a +«—<;, so that if we subtract 
— c from a there remains a+c. 

Or we may say that + and — denote operations the re- 
verse of each other ; thus — c denotes the reverse of -f-c, and 
so -(— c) will denote the reverse of the reverse of 4- c, that 
is, — ( — c) is equivalent to +c. 

But, as we have implied in Art 41, the beginner must 
be content to defer until a later period the complete expla- 
nation of the meaning of operations performed on negatice 
quantities, that is, on quantities denoted by letters with 
the sign — prefixed. 

It should be observed that the words addition and 
subtraction arc not used in quite the same sense in Algebra 
as in Arithmetic. In Arithmetic addition alwavs produces 
increase and subtrdction decrease; but in Algebra we may 
speak of adding —3 to 5, and obtaining the Algebraical 
sum 2; or we may speak of subtracting —3 from 6, and 
obtaining the Algebraical remainder 8. 

Examples. VI. 

1. From 7a + 146 subtract 4a + 106. 

2. From 6a - 26 - c subtract 2a - 26 - 3c 

3. From 3a - 26 + 3c subtract 2a - 76 - c - rf. 

4. From la^-bx-l subtract 5ic2«6j. + 3^ 

6. From 4a:*-3a^-24r"-7^ + 9 

subtract ai^-^ji^-la^ + lx-^. 

6. From 2j?* - 2ax + 3a' subtract x--ax'¥' a\ 

7. From a* - 3^/ - ?/' +yz- 2z* 

subtract x'' + 2jry + 6xz - Zy^ - 2^*. 

8. From fix- + ^xy - 1 Ixz - 4y* - lyz - 5z* 

subtrsict 2 J^ - 7xy + 4xz — 'Sy^ + 6yz — 5«*. 

9. From a» - 3a26 + 3a6« - 6^ subtract - a» + 3a26 - ^^^ + If 
10. From 7^ - 2 j:* + 2a? + 2 subtract Aa^-la^ -2x^X4, 

and from the remainder subtract 2^~ 1^4- 4;P4- 16 
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VII. Brackets, 

52. On account of the extensive use which is made d 
brackets in Algebra, it is necessary that the student should 
obsenre very carefully the rules respecting them, and we 
shall state them here distinctly. 

When an expression within a pair of brackets is pre- 
ceded by the sign + the brackets may be removed. 

When an expression within a pair of brackets is pre- 
ceded by the sign — the brackets may be removed if the 
sign of every term toithin the brackets be changed. 

Thus, for example, 

a-b'-{c-d+e)=a-b-c-\-d-e. 

The second rule has already been illustrated in Art 60 ; 
it is in fact the ride for Subtraction. The first rule might 
be illustrated in a similar manner. 

53. In particular the student must notice such state- 
ments as the following: 

These must be assumed as rules by the student, which 
ne may to some extent explain, as in Art 41. 

54. Expressions may occur with more than one pair of 
brackets : these brackets may be removed in succession by 
the preceding tules beginning with the inside pair. Thus, 
for example, 

a+{& + (<5-rf)}=a + {&+c-rf}=a+&+c— e?, 
a + {b-{c-d)}=a + {b-c + d}=a+b''C + dy 
a-{b + {c-d)} = a-{b + c-d} = a-b'-c-^d, 
a-{6-(c-rf)}=a-{6 'C + d}=a-b + c-d. 
Similarly, 

a^lb-^ic-id-em^a-lb-ic-d+e}-] 
^a--[b-c+d-e]=a-b+c—d+e. 

It will be seen in these examples that, to prevent con- 
fusion between various pairs of brackets, we use bracket! 
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of difierent shapei; we might distinguish by using brackets 
of the same shape but of different sizes. 

A vinculum is equivalent to a bracket; see Art 3G. 
Thus, for ezaniple, 

«-[&-{c-{rf~i^}]=a-[6-{c-(rf-*+/)}] 

55. The beginner is recommended always to remove 
brackets in the order shewn in the preceding Article; 
namely, by removing first the innermost pair, next the in- 
nermost jKiir of all which remain, and so on. AVe may how- 
ever vary the order; but if wo remove a pair of brackets 
including another bracketed expression witliin it, we must 
maJce no cJiange in the signs €(f the included expression., 
In &ict such an included expression counts as a smgle term. 
Thus, for example, 

a+{&+(c-rf)}=a+6 + (c-rf)=a+6+c— rf, 
a+{6-(c-rf)}«a+&-(c-rf)=a+ft-tf+rf, 
a-{6 + (c-rf)}=sa-6-(c-c?)=«a-6-c+rf, 
a-{6-(c-fl?)}=a-6-f-(c-rf)=a-6 + c-dL 
Also, a-[6-{c-(rf-«)}]=a-6 + {c-(rf-«)} 

And in like manner, a - [6 - {c - (rf- « -/)}] 

56. It is often convenient to put two or more terms 
witliin brackets; the rules for introducing brackets follow 
immediately from those for removing brackets. 

Any number of terms in an expression may he put 
within a pair of brackets and the sign + placed b^ore 
the whole. 

Any number cf terms in an expression may be put 
within a pair of brackets and the sign - placed before 
the whole, provided the sign of eveiy term within thi 
brackets be changed 
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Thus, for example, a—b + c—d-^-e 

=a-6 + (<?— rf+«), or =a— 6+c+(— <f+^X 
or =rt-(&-c+rf-tf), or «=a-6-(-c+rf-tf). 

In like manner more than one pair of hrackets msj 
be introduced. Thus, for example, 
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Simplify the following expressions by removing the 
bnu Icets and collecting like terms: 

1. 3a-6-(2a-6). 2. a-b + c-ia-b-c). 

3. l-(l-<z)+(l-a + a')-(l-a + fl2__a3), 

4. a + & + (7a-fc)-(2a-3ft)-(5a + 6&). 

6. a-ft + c-(6-a + c) + (c-a + 6)-(a-c + 6). 

6. 2x-3y-Sz-{x-y + 2z) + (je-\-4y + 5z)''(z-X'-y} 

7. a-{b-c-{d-e)}. 

9. .o-{2&-(3c + 2&-a)}. 10. 2a -{&-(« -26)}. 

11. 3a-{& + (2a-&)-(a-&)}. 

12. 7a -[3a -{4a -(5a -2a)}]. 

13. 3a - [& - {a + (6 - 3a)}]. 

14. 6a-[4&-{4a-(6a-46)}]. 

15. 2a-(3b + 2c)-[5b-{6c-6b) + 6e-{2a-(c + 2b)}], 

16. a-[2& + {3c-3a-(a + &)} + {2a-(6 + c)}]. 

17. 16-{5--2a?-[l-(3-a?)]}. 

18. 15d?-{4-[3-5a:-(3a?-7)]}. 

19. 2a - [2a - {2a - (2a - 2a -a)}]. 



20. 1 6 - a? - [7a: - {Sx-idx -Sx- 6a?)}]. 

21. 2x-[:hj-[4x^{5y-ex^y)y], 

22. 2a-[;J6+(2&-c)-4c + {2a-(36-c-26)}]. 

23. a-[5&-{a-(5c-2<;-6-4&) + 2a-(a-26 + c)}]. 
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YIII. MuUiplieoHtm. 

57. The student is supposed to know that the prodnci 
of any number of factors is the same in whatever oitler the 
factors may be taken; thus 2x3x5=2x.')x3=3x6x2; 
and so on. In like manner dbc^eusb^bcay and so on. 

Thus also c(a-^b) and {a+b)e are equal, for each de- 
notes the product of the same two Actors; one factor 
being c, and the other factor a+b. 

It is convenient to make three cases in Multiplication, 
namely, I. The multiplication of simple expressions; II. The 
multiplication of a compound expression by a simple ex- 
pression; III. The multiplication of compound expres- 
sions. We shall take these three cases in order. 

58. I. Suppose we have to multiply 3a by 46. The 
product may be written at full thus 3 x a x 4 x 6, or thus 
3 X 4 X a X 6; and it is therefore equal to 12ab. Hence we 
have the following rule for the multiplication of simple ex- 
pressions; multiply together the numerieal confidents 
and put tJiS letters after thisproducL 

Thus for example, 

^a A3bc=2ldbc, 
4ax6bx3e^e0abe. 

59. The potcers qf the same number are multiplied 
together by adding the exponents. 

For example, suppose we have to multiply afl by c^ 

By Art. 16, a*=axaxa, 

and d^^axa; 

therefore a* x a*— a xaxaxax a=a'—a^*K 

Similarly, c*xc'«<:xcxcxcxcxcxc=<j' «■<?**•. 

In like manner the rule may be seen to be true in an^ 
other case. 
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60. IL Suppose we have to multiply a+5 by 3. We 
have 

3(a+&)=a+6+a+5+a+5=3a+36. 

Similarly, 7(a + 6) = 7a + 76. 

lu tho same manner suppose we have to multiply a+S 
by c. We have 

c(a+6)=ca + c6. 

In tbe same manner we have 
3(a-6)=3a-36, 7(a-&)=7a-76, c(a-6)=cfl-c6. 

Thus we have the following rule for the multiplication 
of a compound expression by a simple expression; tmUtiply 
each term of the compound expression by the simple eah 
pression, and ptU the sign of the term before the result; 
and collect these restdts to form the complete prodtict, 

61. III. Suppose we have to multiply a+bhy e+d. 
As in the second case we have 

(a+6) (c + d)=a(<o-^d)-\-b(fi+d); 
also a(fi+d)=ac+ad, b{c-\-d)=bc+bdi 

therefore (a + b){6 +d)=ac-^ ad+ be + bd. 
Again ; multiply a— b hy c + d. 

{a-bXc+d)=a{C'k-d)-b{c-\'d); 
also a{c+d)=ac-\'ad, b(e-\'d) = bC'hbd; 

therefore 

{a—b){c+d)=ac+ad-{bc+bd)=€u:+ad'-bc—bd. 
Similarly ; multiply a + & by c-dL 

{a+b){c-d)=lc-dXa+b)=c{a+b)-d{a+b) 
=ca + cb—{da-\-db)=ca+cb''da—db. 
Lastly ; multiply a - 6 by c ~ rf. 

{a-b)(c-d)={c-'d)a-'(c-d)b; 
also {c-d)a=ac—ad, {C'-d)b=bC''bd; 

therefore 

{a-bXc'-d)=ac-ad-(pC''bd) = aC'-ad-bc+bd, 

Let us now consider the last result. By Art 38 we 
may write it thus, 

(+a-6)(+c-(0= +ac-ad' bc-^bd. 
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We see that corresponding to the +a which occurs 
in the multiplicand and the + c which occurs in the multi- 
plier there is a term -^acm the product; corresponding to 
the terms +a and —d there is a term — <m? in the product; 
corresponding to the terms —h and -vc there is a term 
— hcxTi the product; and corresponding to the terms -h 
and —rf there is a term + hd in the product 

Similar observations may be made respecting the other 
three results ; and these obseiTations are briefly collected 
in the following important rule in multiplication : like signs 
produce + and unlike signs -. This rule is called the 
Ride of Signs, and we shall often refer to it by this name. 

62. We can now give the general rule for multiplying; 
algebraical expressions; multiply each term qf the mtdti- 
plicand by each term cfth>e midtiplier; if the terms have 
the same sign pr^x the sign + to the product^ if they 
have different signs prefix the sign — ; then collect these 
residts to form the complete product 

For example ; multiply 2a + 35 - Ac by 3a — 4b. Here 

(2a+36-4c)(3a-46)=3a(2a+35-4c)-46(2a+36-4tf) 

=6a«+ 9aft- 12ac- (8a5 + 12&«- 16fc) 

= 6a* + 9aft-12a<j-8aft-126«+i6ft<:. 

This is the result which the rule will ^ve; we may 
simplify the result and reduce it to 

6a'+a6- 12a(;- 126'+ 16ftc. 

We might illustrate the rule by using it to multiply 
S— 3 + 2 by 7 + 3-4; it will be found that on working oy 
the rule, and collecting the terms, the result is 30, that is 
5 X 6, as it should be. 

63. The student will sometimes find such examples as 
the following proposed: multiply 2a by -4ft, or multiply 
— 4tf by 3a, or multiply —4c by -4&. 

The results which are required are the following, 
2a X —45=— 8a6, 
-4cx 3a = -12ac^ 
»-4tfx-46= 166fr 
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The student may attach a meaning to these operatioiis 
m the manner we haye abeady explained; see Article 41- 

Thus the statement —4ex -4b = l6bc may be under- 
stood to mean, that if •>4<; occur among the terms of a 
multiplicand and -4b occur among the terms of a multi- 
plier, there will be a term I6bc in the product correspond- 
mg to theuL 

Particular cases of these examples are 
2ax-4=s-8a, 2x-4=-8, 2x-.l=-2. 

64. Since then such examples may be given as those 
in the preceding Article, it becomes necessary to take ac- 
count of them in our rules ; and accordingly the rules for 
multiplication may be conyeniently presented thus: 

To multiply simple terms; multiply together the nu- 
merical coefficients^ put the letters coffer this product and 
determine the sign by the Rule qf Signs, 

To multiply expressions; multiply each term in one 
expression l^ each term in the other by the rule for mul- 
tiplyina simple terms, and collect these partial products to 
form the complex product, 

65. We shall now giye some examples of multiplication 
arranged in a conyenient form. 

a+& a— 6 X —X 



a^-k-ab 


+ &» 


a^+ab «'+3a?2 


a« + 2afe4-6» 

c^-ab+i^ 
a +6 


3a»- 4a6 + 66» 
a«- 2ab + 35^ 

3a*- 4a^b-\- 6aHj^ 

- 6a»6+ 8aV-10a5» 

■»- 9aV-12a5s+16&' 




a^ 


+5» 



3a*- lOc^b + 22a«&«- 22a68 + 161/ 
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Consider the last example. We take the first term in 
the multiplier, namely a^ and multiply all the terms in the 
multiplicand by it, paying attention to the Ruh qf Signs; 
thus we obtain 3a^ - 4a^b + 5a'6^. We take next the second 
term of the multiplier, namely - 2ab, and multiply all tiie 
terms in the multiplicand by it, paying attention to the 
Rule of Signs; thus we obtain -6a*6+8a^-l(ki6». 
Then we take the last term of the multiplier, namely 3^, 
and multiply all the terms in the multiplicand by it, 
paying attention to the Rtde qf Signs; uius we obtain 

We arrange the terms which we thus obtain, so that 
like terms may stand in the same column; this is a very 
useful arrangement, because it enables us to collect the 
terms easily and saiely, in order to obtain the final result. 
In the present example the final result is 

3a* - lOa^b + 22aW- 22db^ + 16&*. 

66. The student should observe that with the view of 
bringing like terms of the product into the same column 
the terms of the multiplicand and multiplier are arranged 
in a certain order. We fix on some letter which occurs in 
many of the terms and arrange the terms according to the 
powers qf that letter. Thus, taking the last example, we 
fix on the letter a ; we put first in the multiplicand the 
term 3a^, which contains the highest power of a, namely 
the second power; next we put the term — 4aft which con- 
tains the next power of a, namely the first power; and last 
we put the term 6h% which does not contam a at all. The 
multiplicand is then said to be arranged according to 
descending powers qf a. Wo arrange the multiplier in 
the same way. 

We might also haye arranged both multiplicand and 
multiplier in reverse order, in which case they would be 
arranged according to ascending powers of a. It is of 
no consequence which order we adopt, biit we must take 
the samfie order for the multiplicand and the multiplier. 

67. We shall now give some more examples. 

Multiply l+2;r-3iB"+a?* bv «*-2a?— 2. Arrange ao 
cording to descending powers of x. 
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-20^ +ete"— to-s 

Multiply €^+i^+c--db-hc-ca by «+&+& 
Arrange acoording to descending powers of a. 

^— oft—oc + t'-ftc + c* 

a + & + c 



€^ Sabe +6" +<j" 

This example might also be worked with the aid d 
brackets, thus, 

a + (6+c) 

<i^-a*(6+<j)+a(6*-6c+0 
+a*(6+c)-a(6+c)(6+c) + (5+<?)(&«-Jc+c«) 

Then we have a(6'-6c+c")-a(6+c)(5+c) 
=a{&«-6c+c»-(&+c)(6+c)} 

=a{&«-6c+c2-&2-26<j -<?«}= -3a6c; 
Bud (54-c)(6»-&(; + c«)=63+c^. 

Thus, as before, the result is a»+ ft'+c^— 3a5c. 
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Multiply together x-a^ «— &, or— e; 

X —a 

a? — 7> 

s^—ax 
^bx+ab 

a^''(a + b)x + ab 
X -c 

a^-(a+b)a^-^abx 

-ca^+{a-\-b)cx—dbc 

«• — (a + 6 + c)a?2 + (od + oc + Jc)» — oftc 

The student should notice that he can make two exer- 
cises in multiplication from every example in which the 
multipticand and multiplier are different compound ex- 
pressions, by changing the origmal multijplier into the 
multiplicand, and the original multiplicand into multipher. 
The result obtained should be the same, which will oe a 
test of the correctness of his work 
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Multiply 
1. 2x^hy4a^. 2. 3a* by 4a». 3. 2a"6 by 2aft^ 
4. ZxVzhybX^zK 6. IxY hj 1y^ji(*. 

6. 4a*-35by3a5. 7. 8a«-9ad by 3fl^. 

a &B"-4y2+6;8?aby2;rV 

10. 2xy^z^ + 3a^Z'-5a^z'hyixi^. 

11. 2a?-y by 2y+d?. 

12. 2a:» + 4;c«+8j;+16by3«-fi. 

13. «"4«*+a?-l by«-l. 
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14. l+4af-iai?»by i-e^c+aaj*. 

15. aj»-4«"+ Ha?-24 by «* + 4^+fiL 
le. a!»+4;i?" + 64?-24 by ;i5*-4aj + ll. 
17. jb'-7^ + &i? + 1 by2a!»-4;i?+l. 

la ;r"+6a?'+24a:+60by«3-6x*4-12^+12. 

19. ir"-2a^ + 3a?-4by 4;i:3 + 3^4.2a?+l. 

20. a?*-2iF» + 3aj*-2a?+l by «* + 2a;» + 3a^+2«4'l 

21. «*— 3aa?by ic + 3a. 

22. a'+2aa?— a?"by a* + 2<M?+;i?*. 

23. 2&» + 3a6-a2 by 7a-56. 

24. a^-aft + fr^by a*+aft-6*. 
26. a*-a6 + 26' by a'+a&4-26^. 

26. 4j:"-3a?3/-y« by 3^-2y. 

27. ^-a?*2? + ay~y»bya? + y. 

2a 2:B" + 3j?y + 4y*by 3«* + 4a^ + y". 

29. d:* + s^-;i:y + ;c+y — 1 by a?+y— 1. 

30. a?* + 2a:*y + 4a:V + ac2r'+16y*by «-2y. 

31. 81:i?* + 27:ir'^-f9j:»y'+3ajy' + y*by 3;r-y. 

32. x-^2y-Zzhy x-2y-^Zz. 

33. «•— ad?+&a?+&'by a + &+a?. 

34. a' + &2 + <J_2>c-ca— o6 by a + 6+ft 

35. a*+46a?+46Vbya2-4&a?+45';i?". 

36. a2-2aft + fta + c3bya2 + 2aft4-6*-<j». 

Multiply the following expressions together 

37. a?— a, a? + a, a^+a\ 
Sa «+«, « + 6, ar + c. 

39. «"-<M?+a*, a?*+a:i?+a', a^-a^a^-^cfi'. 

40. « 2a, ;r~a, ^+a, ^+20^ 
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68. DiyiEdon, as in Arithmetic^ is the inverse of Multi- 
plication. In Multiplication we determine the product 
arising from two given factors; in Division we have given 
the product and one of the factors, and we have to deter- 
mine the other factor. The factor to be determined is 
called the qtiotient. 

The present section therefore is closely connected with 
the preceding section, as we have now in fact to undo the 
operations there performed. It is convenient to make 
three cases in Division, namely, I. The division of one 
simple expression by another; II. The division of a com- 
pound expression by a simple expression ; III. The division 
of one compound expression by anothen 

69. I. We have already shewn in Art. 10 how to 
denote that one expression is to be divided by another. 
For example, if 6a is to be divided by 2c the quotient is 

indicated thus: 5a-r2c, or more usually—. 

It may happen that some of the factors of the divisor 

occur in the dividend ; in this case the expression for the 

quotient can be simplified by a principle already used in 

Arithmetia Suppose, for example, Uiat IboH) is to be 

15a^6 
divided by 66c; then the quotient is denoted by - . 

Here the dividend 16a'6=5a'x3&; and the divisor 
6&c=2cx3&; thus the factor 2b occurs in both dividend 
and. divisor. Then, as in Arithmetic, we may remove 

this common factor, and denote the quotient by — ; 
*^^ 66c " 2c • 

V.A. 8 



34 DIVISION. 

It may happen thai all the &cton which occur in the 
diraor maT be remored in this manner. Thus snppoee, for 
example, that 2Adbx is to be divided by Sat: 

^ax " Sax ' 

70. The rule with respect to the 9i§n of the quotient 
may be obtained from an examination of the cases which 
occnr in Multiplication. 

For example, we have 

4a&x3c=12a&c; 

., - \2abc „ 12a6c ^ . 

therefore ^ ^ =3c, — r — =4ao. 

4adx -3c=i-12a&c; 

therefore -«-3c, — — -=4«6. 

-4a6x3c=-12a6c; 
,^ - -12a6c ^ -12aftc ^ , 

-4a5x -3<;=»12a&c; 

., . 12a&c « 12a6c . . 

therefore —r 1= — 3tf, ;r- = — 4ao. 

-4aft ' -3c 

Thus it will be seen that the Rule qf Signs holds in 
Division as well as in Multiplication. 

71. Hence we have the following rule for dividing one 
simple expression by another: Write the dimdevid over 
the divisor toith a mie between them; if the expressions 
have common factors, remove the common factors; prefix 
the sign + if the expressions have the same sign and the 
sign - if they have different signs. 

72. One power of any number is divided by another 
potoer qf the same number, by subtracting the index (^ 
the latter power from the index qf the former. 
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For example, suppose we have to divide a" by aP. 
By Art. 16, a"=a -Ka-Ka-Kaxa^ 

therefore —. = —a x a»a'» o^^. 

o' n 1 ^ cxcxcxcxcxcxc - -^ 

Similarly -^ = =c x c x c=c"=c'^. 

•^ c* <;x<;x<;xc 

In like mamicr the rule may be shewn to be true in any 
other case. 

Or wo may shew the truth of the rule thus : 
by Art 59, c*xc'=c^, 

therefore ii=^» ;a~^* 

73. If any power of a number occurs in the dividend 
and a higher power of the same number in the divisor, the 
quotient can be simplified by Arts. 71, and 72. Suppose, 
for example, that 4ab^ is to be divided by 3cb^; tiien the 

quotient is denoted by -^-jj . The factor 5^ occurs in both 

dividend and divisor; this may be removed, and the quo 

tient denoted by ^; thus ^ = 3^. 

74. II. The rule for dividing a compound expression 
by a simple expression wiH be obtained from an examinii- 
tion of the corresponding case in Multiplicatioa 

For example, we have 

(a-6)c=ac— 6c; 

therefore -^ — = a — 6, 

c 

(a--6)x ~c=^ae-^hc\ 

fliereforo HB^lh^a-h, 

—c 

3—9 
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Henoe we hayo the followmg rale for dividing^ a com- 
ponnd expression by a simple expression: divide Mch term 
i(f the dividend hy the Jivieor, by the rule in the firei 
€a$ef and collect the retiUts to form the complete quotient. 

For example^ = 4a' —Zbc+ac. 

75. III. To divide one compound expression by 
another we mnst proceed as in the operation called Long 
Division in Arithmetic The following rule may be given. 
Arrange both dividend and divisor according to ascend- 
ing powers of some common letter, or both according to 
descending powers <f some common letter. Divide the 
first term of the dividend by the first term qf the divisor , 
and put the result for the first term of the quotient; mul- 
tiply the whole divisor by this term and subtract the 
product from the dividend. To the remainder join as 
many terms qf the dividend, taken in order, ae may be 
required, and repeat the whole operation^ Continue the 
process until all the terms of the dividend have been 
taken down. 

The reason tor this rule is the same as that for the 
rule of Lon^ Division in Arithmetic, namely, that we may 
break the dividend up into parts and find how often the 
divisor is contained in each part, and then the aggregate 
of these results is the complete quotient 

76. We shall now give some examples of Divi9x)n 
arranged in a convenient form. 

a-¥b)a^'¥2db+l^(a-\b a+6^a'-6'(^a-J 

<i^-\-ab c^+ab 

ab+l^ -ab-h^ 

aft + fta -ab-b^ 



wbj€^-lj^(a+b aJ'+3«Jic•^-2aJ■-3^^^^-l 

ab-b* -a^-3a 

ab-b* -aj"-3d? 



DIVISION. 87 

o^ 2a^+ 36«^3a*-10a^+22a2&«- 2206"+ 15&«(^3a>- 4a6-»-66' 
3a*-6a»6+9a25« 

-4a»6 + 13a2&''-22a6" 






Consider the last example. The dividend and diyisor 
are both arranged according to descending powers of a. 
The first term in the dividend is 3a^ and the first term in 
the divisor is a'; dividing the former b^ the latter we 
obtain 3a^ for the first term of the quotient We then 
multiply the whole divisor by Za\ and place the result so 
that each term comes below the term of the dividend which 
contains the same power of a ; we subtract, and obtain 
— 4a'6 + 13a'6'; and we bring down the next term of the 
dividend, namely, — 22a&'. We divide the first term, 
— 4a^&, by the first term in the divisor, a^\ thus we obtain 
— 4a& for the next term in the quotient We then multiply 
the whole divisor by — 4a5 and place the result in order 
wider those terms of the dividend with which we ^re now 
occupied; we subtract, and obtain 6a'6'— lOa^; and we 
bring down the next term of the dividend, namely, \6b\ 
We divide fk^l^ by a\ and thus we obtain 66^ for the next 
term in the quotient Wo tlien multiply the whole divisor 
by 6&2, and place the terms as before; we subtract, and 
there is no remainder. As all the terms in the dividend 
have been brought down, the operation is completed; and 
the quotient is 3a* - 4aft + 65^. 

It is qf grectt importance to arrange both dividend 
and divisor according to the same order of some common 
letter; and to attend to this order in every part qf the 
operation. 

77. It may happen, as in Arithmetic, that the dMsion 
cannot be eimctly performed. Thus, for example, if we 
divide a*+2a6 + 262 by a+&, we shall obtain, as in the first 
example of the preceding Article, a + & in the quotient, 
and there will tnm he a remainder ¥. This result is ex- 



88 DIVISION. 

proBsed in w&jb smilar to those used in Arithmetie; thu 
we may say that 

=:a + 6 + — =■; 

that is, there is a quotient a+(,and a fracttonal part — j- 

In general, let A and B denote two expressions, and 
suppose that when A is divided by B the quotient is q, and 
the remainder R\ then this result is expressed algebrai- 
cally in the following ways^ 

A^qB-^-R^ or A-qB^R, 

ARAB 
^B^^^B' ^ fl"^=5- 

The stodent will observe that each letter hero may re- 
present an expression, simple or compound; it is often 
convenient for distinctness and brevity thus to represent 
an expression by a single letter. 

We shall however consider algebraical fractions in sub- 
sequent Chapters, and at present shall confine ourselves to 
examples of Division in wMch the operation can be exacUy 
performed 

78. We give some more examples : 

Divide a!'-6«» + 7«'+2aj»-6j?-2 by l+2i?-3j;" + a?*. 

Arrange both dividend and divisor according to de> 
Bcending powers of j?. 

«'-3;ir» + 2a?*+ aj» 



-2aj* +ea^-Ax-2 

-2«* +6aj»-4^-« 
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Divide a»+65+c"-3a6c by a+b-k-e, 

Arrang&the dividend according to descending powers 
of a. 

a + b+e)€^ -3a6c+65+c?(a'-a&-ac+5*-6c+c" 

d'+a*ft+a'c 







- al»c 
2aftc 


(JU^ 










oft" 


+ 


ft* 
ft»+ftS^ 






- 


■ abc-i-ac^ 

' ahc 


-ft5^ 
-6%- 


W 










4 
4 


.ftc^4-C» 

-6c34-c» 



It will be seen that we arrange these terms according 
to descending powers of a; then when there are two 
terms, such as a*b and a% which involye the same power of 
a, we select a new letter, as ft, and put the term which 
contains ft before the term which does not; and agam, of 
the terms oft* and aftc, we put the former first as involving 
the higher power of ft. 

This example might also be worked, with the aid of 
brackets, thus: 

a + ft4-<?^a» -3aftc4-ft»4-c'(a"-a(ft4-c)4-ft^-ftc4-fl^ 

€^+a\b + c) 

^ -a2(ft4-c)-3aftc4-ft»4-c8 

-g^ft 4- c) - a(ft« 4- 2ftc 4- c^) 

oTft*- ftc4-04-ft»4-C» 
«(fta- 6C4-c2)4-ft>4-<!^ 
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0iTide «"-(a+6+tf)«*+(a6 + a<;+ftc)a?-a^c by a?— c 
a? - c ) a:* - (a + 6 + tf)a?" + (oft + ac + 6c)a? - oftc ( «■-(« + 6)d?+al 



—{a + b)a^-\-{ab-k-ae+b4!)a-'dbe 

abx "dbe 
abx —dbc 

Every example of Multiplication, in which the multi- 
plier and the multiplicand are different expressions, will 
himish two exercises in Division; because if the product 
be divided by either factor the quotient should be the other 
factor. Thus from the examples given in the section on 
Multiplication the student can derive exercises in Division, 
and tesk the accuracy of his work. And from any example 
of Division, in which the quotient and the divisor are 
different expressions, a second exercise may be obtained 
by making the quotient a divisor of the dividend, so that 
the new quotient ought to be the original divisor. 
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Divide 

I. 15;ir»by3^a. 2. 24a« by - 8a». Z.lSa^hj^x^. 
4. 24a*6«c«by-3a263c*. 5. 2M¥a^h^ 6t^a^y, 

6. Aa^-Sx^-¥\Qxhj4x. 7. 3a* -120^+ 16a" by -3a', 
•S. a^-'^a^t^ + Ax^hj asy, 

9. -15a»&3 -.3022,2 + i2ai> by -3aft. 

10. 60a»&*c"- 48a»&V + 36a'6»c*- 20a«>c« by 4«6<:«. 

II. ^*~7iP+12 by ^-3. 13. a^-k-x-l^hy a-^^ 

13. 2a^-x'^ + Zx-d by 2;iJ-3. 

14. 6aj'+14ic*-4.r + 24by2a?+6. 

15. 9*'4-3a?*+;r-l by 3;r-l. 

16. 7^-24j:«-».6&i?-21 by 7«-a 
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17. af^-lhjx-l. 18. a8-arf>*+68bya-ftL 

19. a?*-8l2^by^-3y. 

20. x^-^a^y + ^la^-xy^ by x-y. 

21. x^-y^hj x-y. 22. a»+32&'by a + 26L 
23 2a* + 27a&*-&l6*bya + 36. 

24. ic'+^+a?Sy« + arV + ^* + 2/*byaj"+y». 

25. ar' + 2a?*y + 3;»V-^i^-2a:y*-3y'bya?*-y». 

26. a?*-6ar»+llar2-12^ + 6by a:»-3a?+3. 

27. it^ + a^'-9x'-'\Qx-4,hj a^ + Ax-k-A, 

28. «*-13«'4-36bya?'4-5^+6. 

29. ar* + 64bya?'4-4j? + 8. 

30. ar*+10a?' + 35a?' + 50j7 + 24bya;* + 6^+4. 

31. a?* + ^-24j?^-35a? + 57 by a?*^ + 2*-3. 

32. l-w-'^-a^hj l+2a? + «». 
33 d/'-ar'+l by a;*-2«'+l. 

34. a* + 2aV + 96* by a^ - 2db + 36«. 

35. a«-68bya3-2a«& + 2a62_2^. 

36. d7' + 2a7'^-4a?*-2a73+12jy2-2^-lby«»+2ir-L 

37. ^+2^-3x* + 2a?^+l byd;*-2a^+3«"-2a? + l. 

38. a?" + ^-2byar*+^+l. 

39. a^-{a \-b+c)x^4-(ab+ac+bc)x-<ibc 

by a?*- (a +6) J? + oft 

40. a^x^ + iZac-b^jff^ + c^hyaa^-hjp+c. 

41. a^—o^y-igy^+y^hjx^+xy + '^. 

42. JT*— 3^y— y"— 1 by x-y-1. 

43. A9x^- + 2lxy + l2yz-l6z^ by 7;»+3//-4zf. 

44. a2 + 2a6 + 6'-<j'by a + 6-c. 

45. a^-^Sb^ + c^-Sabc by a2+4&»+c*-ac-2a6-26c. 

46. a»+3a«& + 3a6*+6« + c3bya + ft + c 

47. a'(&+c) + 6'(a-c)+<?2(a~6) + a6cbya+&+<r. 

48. ;»='-2aa?'+(a*+a6-6");c-a*&+a5"by;c-a+ft. 

49. {x+y)*-2{x+y)z-hz^hj x+y-z, 

5a («+y)3 + 3(il?+y)22f+3(il?+y);»2+;8» 

by(a?+y)*+2(a?+y);r + «*. 
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,X. Oeneral Rendu in MuUiplicaHon, 

79. There are some examples in Multiplicatiou whidi 
occur so often in algebraical operations that they deserve 
especial notice. 

The following three examples are of great importanca 



a +b 


a -6 
a -b 

-ab-^l^ 
(^-iab + b^ 


a +b 
a -6 




a^-^ab 



The first example gives the value of {a+b)(a+b\ that 
is, of (a + b)*; thus we have 

Thus the square qf the sum qf two numbers is eqiud to 
the sum qf the squares qf the two numbers increased by 
twice their product. 

Again, the second example gives 

(a-6)a=a2-2a6+6». 

Thus t?ie square of the difference qf two numbers is 
equal to the sum qf t/ie squares qf the tu)o numbers 
cUminished by twice their product. 

The last example gives 

(a+ft)(a-6)=a«-6». 

Thus the product qf the sum and difference qf two 
numbers is eqtud to the difference qf their squares, 

80. The results of the preceding Article furnish a 
simple example of one of the uses of Algebra; we may 
say that Algebra enables us to prove general theorems 
respecting numbers^ and also to express those theorems 
W^fly. 
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For example, the result (a+&)(a— ()»<i^— ft* is proTed 
to be trae, and is expressed thus by symbols more com- 
pactly than by words. 

A general result thus expressed by symbols Is often 
called dkformtda. 

81. We may here indicate the meaning of the sign ^ 
which is made by combinmg the signs + and — , and which 
lit called the dotMe sign. 

Since (a+6)2=aa+2a6 + &», and (a-ft)»=a«-«a6+ft», 
we may express these results in one formula thus: 
{a±d)2=a«±2ad + &2, 

where db indicates that we may take either the sign -*- or 
the sign — , keening throughotU t?ie upper tign or the 
htcer sign, a ±6 is read thus, ^ a pita or minus bJ* 

82. We shall deyote some Articles to explaining the 
use that can be made of the formulee of Art. 79. We shall 
repeat these formulae, and number them for the eake <2/ 
easp and distinct r^erenee to them, 

(a+6)« =a>+2aft + ft» (1) 

ia-bf =a«-2a&+6» (2) 
(a+6)(a-&)=a»-6« (3) 

83. The formulffl will somethnes be of use in Arith- 
metical calculations. For example; required the difference 
of the squares of 127 and 123. By the formula (3) 

(127)"-(123)"=(127 + 123)(127-123)=250x 4 = 1000. 

Thus the required number is obtained more easily than 
it would be by squaring 127 and 123, and subtracting the 
second result from the first 

Again, by the formula (2) 

(29)«=(30-l)2=900-604-l = 841; 
and thus the square of 29 is found more easily than h} 
multiplying 29 by 29 directly. 

Or suppose we have to multiply 53 by 47. 

By the formula (3) 

53 x47=i60 + 3)(60-3)=(50)»-3'= 2500-9=2491, 
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84. Suppose that we require the square of <Lr4-^. 
We can of course obtain it in the ordinary way, that is uj 
multiplying 3j; + 2y by 3x + 2y. But we can also obtain it 
in another way, namely, by employing the formula (1). 
The formula is true whatever number a may be, and what- 
ever number h may be; so we may put Zx for a, and ly 
Ibr h. Thus we obtain 

(3jr+2y7=(3j?7+2(3a?2y;i + {2yf=9a^+12aj» + 4y». 

The beginner will probably think that in such a case he 
does not gain any thmg by the use of the formula, fof 
he will bdieve that he could have obtained the required 
result at least as easily and as safeiy by common work 
as by the use of the formula. This notion may be correct 
in this case, but it will be found that in more complex 
cases the formula vnU be of great servica 

85. Suppose we require the square of x-k-y-hz. De- 
note ^+y by a. 

Then 4?4-y +J2r=a+ z ; and by the use of (1) we have 

(a+:py=a5 -f2ar -I- «*-=(«-!- v)'+2(a?+y)^+^ 

Thus ( J? -I- y + 4r)* = ^ + y' + ^ + 2a?ty 4- 2y«f + 2as«. 

Suppose we require the square of f^q-^r-s. Denote 
^-3' by a and r—« by 6; thenp— ^-i-r— #=a+6. 

By the use of (1) wo have 
(a-l-6)»=a«4-2a6+ft»=Cp-fi')' + 2Cp~fi')(r-*)-i-(r-#)« 

Then by the use of (2) we express (p—q)* and (r — #)*. 

Thus {p-q+r—sf 
=p^-2pq+q^+2(pr—p8-qr+qs) + r^-ir9-¥-i^ 
=pl^+q^ + f^-\-s'-¥2pr-\-2q9-2pq-2ps-2qr-'2r». 

Suppose we require the product of p—q-\-r^$ and 
p-q-r + 9. 

h&t P'-q=a and r-s=b; then 

p-g-i-r— *=a+5, andp-y— r-l-#«a— 6. 
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Then t>y the ase of (3) we have 

(a+6)(a-6)=a"-&«=Cp-^)«-(r-t)»; 
and by the use of (2) we have 

86. The method exhibited in the preceding Article 
is safe, and should therefore be adopted by the beginner; 
as he becomes more familiar with the subject he may 
dispense with somo of the work. Thus in the last example, 
he will be able to omit tliat part relating to a and &, and 
simply put down the following process; 

[p-q + r-s){p-q-'r + s)^{p-q-\-{r'-8)}{p-q-{r-'9)] 

= {p-qf-{r''sY=p^-2pq + q^-{r^-2rs + 8^) 

=^ — 2/?g + fi'* - r^ + 2r« - «•; 

or more briefly still, 

(l>-g+r-«)(i>-3'-r+*)=(i?-^)"-(r-*)« 

=j3*-2j[>g+g2-r*+2r«-#'. 

But at first the student will probably find it prudent to 
go through the work fiilly as in the preceding Article. 

87. The following example will employ aU the three 
formulae. 

Find the product of the four factors a+ft+c, a+6— c, 
a—b + Cyb+c-a. 

Take the first two factors; by (3) and (1) we obtain 

(a+6+c)(a+&-c)=(a+6)2-c2=a2+2at;+6»-c». 

Take the last two factors; by (3) and (2) we obtain 

\a-b+c){b + c-a) = {c-^{a-b)]{c-(a-b)} 

= c*-(a-6)»=c«-a« + 2a&-6«. 

We have now to multiply together a*+2a6 f&^-c* and 
€P-a8+2aft-6*. We obtain 
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=(2a6)»-(a»+6»-c2)« 
«4aV-{(a»+&2)*-2(a«+6»)c» + c*} 

= 2a«6» + 26V + 2aV- a* -6* - c*. 

88. There are other results in Multiplication which are 
of less importance than the three formulse given in Art 82, 
but whidi are deserving of attention. We place them here 
in order that the student may bo able to refer to them 
when they are wanted; they can be easily verified by 
iictual multiplication. 

(a-6)(a*+<i6+6>)=a«-6», 
(a+i5>)*={a+6)(a« + 2a6 + 6*)=a« + 3a26+3a6»+6', 
(a-ft)»=(a-6)(a*-2a6+6^=fl^-3a»6+3a5«-6», 
. (a+6+<:)«=a5+3a»(&+<:)+3a(6 + c)« + (6 + c)s, 
=a? + 3a*(6+c) + 3a(6«+26<;+c2) + 6» + 36^c + 36c»+c> 
=a5+6»+<:'+3a2(6 + c) + 362(a+c) + 3c2(a+6) + 6i»6<?. 

89. Useful exercises in Multiplication are formed by 
requiring the student to shew that two expressions agreo in 
givmg tiie same result For example, shew that 

(a-6)(6-c)((?-a)=a2((?-6) + 6a(a-(?)+c2(&-a). 

If we multiply a^b by h—c we obtain 

then by multiplying this result by c-a we obtain 
ca& - c6* — flkj* +&<:•- a^6 + oft* + a*<? - a6c, 
that is a2(c-6) + 6»(a-c)+c2(6-a)i 
Again; shew that (a -6)* + (6 -<?)«+(« -a)* 
=2(c-6)(C"a) + 2^-a)(6-tf) + 2(a-6)(a-e), 
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By using formula (2) of Art 82 we obtain 
(a-6)«+(6-tf)«+(c-a)« 

=aa-2a6+6«+6»-26(?+c«+d«-2«+i^ 
=2(a»+ft»+c"-oft-«?-ftc). 
And (c-6)(c-a)=c"-ca-c6+ad, 

(6-a)(6-c)=6'-6a-6c+«^ 

therefore (<?-6)(c-a)+(&-a)(.6-<?)+(a-&)(a-c) 

therefore (a-d)" + (6-c)*+(c-a)" 

=2(<?-6)(c-a)+2(6-a)(5-c)+2(a-6)(a-c). 
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Apidy the fonnulao of Art. 82 to the following sixteen 
examples in multiplication: 

1. (16iB+14y)2. 2. (7.'5"-5y^. 

5. (ai;*-3a?-4)». 6. (a?+2y+a2f)". 

7. («'+ajy+y")(aj»+jjy-y"). 

10. («*+a:y-y«)(^-a?y+y"). 

11. («' + 2jj»+3ar+l)(aj»-2«"+3a?-l). 

12. («-3)«(a^+6a?+9). 13. (a+6)«(a"-2«&-ft^ 
14. (2«+3y)*(4d:"+12ay-9/). 

16. (a«+6y)(iM?-6y){a^«"+ftV)- 
16. (flX'¥btff{€UB-byf. 
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Shew that the foflowing results ai« true: 
17. (<^+ft^(c"+d^=(ac+W)'+(arf-^?)*. 
la (a+6+tf)*+i^+d»+^=(a+6)»+(6+c)«+(c+ay. 

19. (a-ft)^-c)(c-a)=fe(c-6)+ca(a-c) + a6(6-a). 

20. (a-6)F+y-a»=3a6(5-a). 

21. (a+6+c)"-a(6+c-a)-6(a+c-6)-c(a + 6-c) 

-2(a« + 6* + <?«) 

22. (<^+a6+6»/-(a^-a&+6«)"=4fl6(a^+6»). 

23. (a+6+<;)»-a^-2»»-c"=3(a+6)(6+c)(r+a). 

24. {a+6+c)(a6+6c+<:a)=(a+6)(6+c)'c+a)+a6c 

25. (a + 6)(6 + c-a)(c+a-&) 

26. (a+6+c)3-(6+c-a)»-(a-6+c)S-(a+&-c)» 

= 24a5<;. 

27. (a+6+c)P+(a+6~c)»+(a-6+tf)«+(i5>+c-a)* 

2a (a+6)«+2(a^-6»)+(a-5)«=(2a)« 

29. (a-&)»+(6-<;)>+(c-a)»=3(a-&)(6-c)(c-a). 

80. (a-6)3+(a+6)»+3(a-6)*(a + 6) + 3(a + 6)«(a- &) 

= (2a)« 

31. (a + &A&+c-a)((?+a-6) + (a-6)»(a+6+/:Xo+ft-c) 

=4a6c«. 

32. a(&+c)(6'+c"-a«)+fc(c+a)(c«.+ a»-6«) 

+c(a+ft)(a»+6»-c»)=2a&(?(a+6+c). 

33. {a-h){X'-a){x-b)-k-(J>-c){x-h){x-c) 

+ (<;-a)(a?-c)(aj-a)=(a-&)(6-c)(a-c) 

34. (a+6)a+(a+c)*+(a+(3?)»+(6 + r)*+(6+c?)'+(c+^* 

=(a+6 + c + e;)2+2(a2+ft3+c2+^^ 

36. {(flw?+6y)*+(ay-&ar)2}{(<M?+&y)»-(ay+5ar)n 
Sa ifiy-hzf-\-{aZ''exf'¥(px-ayf+{ax+hy-^czf 



FACTORS. 49 



XI. FactoTM, 

90. In the preceding Chapter we have noticed some 
general results in Multipucation ; these results may also be 
regarded in connexion with Diyision, because every ex- 
ample in Multiplication furnishes an example or examples 
m Division. We shall now api^lv some of these results 
to find what expressions will divide a given expression, or 
in other words to resolve expressions into their factors, 

91. For example, by the use of formula (3) of Art 82 
we have 

Hence we see that a^—b^ is the product of the four 
factors tf*+6*, a* + 6*, a + 6, and a-b. Thus a'- 6* is 
divisible by any of these factors, or by the product of any 
jwo of them, or by the product of any three of them. 

Agam, 

{a' + ab+¥){a^-ab-h¥) = {a^'hb^ + ah){a^+b^-ab) 
= {a^+b'f'-{aby=a*-h2a^bf^-hb*-'d^=a^-^a^b* + b*. 

Thus a*+a'^l^+b* is the product of the two factors 
a^+aft + ft* and a^—ctb+b^y and is therefore divisible by 
either of them. 

Besides the results which we have already given, we 
shall now place a few more before the student. 

92. The following examples in division may be easily 
verified. 

and so on. 

T. A. .1 
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Also 

and soon. 
Also 

and 80 on. 

The student can carry on these operations as far as 
he pleases, and he will thus gain confidence in the truth of 
the statements which we s£dl now make, and which are 
strictly demonstrated in the higher parts of larger works 
on Algebra. The following are the stetements : 

;r"— y" is divisible by a?— y if « be any whole number ; 

af — y" is divisible by 4?+ y if n be any even whole number; 

flf + ^ is divisible by a? + y if w be any odd whole number. 

We might also put into words a statement of the forms 
of the quotient in the three cases; but the student will 
most readily learn these forms b^ looking at the above 
examples and, if necessary, carrying the operations still 
&rther. 

We may add that a;" + y" is never divisible by x-^y or 
x-^y, when n is an even whole number. 

93. The student will be assisted in remembering the 
raanilts of the preceding Article by noticing the simplest 
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case in each of the fetor resolts, and referring «yiher i 
to it. For example, suppose we wish to consider whether 
a^— y' is divisible by ;*-y or by a?+y; the index 7 is an 
i>dd whole number^ and the simplest case of this kind la 
a—Vt which is divisible by ^— ^, but not by a?+v; so we 
hifer that aP—y' is divisible by ^-y and not by x-k-y. 
Again, take 3^—^\ the index 8 is an enen whole number, 
and the simplest case of this kind is a^—y^ which is 
divisible both hj x—y }md.'v+^; so we infer that 2^— y* 
is divisible both by x-y and x+y. 



94. The following are additional examples of resolving 
expressions into factors. 

86»-27c>=(26)8-(3c)3=(26-3c){(26)2 + 26x3tf+(3<?)^ 
= (26 - 3c) (46« + 66c + 9c^ ; 

4(a6+Vr(/)«-(a*-f6«-c«-rf»)'= 

{2(a6 + crf) + (a«+6»-c*-(;P)}{2(a6+af)-(a«+6^-c»-rf^ 

= {2a6 + 2(jrf + a2 + 6S-.c«-rf«}{2a6+2cflf-a«-6» + c»+^ 

=(a+6+c-<f)(a + 6-c-».rf)(a-6+c4-rf)(6+c-».rf-a). 

96. Suppose that (a?" - bxy + 6y") (a? - 4y) is to be divid- 
ed by a:*— 7^+1 2^". "We might multiply a?—6xy+Q^ 
by x—Ay, and then divide the result by x^-*Jay+l2y^, 
But the form of the question suggests to us to tir ii 
a? -4y is not a feu^r ofa^-7xy+ 12y'; and we shall find 
that«»-7ajy+12y2=(a?-3y)(a?-4y). Then 

(a^-6xy+6f^ (x-Ay) ^ x^-Sxy-^ey^ _ 

{x-'3y){x-4y) ~ x-Sy * 

and by division we find that 



x-Sy * ^' 



4— i 
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96. The stadent with a little practice will be able ic 
resohv oertam trinomials into two oinomial &ctor& 

For we have generally 

(«+a)(d?+ft)=^+(a+6)«+a6; 

Biippoee then we wish to know if it be possible to resolve 
a^ + 'jX'^Vl into two binomial factors; we must find, if 
possible, two numbers such that their sum is 7 and their 
product is 12; and we see that 3 and 4 are such numbers. 
Thus 

Similarly, by the aid of the formula 

we can resolve «■— 7«+ 12 into the factors {x—3) («— 4). 

And, by the aid of the formula 

(a: + a) (a?— 6) = a?' + (a - 6) a? - aft, 
we can resolve aj*+ ^c- 12 into the faucton (d?+ 4) (a?- 3). 

We shall now give for exercise some mifloellaaeoiu 
examples in the preceding Chapters. 
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Add together the following expressions: 

1. a(a-\-b-c\ 6(ft+c— a), c{a+e~b), 

2. a(a-b+c\ b(b—c+a), c(c— a+&). 

3. a(a— ft+c+c?), bia-hb—c-^d), c(a + & + c-rfX 

4. 3a-(4&-7c), 36-(4<j-7a), Zc-{4a-7b). 
6. 9a-(66 + 2c), 9&-(6c + 2a), 9c-(6a+2&). 
6. (a+b)x + (a+c)y, {b-c)a'.-h(p'-c)y, 

{c-a^x-^^b-ajy. 
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7. (jf-«)(a+6) + (4r-y)(a-6), («+y)a+ (#+jf)6i 

8. (a-h)x+(}>-e)y-^{e-a)z, 
a{y^z)-^b{z+x)+c{x-¥y), ax+hy-^-cz. 

9. 2(« + &-c)i + (a + 6)y4-2a^, 

2(a+c-6)4J + (tf+c)jr 4-264?, 2(&+<;-a)j?+(6+c)y+2<». 

10. a'-(a-^6+<;)(a-f6-c), 6»-(&-a+c)(&+<*-c), 

c"-(c— a + 6)(c+a-&). 

Simpli^ the following expresaions: 

11. a-2(6 + 3a)-3{6 + 2(a-6)}. 

12. (a+6)(&4:c)-(c+<f)(</+a)-la+c)(6-rf)- 

13. 4a-[Bfl-{26(^+y)-26(a?-y)}]. 

14. (a?+6)(a?-f c)-(a+6+c)(a?+6)+a*-fa6+6' + 3«?. 
1-6. a-[66-{a-3(c-6) + 2c-(a-26-c)}]. 

16. 5a-7(&-c)-[6a-(3& + 2c) + 4«-{2a-(& + c-a)}]. 

17. (a?+3)*-3(fl?+2)»+3(ii?+l-)»-^. 

18. («+y)*+(a?+y)V + (d?+y)y-{3j!V4-6y*4? + 2j/»}. 

19. (l+a?)«+(l+a?)V+(l+a?)y^ + y' 

-{3a?(a?-fl)+y(y+l)+2a:y + l}. 

20. a(&+c)«+6(a + c)«+c(aH-6)«+(a-&)(a+c)(&-c) 

-(aH»6)(a-c)(&-c)-(a-&)(a-c)(6+c). 

a*-3a& + 26« a«-7a5+126« 



21. 
22. 



a-2b a-36 



22 3a»-7a^--5g5« + 5y _^ 6a» - 26a*& + 40a&*- 206" 



94. 



a+b a—b 

lS{b€^+ca^-\'db*)-l2(!bl^c^c^+a*b)-l9abe 
2a-36 
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Dhide 

26. a^+y»+2a:='y»by(a?+y)". 

27. (a^-3a»&+0a&"-36»)(a-2ft)byfl^-3a6+26*. 

•28. (a^-SarV+sa^^.isySj^^.yyjljy^.g^^Y^^ 

29. aP+o*6*+&8by(a2-a6+J^(a«+a&+&»). 

30. a»-6«+aV(a*-&*) by (a»-a6+6»)(a^+a5+&«). 

31. 4a«&»+2(3a*-2M)-a&(6a«-llM) by (3a-d)(a+6) 

32. (^-3a?+2)(4?-3)by«*-6a?+6. 

33. («"-3a? + 2)(^+4)byar»+d?-2. 

34. (a«+aa?+;»*)(a^+a^ by a*4-aV+«*. 

35. (a*+a«6"+&*)(a+6)bya*+a6+6«. 

36. 6(**4-o') + rta?(«2_^2) + a3(<P^.^) by (a+z»)(ay+a)^ 

Resolve the following expressions into factors: 



37. 


«2 + 9;l? + 20. 




sa «2+na?+3a. 


39. 


4;»-16a? + 60. 




40. a?2-20«+10a 


41. 


a^+d?-132. 




42. «2_7^_44. 


43. 


«*-81. 




44. aj»+126. 


46. 


«8-2o6. 




46. ;i^-64. 


47. 


a' + 9a6 + 20&2. 




4a s^-X^xy^ASi 


49. 


(a+5)'-llc(a+6)+ 


30c«. 


50. 


2(fl? + y)*-7(^+ 


y)(a+&)+3(a+&)". 



Shew that the following results are trae: 
51. (a+2&)a»-(&+2a)6'=(a-6)(a+&)>. 
62. a(a-2&)»-&^-2a)5=(a-6)(a+6y. 
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XIL Greatest Common Measure. 

97. In Arithmetic a whole number which divides 
another whole number exactly is said to be a measure of 
it^ or to measure it; a whole number which divides two 
or more whole numbers exactly is said to be a common 
measure of thenu 

In Algebra an expression which divides another ex- 
pression exactly is said to be a measure of it, or to measure 
it; an expression which divides two or more expressions 
exactly is said to bo a common measure of them. 

98. In Arithmetic the greatest eommon measure of 
two or more whole numbers is the greatest whole number 
which will measure them alL The term greatest common 
measure is also used in Algebra, but here it is not veir 

set 



ai^nropriate, because the terms greater and less are sel- 
dom applicable to those algebraical expressions in which 
definite numerical values l^ve not been assigned to the 
various letters which occur. It would be better to speak 
of the highest common measure^ or of the highest common 
dimsor; but in conformity with established usage we 
shall retain the term greatest common measure. 

The letters 0.0. m. will often be used for shortness 
instead of this term. 

We have now to explain in what sense the term is used 
in Algebra. 

99. It is usual to say, that by the greatest common 
measure of two or more simple expressions is meant the 
greatest expression which will measure them all; but 
this definition will not be fully understood until we have 
given and exemptified the rule for finding the greatest 
common measm*e of simple expressions. 

The following is the Rule for findm^ the G.0.IC. of 
simple expressions. Find hy Arithmetic the 0.0. m. q/ 
the numerical coejgicients ; after this number put every 
letter which is eommon to all the expressions^ and give 
to each letter respectively the least index which ii hat 
is^ the expressions. 
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' 100. For example; re<)uired the ^.o.m. of 16a*5V and 
^Oc^l^d, Here the numerical coefficients are 16 and 20, 
and their o.aM. is 4. The letters common to both the 
expressions are a and h ; the least index of a is 3, and 
the least index of & is 2. Thus we obtain 4a'&'^ as the re- 
quired G.C.M. 

Again; required the g.cm. of SaHi^c^a^ya^, I2a^bcaf^, 
and 16a^<^a^. Here the numerical coefficients are 8. 
12, and 16; and their o.cic is 4. The letters common to 
all the expressions are a, c, x, and y ; and their least indices 
are respectively 2, 1, 2, and 1. Thus we obtain Aa^cx^ as 
the required o.cm. 

101. The following statement gives the best practical 
notion of what is meant by the term great^t common 
measure, in Algebra, as it shews the sense of the word 
greatest here. When two or more expreuions are divided 
oy their greatest common measure, the quotiente have no 
common measure. 

Take the first example of Art 100, and divide the ex- 
pressions by their o.cm.; the quotients are 4ae and bhdy 
and these quotients have no common measure. 

Agam, take the second example of Art 100, and 
divide the expressions bv their a.o.]c; the quotients are 
2t^ca?2^, Sc^by\ and 4acV> a^d these quotients have no 
common measure. 

102. The notion which is supplied by the preceding 
Article, with the aid of the Chapter on Factors, will enable 
the student to determine in many cases the o.aii. of com- 
pound expressions. For example; required the o.au. of 
4a*(a+6)« and 6a6(a«-6»). Here 2a is the o.au. of the 
factors 4^2 and 6a6; and a+& is a factor of {a+bf and 
of a^-h\ and is the only common factor. The product 
2a(a+&) is then the o.cm. of the given expressions. 

But this method cannot be applied to complex ex- 
amples, because the general theory of the resolution o< 
expressions into factors is beyond the present stage of 
the student's knowledge; it is uierefore necessaiy to adopt 
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another method, and we shall now give the usual definition 
and rule. 

103. The following may be given as the definition of 
the greatest common measure of compound expressions. 
Let two or more compound expressions contain powers 
qf some commxm letter; then the factor of highest di- 
mensions in that letter which divides all the expressions 
is called their greatest common measure. 

104. The following is the Rule for finding the greatest 
common measure of two compound expressions. 

Let A and B denote the two expressions; let them 
be arranged a/xording to descending powers qf some 
common letter, and suppose the index of the highest 
power of t/tat letter in A not less than the index <f the 
highest power qf that letter in B. Divide A by B; 
then make the remainder a divisor and B the dividend. 
Again m^ke the new remainder a divisor and the pre- 
ceding divisor the dividend. Proceed in this way until 
there is no remainder; then the last divisor is the 
greatest common measure required. 

105. For example; required the o.cm. of a^-4a:+3 
and4;»3«9-c2_i5^4.18. 

«2-4« + 3j4a^- 9a;2-15a?+18 (4a? + 7 
4a?3-16«»+12a? 

7^-270?+ 18 



X- 8 

ao^Z) x^-^x + ^ U-1 
x^-Zx 



-a? + 3 
—a? + 3 



Thus «-3 is the o aM. required. 
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106. The rale which is given in Art 104 depends on 
the following two principles. 

(1) If P measure A^ it will measure mA. For let 
a denote the quotient when A is divided by P\ then 
A=aP; therefore mA=maP; therefore P measures 
mA. 

(2) If P measure A and B, it will measure mAJ'^nB. 
For, since P measures A and B, we may suppose A=aP, 
and B—bP; therefore mAJ^nB={ma^nb)Pi therefore 
P measures mA^nB. 

107. We can now demonstrate the rule which is given 
in Art 104. 

Let A and B denote the two ex- B) A (p 

Sressions. Divide A hy B\ let p pB 

enote the quotient, and C the re- 

mainder. Divide B by (7; let g- do- CJ B K^q 

note the quotient, and D Uie remain- qC 

der. Divide C by 2>, and suppose 

that there is no remainder, and let f D) C (r 

denote the quotient rD 

Thus we have the following results : 

A=pB-hC, B=qC+D, 0=rD. 

We shall first shew that 2> is a common measure of 
A and B. Because C=rD, therefore D measures G; 
therefore, by Art. 106, D measures ^(7, and also qCA-D; 
that is, D measures B. Agaiu, since D measures B and C, 
it measures pB+C; that is, 2> measures A. Thus 2) 
measures A and B. 

We have thus shewn that /> is a common measure of 
A and B; we shall now shew that it is their greatest 
common measure. 

By Art 106 every common measure of A and B mear 
sures A -pB, that is C; thus every common measure of 
A and B \s a common measure of B and C. Similarly, 
eveiy common measure of B and C is a common measure 
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of C and D, Therefore every common measure of A and 
^ is a measm^ of D. But no expression of higher dimen- 
sions than D can divide />. Therefore Z> is the greatest 
common measure of A and £, 

108. It is obvious that, every measure qf a oommon 
measure qf ttoo or mare ex^essions is a common measure 
qf those expressions, 

109. It is shewn in Art 107 that every common 
measure of A and £ measures D; that is, every common 
measure of ttoo expressions measures their greatest com- 
mon measure. 



110. We shall now state and exemplify a role which 
is adopted in order to avoid fractiond in the quotient; by 
the use of the rule the work is simplified. We refer to the 
Chapter on the Greatest Common Measure in the larger 
Algebra, for the demonstration of the rule. 

Before placing a fresh term in any quotient, we may 
divide the divisor, or the dividend, by any expression 
which has no fo/ctor which is common to the expressions 
whose greatest common tneasure is required; or, we 
may multiply the dividend at such a stage by any ex- 
pression which has no /actor tliat occurs in the divisor, 

111. For example; required the g.cm. of 2a?' -7a? +6 
and 3a?*-7a?+4. Here we take 2a;" -7a? +5 as divisor; 
but if we divide Za^ by 2j^ the quotient is a fraction; to 
avoid this we multiply the dividend by 2, and then divide. 

2a?2-7a?+5;6a:«-14a?+ 8 (,3 
6a?*-21a?+16 



7a?- 7 



If we now make 7a?- 7 a divisor and 2^— 7^ 4- 5 the 
dividend, the first term of the quotient will be fractional; 
bat the factor 7 occurs in every term of the proposed 
divisor, and we remove this, and then divide. 
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Thos we obtain x—\ as the o.aK. required. 

Here it will be seen that we used the second part of 
the rule of Art 110, at the beginning of the process, and 
the first part of the rule later. The first part of the rule 
should be used if possible ; and if not, tho second part. We 
have used the word expression in slating the rule, but in 
the examples which the student will have to soIyo, the 
&ctors introduced or removed will be almost always nt*- 
mericcU factors, as they are in the preceding example. 

We will now give another example; required the G.OJL 
of 2;r*-7a;»-4a?'+«-4 and 3:if*-lla!»-2j?«-4;c-16. 

Multiply the latter expression by 2 and then take it for 
dividend. 

6j:* - 21a^ - 12:r» + 3;i? - 12 



- «■+ &i;»-lla?-20 



We may multiply every term of this remainder by - 1 
before using it as a new divisor ; that is, we may change 
the sign of every term. 

a?»-8«*+ll;i?+20;2x*- la?- 4j:«4-ar-4 (,2af+9 

9a?^2%a?- 39«- 4 
94?»- 7*2^2+ 994. + 180 



4&c»- 138a?- 184 



Here 46 is a fEu^r of every term of the remainder; 
reuove it before using the remainder as a new divisor. 
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-6aj*+l&r+20 
-6;u" + 15«+20 



ThiLtf '«*-3i?-4 is the o.aiL required. 

112. Suppose the original expressions to contain a 
common fiftctor F, which is obvious on inspection; let 
A^aF and B^hF, Then, by Art 109, jPwiU be a factor 
of the a.o.M. Find the g.cm. of a and &, and multiply it 
by F\ the product will be the o.g.m. of ^ and B. 

113. We now proceed to the O.O.M. of more than two 
eompound expressions. Suppose we require the o.aM. of 
Viree expressions A^ By (7. Find the o.aM. of any two of 
tiiem, say of ^ and B; let 2> denote this o.aM.; then the 
6.0. M. of D and C will be the required o.aic of A^ B, and (7. 

For, by Art 108, every common measure of D and C is 
» common measure of A, B^ and C; aad by Art 109 every 
common measure of A^B, and (7 is a common measure of 
D and G, Therefore the caiL of D and (7 is the aoJL 
o{A,B,BJkda 

114. In a similar maimer we may find the e.o.M. of 
Jour expressions. Or we may find the o.o.M. of two of 
the given expressions, and also the o.cm. of the other two; 
then the o.o.M. of the two residts thus obtained will be 
the G,OJL of the four given expressions 
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Find the greatest common measure in the following 
examples: 

1. 16«*, 18««. 2. 16aV, 20a»62. 

& Z6aiVa^, 4&bV^- *. 36a«&3^cV, 49aH^aV. 

6. 4(a; + l)«, 6(«»-l). 6. 6(d?4-l)», 9(«»-l). 
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10. «»-9x+14j «»-llj:+2a 

11. jc»+2j?-120, ««-2jc-8a 

12. a*-15j:+36, ;r"-9jr-3«. 

la a*+6j;* + 13jr-»-12, «*+7«'+16^+ 16. 

14. «»-9jj*+-23j?-12, ^-iar*+28a?-15. 

15. j^-29x+42, ic'+2:«-3&r+49. 
la J^-4lJC-30, «»-ll««-i-25ar+25. 

17. «»+7«»+17a?+>5, a:»+aB*+19;F+12. 

la «»-10«' + 26a:-8, «»-9j:*+23j?-12. 

19. 4(j?»-a?-^ I), 3(4?« + ««+l). 

20. 6(j?*-«+l), 4{jJ«-l). 

21. to'+a?-2, 9a!»+4ac*+62;r+16. 

22. «»-4jj» + 2x+3, 2j^-9;c' + 12^-7. 

23. jr*+fl:*-6, a:*-3a?» + 2. 

24 i»'-2x'+3a?-6, «*-a!»-j?*-2d?. 

25. a?*-l, 3a?' + 2a:«+4dj' + ar* + ar. 

26. a?*-9J^-30j?-25, a^+^-7^ + 5:c. 

27. 35a^ + 47«« + 13ar+l, 42«*+41«3-9^-9ar-l. 
2a a!«-3«»4-6a?*-7«' + 6a;"'-3«+l, 

a!«-a:»+2;r*-a:»4-2a?2-a? + l 

29. 2a?*-6«» + 3af«-3a?+l, «'-3a:«+a^-4^+12a?-4 

30. J?«-l, j;^*+«*4ar8 + 2jB' + 2a?* + 2jf'+j7*+jr4-l. 

31. a^-3iP-70, a?-Zdx-\-1Q, aj»-4ai?+7. 

32. a^-xy-llt/^y a?'+6;ry+6y*. 

33. 2^' + Zax + a', 3a?' + 2ax - a\ 

34. a?'-3a«;i:-2a», iu'-"flw?«-4a". 

S6. 3aj"-3a?V+^'-y'i 4i?V-5iry» + j^ 
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XIII. Ledst Common MultipU, 

115. In Arithmetic a whole number which is measnred 
by another whole number is said to be a multiple of it ; a 
whole number which is measured by two or more whole 
numbers is said to be a cmnmon mtdtiple of them. 

116. In Arithmetic the least common multiple of two 
or more whole numbers is the least whole number which 
is measured by them all. The term least common multiple 
is also used in Algebra, but here it is not very appropriate; 
see Art. 98. The letters l.c.m. will often be used for 
shortness instead of this term. 

We haye now to explain in what sense the term is used 
in Algebra. 

117. It is usual to say, that by the least common mul- 
tiple of two or more simple expressions, is meant the least 
expression fchich is measured oy them all; but this defi- 
nition will not be fully understood until we have given and 
exemplified the rule for finding the least common multiple 
of simple expressions. 

The following is the Rule for finding the l.cic of 
simple expressions. Find by Arithmetic the l.c.m. qf the 
numerical coefficients; after this number put every letter 
which occurs in the expressions, and give to each letter 
respectively the greatest index which it has in the ex- 
pressions. 

118. For example; required the L.C.M. of \^a*he and 
^QaWd, Here the numerical coefficients are 16 and 20, 
and their L.aM. is 80. The letters which occur in the ex- 
pressions are a, h, c, and d; and their greatest indices are 
respectively 4, 3, 1, and 1. Thus we obtain 80a:*b^cd as the 
required l.o.m. 

Again ; required the L.C.M. of Sa'^t'cVy-s', I2a*bca^, 
and md^c^a^. Here the l.c.m. of the numerical coefficients 
is 48. The letters which occur in the expressions are 
a, b, c, X, y, and z; and their greatest indices are respec- 
tively 4y 3, 3, 6, 4, and 3. Thus we obtain 4Sa*b^(^a^y*z^ as 
tiie required l.c.m« 
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119. The following statement g^yes the best practical 
notion of what is meant by the term least common multiple 
in Algebra, as it shew? the sense of the word least hero. 
When the least common mtdtiple of two or more expres- 
none is divided bp those expressions the quotients have no 
common measure. 

Take the first example of Art 118, and divide the uaiL 
by the expressions; the quotients are 6iM and 4ac. and 
these quotients have no common measura 

Again; take the second example of Art 118, and divide 
the L.O.M. by the expressions; the quotients are ^o^c^y 
ii^a^si^y and ^dk^sra?^ and these quotients have no com- 
mon measure. 

120. The notion which is supplied by the preceding 
Article, with the aid of the Chapter on Factors, will enable 
the student to determine in many cases the L.air. of com- 
pound expressions. For example, required the L.a]C. of 
A^ifL-^Vf and 6a&(a'-&*). The L.aM. of Aa? and 6a& is 
12a%. Also (a+&]r and a'-d* hare the common &ctor 
a+5, so that (a+&)(a+6)(a— () is a multiple of (a+d)' 
and of a'— &'; and on dividing this by (a+ &)■ and 0^—5* we 
obtahi the quotients a— & and a+&,wmch have no common 
measure. Thus we obtain 12a^ (a +&)"(«— 6) as the re- 
quired L.aM. * 

121. The following may be given as the d^nitionqfthe 
L.aM. of two or more compound expressions. Let two 
or more compound expressions contain powers of some 
common letter; then the expression of lowest dimensions 
in that letter which is measured by each of these expres- 
sions is called their least common multipla 

122. We shall now shew how to find the uo.m. of two 
compound expressions. The demonstration however will 
not be fully understood at the present stage of the student's 
knowledga 

Let A and B denote the two expressions, and D Uieir 
greatest common measure. Suppose A—aD^ and B=hD, 
llien from the nature of the greatest common measure^ a 
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and h have no common fiictor, and therefore fheir least 
oommon multiple is ab. Hence the expression of lowest 
dimensions which is measured by aD ana hD is obD, And 

Hence we have the following Rule for finding the L.O.M. 
of two compound expressions. Divide the pr^uct qf the 
eapretnons by their o.o.m. Or we may give the rule thus : 
Divide one of the expresnone by their G.aM., and mul- 
tiply the quotient by the other expression, 

123. For example; required the L.aM. of a^~4^+3 
and 4^;^ - 9;»* - 160? + 18. 

The o.aM. is x—Z; see Art. 105. Divide afl—Ax+Z 
by x-S; the quotient is o?— 1. Therefore the L.O.M. is 
(d?— l)(4i;*— 9«'— 15o;+18}; and this gives, by multiplying 
out, 4a?*-13«*-&c2 + 33a?-18. 

It is however often convenient to have the L.aif. 
expressed in factors, rather than multiplied out We 
know that the o.o.m., which is x— 3, will measure the ex- 
pression 40^— 9d^— 15d;+18; by division we obtain the 
quotient Henoe the l.c.m. is 

(a?-3)(a?-l)(4aj"+3d?-6). 

For another example, suppose we require the L.aM. of 
ac«-7a:+5 and 3ic"-7^+4. 

The O.O.M. is 07-1 : see Art. 111. 
Also (2a?8-7a?+5)-4-(iP-l)=2a:-5, 

and (3a:»-7a?+4)-5-(o:-l)=3a:-4. 

Hence the l.o.m. is 

(ar-l)(2a?-6)(3aT-4). 

Again; required the L.C.M. of ai!*-7«^— 4^+d?-4, 
and ZX*-ilafi-2a^-4x-l6. 

The O.O.M. is a^Sx—4: see Art 111. 

Also 
{2x*-1afl- 4a^-k'X-4)-i-{x^- 3X"4) = ar»- x+ 1, 
and 

(3a?»-llo:'-2aj»-4a:-16)-f-(«»-3«-4)=3«"-2a?+4, 

f.A. 5 
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Ilenoe the L.aM. is 

(«»-3a?-4) (2aj*-iP+ 1) (3««-a» +4). 

124. It is obyious that, every mtdtiple qf a comnum 
midHple qfttoo or more expreuions is a common multiple 
qf those expressions. 

125. Every common mtdtiple qf ttoo expressions is a 
mtdtiple qf their least common mtdtiple. 

Let A and B denote the two expressions, M their 
L.G.M.; and let N denote any other common multiple. Sup- 
pose, if ])06sible, that when N is divided by M there is a 
remainder B;\eiq denote the quotient. Thus R = N— qM. 
Now A and B measure M and iV, and therefore they mea- 
sure R (Art 106). But by the nature of division i^ is of 
loycer dimensions than If ; and thus there is a common 
multiple of A and B which is of lower dimensions than 
their l.c.m. This is absurd. Therefore there can be no 
remainder B\ that is, iVis a multiple of M, 

126. Suppose now that we require the l.oj(. of three 
compound expressions, A^ B, C, Find the l.c.m. of any 
two of them, say of A and B ; let M denote this l.c.m. ; 
then iiie l.c.m. of M and C wiU be the required l.c.m. oI 
A, B, and C. 

For every common multiple of M and C is a common 
multiple of A^ B, and C, by Art 124. And every common 
multiple of A and ^ is a multiple of M, by Art 125 ; hence 
every common multiple of M and (7 is a common multiple 
of A, B, and C. Therefore the L.aM. of M and C ia me 
L.C.M. of A, B, and C. 

127. In a similar manner we may find the uo.h. of four 
expressions. 

128. The theories of the greatest common measure and 
of the least common multiple are not necessary for the 
silbsequent Chapters of the present work, and any diffi- 
culties which the student may find in them may be post- 
poned until he has read the Theory of Equations. The 
examples however attached to the preceding Chapter and 
to the present Chapter should be carefully worked, on ac- 
count of the exercise which they afford in all the fond*- 
mental processes of Algebra. 
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Examples. XIII 

Find the least common multiple in the following ex- 
amples : 

1. 4a% Gal/", 2. 12a>&«c, 18a6V. 

a 8a2j?V, IWa^y'. 4. («-&)«, a"- 6". 

6. 4a(a + 6), 65(a» + 6»). 6. a'-fr^, a'-W. 

7. ^-307-4, «*-d?-.12. 

8. at' + 5a?* +747 +2, «" + 6j7 + a 

9. 12a?2 + 6j?-3, 6^ + J^-4P. 

10. «'-6jr» + lljp-6, «3-9a:* + 264?-24. 

11. «'-7ar-6, «r» + 8d7*+17«+10. 

12. a7* + a:' + 2a;» 4-47+1, J7*-1. 

13. 4r*-2a:»-347» + 8a? -4, «*-5j!' + 20j7-ia 

14. fl7*+aV+a*, 4^-a«'-a»«+a*. 
16. 4a»&2c^ 6a6V, ISa'ftc'. 

16. 8(a^-&*), 12(i + &)», 20{a-b)\ 

17. 4(a+&), 6(a»-62), 8(«» + &3). 

18. l6{aFb-dbl'), 21(a»-a2>»), 35(a6»+M), 

19. Of^-l, ^+1, ar'*-!. 

20. iC^-1, «*+l, ar* + l, a?8-l. 

21. ic«-l, «"+l, a?'-l, fl?«+l. 

22. ic*+3a?+2, a!*+4x + S, iC* + 6a?+6. 

23. a^ + 2a?— 3, a:' + 3iC*-a?-3, aj'+4ic*+ar-«i 

24. «"+6a?+10, iC»-19:r-30, 4?»-15ar-60. 

6—1 
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XIV. FraeHom, 

129. In this Chapter and the following four ( uu|i(«m 
we shall treat of Fractions; and the student will nnd thai 
the rules and demonstrations closely resemble those witii 
which he is already familiar in Arithmetia 

130. By the expressi<m j- we indicate that a imit is 

to be diyided into b equal parts, and that a of snch parts 

are to be taken. Here r is called a fraction; a is called 

the numerator, and h is called the denominator. Thus 
the denominator indicates into how many equal ports the 
unit is to be divided, and the numerator indicates how 
many of those parts are to be taken. 

Every yiteger or integral expression may be considered 
as a fraction with unity for its denominator; that is, for 

, a ,. b+c 

ezampley ^~i » o+c=— j- . 

131. In ALsebra. as in Arithmetie, it is usual to give 
the following Rule lor expressing a fraction as a mixed 
Quantity: Divide the numerator by the denominator, ai 
jar ai possible, and annex to the quotient a fraction 
hoeing the remainder for numerator^ and the divisor fof 
denominator. 

TO , 24a ^ Sa 

Examples. -— =3a+^. 

7 « 

o'+3aft 2ab 

a+b a+b 

^•^-3a?+4 -^+3+^.3^+4 
or =a,+ 3--.-3^-^. 
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The stadent is recommended to pay partietdar atUn^ ' 
Hon to the last step ; it is really an example of the use of 
brackets, namely, +(-jp+2;=-(j?-2). 

^ 13Z Rule for multiplying a fraction by an integer. 
Either mtdtiply the numerator by that integer, or divide 
the denominator by that integer. 

Let i denote any fraction, and c any integw; then 

will £ X c= T- . For in each of the fractions ^ and i- the 
bo 

nnit-is divided into b eqasd parts, and e times as many 
parts are taken m -r as m ^: ; hence ~r ^c times =- . 



This demonstrates the first form of the Rule. 

Again; let r- denote any fraction, and c any integer; 

then will r-'^c=ii^ For in each of the fractions j- 
oc b be 

and 7 the scjne number of parts is taken, but each part 
in ^ is tf times as large as each part in j- , because in 

r- the unit is divided into e times as many parts as in 

a , a , .. a 

£ : hence r is c times ,- . 
b' b be 

This demonstrates the second form of the Rula 

133. Rule for dividing a fraction by an integer. Either 
multiply the denominator by that integer , or divide the 
numerator by that integer. 

Let 7 denote any fraction, and c any integer ; then 
will ?-f-c= ^ . For f is <: times ^, by Art 132; and 

DC OC 

therefore j- is -th of ^ . 
be c I 

Thia demonstrates the first form of the Rula 
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lie 
Again; let y denote any fraction, and e any integer; 

then will -^^•*"«=i« ^or t- i* c times ,, by Art. 132; 

and therefore ^ is - th of -r- . 
be b 

This demonstrates the second form of the Rule. 

134. If the numerator and denominator qf any frac- 
tion be miUtiplied by the earns integer, the valine qf the 
fracHon is not altered. 

For if the numerator of a fraction be multiptied by any 
integer, the fr'action will be mtdtiplied by that integer; 
and the result will be divided by that integer if its de- 
nominator be multiplied by that integer. But if we multiply 
any number by an integer, and then divide the result oy 
the same integer, the number is not altered. 

The result may also be stated thus: if the numeratcnr 
and denominator of any fraction be divided by the same 
integer, the value of the fraction is not altered. 

Both these verbal statements are included in the alge- 
braical statement £ = i- . 
b be 

This result is of veir great importance ; many of the 
operations in Fractions depend on it, as we shall see in the 
next two Chapters. 

135. The demonstrations given in this Chapter are 
satisfactory only when every letter denotes some positive 
whole number; but the results are assumed to be true 
whatever the letters denote. For the grounds of this 
assumption the student may hereafter consult the larger 
Algebra. The result coutamed in Art. 134 is tiic most 
important; the student will tiierefore observe that hence- 
forth we assume that it is always true in Algebra that 

g «= T- , whatever o, b, and c may denote. 

For example, if we put - 1 for c we have i = •— t . 
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Soabo 

-6" b ' ■^'-ft""*" b ~ h' "-6"" 6 "i* 
In like manner, by aasaming that t x c is alttays equal 

to -V- we obtain such results as the following : 

h"" ^^ b " b' b"" ^^ 6 " 6- 

BXAMPLES. XIY. 

Express the following fractions as mixed quantities: 

26ar 36ac-f4g 8a»+36 lag'-Sy 

'• T- • 9 • ^ 4a • *• ~6i ^• 

^* x-2a * ^ a?»-x + r 

j?-l J?+l 

Multiply 

Divide 
16. ^ by 2^. 16. ?^by3a-2^ 
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XV. Reduction o/FraeHom. 

130. The raralt contained in Art 134 will now be 
applied to two important operations, the reduction of a 
fraction to its lowest terms, and the reduction of fractions 
to a common denominator. 

137. Rule for reducing a fraction to its lowest terms. 
Divide the numerator and denominator qf the flraction 
by their greateH common measure. 

ISal^b^c 
For example ; reduce «y . to its lowest terms. 

The Q.O.M. of the numerator and the denominator is 
4a^; diyiding both numerator and denominator by 4a^5*, 

we obtain for the required result -7^. That is, -rj is 

50d 00a 

equal to .^ . , but it is expressed in .a more simple 

form ; and it is said to be in the lotoest terms^ because it 
cannot be further simplified by the aid of Art 134. 

Again ; reduce ._ 2_i«; Va ^ ^*® lowest terms. 

The Q.O.U. of the numerator and the denominator is 

w-3; diyiding both numerator and denominator by «— 3 

a?— 1 
we obtain for the required result --5 — _ . 

in some examples we may perceive that the numerator 
and denominator haye a common factor, without using the 
rule for finding the can. Thus, for example^ 

{a-hy-c^ ^ {a-b+c){a-'b-c) ^ a-b+e 
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18& Rule for redncmg fractioBS to a oommoD denomi- 
nator. Jlitdtipiy the numerator qf each /fraction by 
all the' denominators except its cnen, for the nwneratfvr 
corresponding to that fraction; and mtdtiply all the 
denominators together fir the common denominator. 

F-OT example ; reduce r > j > 9Xkd ^ to a common de- 
nominator. 

a_adf ?._£§/[ g _ebd 
b^W^ d^dlif' ffhd' 

"^^ ^^ ' ^f* ^^^ fhd ^^ fractions of the same 
value resi)ectiYely a^ T> 3» and ^; and they have the 
common denominator l^f. 

The Rule given in this Article will always reduce frac- 
tions to a common denominator, but not alvays to the 
lowest conmion denominator; it is therefoFe often con- 
yenient to employ another Rule which we shall now giva 

139. Rule for reducing fractions to their lowest com- 
mon denominator. Find the least common mtdtiple qf 
the denominators, and take this for the common detwmi- 
nator; then for the new numerator corresponding to any 
^ the proposed fractions, mtdtiply the numerator qf that 
fraction by the quotient which is obtained by dividing 
the least common multiple by the denominator qf that 
fraction^ 

For example; reduce — , — , — to the lowest com- 
^ ' yz^ zx^ xy 

mon denominator. The least common multiple of the d» 

nominators is xyz\ and 



a ax 


b by 


c cz 


— = — . 


— = -^- • 




yz xyz' 


zx xyz^ 


xy xyz 
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EXAHPLEa XV. 



Redaoe the following fractioiis to their lowest terms: 



11. 



13. 



15. 



17. 



19. 



21. 



23. 



S5. 



12a^ a^+ab 

18a«6^' 2a6 ' 

3!'+3j?4-2 

2a^-t-a?-15 
2d:2«i9;5+35- 

(^+a)«-(&-t-c)» 
(«+6)*-(a+c)'* 

a?'--10a?-t-21 
^-46a:-2l' 

ar'+a?-42 
«3-i0a^« + 21a?+18 

200?^+ a?- 12 
12a?»-5a^ + 5a?-6' 

.2;i?'-5a^'-8a?~16 
2ic» + 11^3 + 16.2?+16* 

^-8^-3 
a;*-7a:* + l' 

d^-a?»-7a?-t-3 
a?* + 2aj* + 2ii?-l' 



8. 



10. 



12. 



14. 



16. 



18. 



20. 



22. 



24. 



26. 



^+10£+21 

3j^-I-23j?~36 
4;c» + 33ar-27' 

a^4-6up-l-6 
ii'3+ar-i-lO' 

aj8 + 7a^+14;r + 8' 

6^~llar + 5 
3d^»-24;*-l* 

2ic» + aj;' + a*j?-4a? ' 

3 J?*-14 g»- -93g-l-2 
2a?*-9a?8-14a?+S' 
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Reduce the following fractions to their lowest commoc 
denominator: 

'*^- 4^' 6a^' 12^- "^^ *+l' 4«+4' •»-!• 

g je a* ax 

^®' a-6' a46' a'-d^' d'+b*' 

1 a? 3 4 5 



3& 



a?— «' a^+ad?+fl?' a^-a^' 



QQ 1 1 g* 

^^- «8-aar+o«' a^+gd?+o'' :p*+aV+a*' 

1 
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XVL Addition or SttbtmeHon qf-FraeHofu. 

140. Role for the addition or sabtraction of frao- 
tionflL Reduce the fraction» to a common denominator^ 
then add or nibtraet the numerators and retain the com- 
mon denondnator, 

Bzamplea. Add -g— to -^ . 

Here the fractions hare already a ccmimon denominator, 
and therefore do not require reducing; 

g-fg a~<?_ a+c-t-a— c 2a 
6 "*■ 6 " b ^b' 

From take . 

e e 

4a-3& 3a~4ft ^ 4a-3ft~(3a-4ft) 
e e e 

_ 4a-3ft-3a-i-4ft _a4-5 
~ 6 ~ c ' 

The stadent is recommended to put down the woiic at 
/Ullf as we have done in this example, in order to ensure 
accuracy. 

Add -4i; to -^, 
a+b a-b 

Here the common denominator will be the product ol 
a +6 and a-&, that is a^-b\ 

c cja-b) c _ e{a-^b) 
a+b" a^-l^' a-b^ a^-b^ * 

rrk«- e c c c(a-b)+e(a+b) 
Therefore -—^r + — , = -^^ — L ,, ■ •' 

ea-cb-^ca-k-db 2ga 
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— _ a+5 . , a-5 
From — i take — =. 

The common denominator is o^-^. 
Therefore <L^ ^^ iai^^Z^zK , 

From -^£±V=r take- ^^-^"♦■^ 



^3r Art. 123 the L.0Jti. of the denominaton is 

(fl?-l)(«-3)(4B»+34?-6); 

«8-4a7+3'"{a?-l)(a7-3)(4a,'+3a:-6)» 

4a^-3a? + 2 (4«»-3^ + 2)(a'-l) 

4aj8-9aJ-i6a?+18°'(aT-l)(^-3)(4aj»+3a?-6>' 

The«)fare ^^^ 4a^-3^+2 



(a?+l)(4^+3a?-6)-(4j^~3j?+2)(ay-l) 
(07- 1) (a?- 3) (44J'+ 3a?-6) 

4g»-*-7^^3j?-g-(4d>»-7^+&P-a) 
(a?-l)(ar-3)(4««+34?-6) 

14a^-&g-4 
'■(«-l)(«-3)(4a?+3a?-6)" 
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141. We have sometimeB to reduce a mixed quaniitp 
to a fraeUon; thk is a simple case of addition or sub- 
traction of fractions. 

^ , b a , b ac h ac-\-b 

Examples. a+-=- + - = — + - = . 

^ e I e e e e 

2ab a 2ab _ a{a+b) 2ab _ a^ + 3db 
a+6*l a+6~ a+fr a+h" a+6 

x^2 _ a;-f3 ar— 2 

^ (j?-f3)(jg'~3a?+4) iP--2 
«*-3a?+4 ""«*-8«+4 

^-3«+4 " a:«-3«+4 "" ;i^-3«+4 * 

142. Expressions may occur involving both additioD 
tnd subtraction. Thus, for example, simpuQr 

a ah a* 



The L.aiL of the denominators is (a'— &')(a^-f&'l 
that is «*-&*. 

a _ a{a-'b){a^+V^ _ a^-€fb + am^-di^ 
a+b" a^-b' " 5*^=^6^ • 

ab _ ab{a^-¥b^) €flb + ai^ 
Therefore — -r + -« — is — rna 
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The beginner should pay pariicnlar attention to this 
example. Ue is very liable to take the product of the 
denominators for the common denominator, and thus to 
render the operations extremely laborious. 

The second fraction contains the factor ft- a in its de- 
nominator, and this factor differs from the &ctor a— 6} 
which occurs in the denominator of the first fraction, only 
In the sign of each term ; and by Art. 135, 

6 h 

{b-c)(b'-a)~ (b-'C){a-by 

Also the denominator of the third fraction can be pat 
in a form which is more convenient for our object; for by 
the Rule qf Signs we have 

(c-a)(c-6)=(a-c)(6-c). 
Hence the proposed expression may be put in the form 

a b c 

(a-b){a-e) " (p-e){a-b) ^ {fl'-c){b-c) ' 

and in this form we see at once that the L.O.M. of the de- 
nominators is (a — 6) (a — c) (6 — c). 

By reducing the fractions to the lowest common deno- 
minator the proposed expression becomes 

a(6— g)— &(a— g) + c(g— &) 
(a-6)(a-c)(&-c) * 

*v«*«- ab-ac-db-^bo-^ac-bc .^ . . ^ 
*^'" {fl-b){a-c)U>-c) .t^t"0- 

143. In this Chapiter we have shewn how to combine 
two or more fractions into a sinde fraction; on the other 
hand we may, if we please, break up a single fruction into 
two or more fructions. For example, 

3ftg-4ac'f5a& _35c 4ac 5a5_3 4 6 
aSc abc" abc abc" a" h e' 



80 EXAMPLES. XVL 



Ktamft«iml ZYL 

Find the Tihie of 

30-66 2a-6--£«+6^tf 



2. 

a 

4. 
6. 

e. 

7. 

8. 
9. 



12. 



14. 



4 


' S 


iH* 


1 

a+6- 


.45* 


a+6* 




a+6- 


1^1 


*i- 



12 



1+3J? l-3a? 
l-3a? l+3a?* 



a? (a— a?) a(a-a?)* 
2a-26"26-2a' 



10. _^+J£--4«* . 

a— a? a+« a*— dj* 
11 «-26 6-3<? ^4a6-f3ft0 



3c 2a 6a<; 

a-6 2a cfi+aH> 
b '*'a-6 a»6-6»* 



13. 25:^a^&:i2a^3^ 



^- 



3 5 2a? -7 

i 2«— 1 4flJ^— 1' 
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15. -i-„-4.+ ^ 



x-2 a?+2 (a?+2/* 

18 .J ?_ J_ 

Ax x—v x+tf 
y x+y K-y 

21. x -v. 

a?-l «+l 

23. -i-+-l-?. 

a^ X X 

aj"— 1 a?-l a:+l 

^^ a 3a 2ax 

26. + w . . . 

a-a? as*.a? or+af 



27. 
28. 



3 1 a?+10 



2a?-4 aj + 2 2a:8 + 8* 

2 a?-3 a^ 

a?+4 a^-4a?+16'^aj»+«4' 



«« 1 . d 1_ 
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XV. Reduction of FraeHont. 

136. The result contained in Art 134 will now be 
applied to two important operations, the reduction of a 
miction to its lowest terms, and the reduction of fractions 
to a common denominator. 

137. Rule for reducing a fraction to its lowest term& 
Divide the numerator and denominator qf the Jraction 
hy their greateH common measure. 

16a*b^c 
For example; reduce o^^ijj to its lowest terms. 

The 6.O.M. of the numerator and the denominator is 
^a^*; dividing both numerator and denominator by 4cWf 

we obtain for the required result -r^. That is, r^ is 

equal to oTJ^toi hut it is expressed m.a more simple 

fonn ; and it is said to be in the lowest terms, because it 
cannot be further simplified by the aid of Art 134. 

Again ; reduce 4^,9^2,25^,^13 ^ ^^ lowest terms. 

The o.CM. of the numerator and the denominator is 

w-Z; diYiding both numerator and denominator by or— 3 

a?— 1 
we obtain for the required result --^ — . 

In some examples we may perceive that the numerator 
and denominator have a common factor, without using the 
rule for finding the 6.O.H. Thus, for example, 

{a-h)*-c^ _ {a-b+c){a-b—c) _ a-b-i-e 
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1S8. Bale for reducmg fractioBfl to a oommoii denomi- 
nator. Multiply the numerator (f each fraction by 
aU the' denominators except its awn, for the numerapyr 
corresponding to that fraction; and multiply all the 
denominators together for the common denominator, 

Fqt example ; reduce r i ^ > and ^ to a oommon de- 
nominator. 

a__adf «_£§/| g _ebd 
b'W' d'dlf' ffbd' 

.^ adf chf , ebd • .. » ., 

^ ^' » ^f* *^ Tbd *"^ fractions of the same 

value respectively &s t > 3> and ^; and they have the 
common denominator bcff. 

The Rule given in this Article will always reduce feae- 
tions to a common denominator, but not alisiays to the 
loioest common denominator; it is therefwe ohen con- 
venient to employ another Rule which we shall now giva 

139. Rule for reducing fractions to their lowest com- 
mon denominator. Find the least common mtdtiple qf 
the denominators, and take this for the common dettomu 
naior; then for the new numerator corresponding to any 
qf the proposed fractions, multiply the numerator qf that 
fraction by the quotient which is obtained by dividing 
the least common multiple by the denominator qf that 
fraction. 

For example; reduce — , — , — to the lowest com- 
^ yz^ zx^ xy 

mon denominator. The least common multiple of the d» 

nominators is ;z^^; and 

^ _ £?. A_^ ^ _££ 

yz " xyz ' zx ~ xyz * xy "" otyz ' 
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BzAMPLsa XV. 



Rednoe the following^ fractions to their lowest termt: 



2. 



9. 



11. 



13. 



15. 



17. 



19. 



21. 



23. 



35. 



12a^ 
18««6V' 

6a*4?-15a^' 

j:'4-3j?+2 

2a^+a?~15 

(;g+a)'~(&+c)' 

a?g-10a?+21 
^-46;c-2l' 

a?3-10a?^ + 2U + 18 

203?'-'+ a? -12 
12^-5;b^+54?-6' 

,2^-5ay'-8a?-16 
2ar»+ 11^+16.1?+ 16' 

^-&«-3 
a:*-7^ + r 



-db 



4(a+6y 






«»+10iC + 21 



8. 



10. 



12. 



14. 



16. 



18. 



20. 



22. 



24. 



26. 



a?2-ai?-i6 • 

3a^-l-23j?-36 
4;c* + 33«-27* 

ar» + 5a?->-6 
A-^+ar+lO' 

a^+93?+20 
aj8 + 7aj«+14j-+8* 

6a!'~lla?-i-5 
3a?3-2a;»-l' 

ar»-2air2+2a2ar-a3' 

a?^— 3a'a? + 2a» 
2^?* + a** + a*j? — 4a? ' 

3J? *-14c»-93g4-2 
2^-9aj8-14a? + 8* 
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Reduce the following fractions to their lowest commoc 
denominator: 



33. 


3 4 6 o. 1 3 
4^' 60^' 12*3- -^^ ^+1' 4#+4' 


X 


^-1 


36. 


ir-a' a-or' ^-a»' a»-«»- 




36. 


a 6 oft &» 




37. 


1 0? 3 4 6 




^-1' (j-l)«' w^V (ar+l)^' «•-!- 




38. 


a a+d7 ax 





^^- «8-aar+a«' «»+a4?+a'' ^+aV+a*' 
1 1 



40 



1 
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XVI. Addition or Subtraction qf 'FracHofu. 

140. Bnle for the addition or subtraction of frac- 
tions. Reduce the fractions to a common denominator, 
then add or eubtract the numerators and retain the com- 
mon denominator, 

« 1 A jj a+c . a—e 
Examples. Add -r— to — jt- . 

Here the fractions have ahready a common denominator, 
and therefore do not require reducing; 

a-\-e a—e _ a+e-ha^e _2a 
"&""*■ 6 " b "&• 

_, 4a-36 . , 3a-45 

From take . 

c c 

4a-3& 3a-4^ _ 4a-35-(3a-4&) 

e e " c 

4g--3d-3a+4& ^a+& 

" c c ' 

The student Is recommended to put down the work at 
fully as we have done in this example, in order to ensure 
accuracy. 

Add — -V to — T. 
a+b a—b 

Here the common denominator wiU be the product d 
a+& and a— by that is a^—h\ 

c _ c(a-b) ^ e __ e(a-^b) 
5:^:5- a*-l^' a-b a^-b'* 

Therefore _g_. _^ ^cia^h)+c{aA-b) 
meretore --^^—^^ ^^_y, 

ca—cb+c a-\-eb _ 2ga 
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From — ; take -— i.. 
a—o a + 6 

The common denominator is o^— ^. 

a«+2g5 + y-(a«--2a5+y) _ 4a6 

^^"^ ^-4^+3 *^^4^-9iP«-15a?+18- 

^3r Art. 123 the L.O.M. of the denominaton is 

(a?-l)(ar-3)(4«»+3a?^6); 

ar-H (fl?+l)(4a?« + 3j?-'6) 

«»-4a?+3"(a?-l)(a?-3)(4x»+3a?-6)* 

4fl^~3a?+2 (4a:'-3a?+2)(a'-l) 

4a:»-9aj«-16«+18''(«-l)(a?-3)(4^+3a;-«)* 

Therefoi^ *^^ 4^-3^+2 



«»-4a?+3 4;i?*-9aj»-16a?+18 

(a?+l)(4a^+3a?-6)-(4a^~3a?+2)(jP-l) 
(a?-l)(ay-3)(4aj" + 3;i?~6) 

4B»+7a^^3a?-6-(4g»-7g*+&g-2) 
(«-l)(«-3)(4»«+3iP-6) 

__14^-8£-4____ 
■(«-l)(jr-3)(4af»+3a?-6)' 
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141. We haye sometames to redvuie a mixed quan*ii$ 
to a fraeUon; this is- a simple case of addition or sub- 
traction of fractions. 

-, , b a b ae b ac+b 

Examples. a+-=7 + - = — + - = . 

*^ c I e e e c 

2db a 2ab _ a(a+b) 2ab d^+^ab 
*"'"a+6^l"*"a4 6"" a+ft a+b" a+6 

«-2 « + 3 a?— 2 
«+3 — 



^ (a?+3)(a^-3j?+4) jg-2 
«^-3a?+4 "«*-3«+4 

d^~6#-H2~(a?-2) _ d^-5d?+12~ar+2 ^ ig»-6j?+]4 
" il^-3aj+4 " of^-Zx-^-A ™ a^-3dP+4 " 

142. Expressions may occur inyolving both additioD 
ind subtraction. Thus, for example, simplify 

g ab g* 

g+&"*"a»-6«"g«+J»' 

The L.aiL of the denominators is (a^-b^ic^-hl^ 
that is o*- 6*. 

a _ a(a-b){a^ + ¥) _ a!^-(^+a^-'ai^ 
a+o"" g*-6* " a*-6* * 

ab __ ahjc^-^b^) _ cflb + a i^ 
ot-fti- a*-b* " g*-6* ' 

g« _ a»(g^-&») _ g*-g«y 
g^+ft*" g*-&* ~ g*-6* ' 

Therefore -£-+^-^ 

g*~g»5 + g«5*-ay+g86 + ay-(g*~gy) 

g*-&* 
g*-a»&-fgS>«-gf>»+fl^+gy-g*4><W 2g^^>> 
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Simplify («_6)%.^) + (6«c)(6-a)*(c-fl)((j-5)- 

The beginner should pay particular attention to this 
example. He is very liable to take the product of ^e 
denominators for the common denominator, and thus to 
render the operations extremely laborious. 

The second fraction contains the factor ft- a in its de- 
nominator, and this factor differs from the &ctor a—h^ 
which occurs in the denominator of the first fraction, only 
in the sign of each term ; and by Art. 135, 

& h 

(b-cjib-a)" {b'-c){a-by 

Also the denominator of the third fraction can be pat 
in a form which is more convenient for our object ; for by 
the Bide qf Signs we have 

(c-a)(c-5)=(a-c)(6-c). 
Hence the proposed expression may be put in the form 

a b c 

ia-b){a-e) " (p-e)(a-b) ^ (a'-c){b-c) ' 

and in this form we see at once that the L.O.M. of the de- 
nominators is (a — 6) (a — c) {b — c). 

By reducing the fractions to the lowest common deno- 
minator the proposed expression becomeB 

(a-&)(a-c)(6-c) ' 

XV. i. • ab'-aC'-ab+bO'¥<ic—bc . ^ . , ^ 

that IB — . ,v. ^-TS' — V — , that is 0. 

(a— 6)(a— c)(&— c) ' 

143. In this Chaprter we have shewn how to combine 
two or more fractions into a sinde fraction; on the other 
hand we may, if we please, break up a single fruction into 
two or more fructions. For example. 



36c-4ac+5a6_35c 4flk; . 6a5 3 4^6 



abc abc abe abc a^h ' 
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FindiheYBfaieof 

^- ""4— +— r-^-iT"' 




2a-26""2ft-2a' 



10. -^+J!?-— 2?£. 
a— a? a+;c a*— ^* 

12. ?LZ? 4. _2?_ _ <^+«5 
6 '^'a-ft a«6~6»* 




_5 2^-7 
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_1 3_ 2a? 

*"• «-2 a?+2"*'(a?+2)«* 

16. -^-f ^ « 



17. 



a-'X a+x a"+«** 



,o 1 2 1 

^' X + l a: + 2 j?+3' 

ar 2»B a? 

19. -^--=^ + -^, 
«— 1 «+l a?-2 

a?" X 

21. a? — ^ ^. 

a?— 1 aj+1 

22. ^-J^+-2-. 

«+l a?-l 



23. 
24. 
26. 
26. 
27. 



a?— a 


1 

a?+a 


2 


i?.* 


a 4aV 
a+6 a*--6*' 




n-fi- 


.4-,* 


3a 


2aa? 
a»+a^- 



3 1 a? 1-10 

2a?-4 a?+2 2aj» + 8* 



2 a?-3 a>» 

«+4 a:»-4a?+16 aj*+64' 

*^' ir:^^(a?+a)« (a?-a)«* 
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90. 



#>-a3 «»+a^ • 



3j t±t ^ y* 

32. ^Z2£±3^. -r-2 1 



oo 1 2 , 1 

•>! 1 2J7-3 1 



«(a?+l) «(j?+l)(ir+2) «(j7+2)' 

35 1-2^ I ^-^^ I ^ 

•*^- 3(«»-ir+l)^2(ar»+l)^6(«+l)* 

36. -,,.^Zy_ ._L + .-^ 



37 1 ^ .g-y ^ a ^-2^ 

* + l flp— 1 2 

38. -,r^-^ + :3^-T-, + 



39 g•^"& fl-& , 2yar+yy) 
aa+by cuf—by aV+^V * 



j?*-j?*+l 0^-0?+! «'+j?+l' 

41 __i +_^ ?_ 

«»-7<r+12 «»-4a?+3 i?«-6a?+4' 

,^ 1 1 4a 2a 

42. + 



43. 



44. 



J 1 26 4y 

a-6"a+6 «•+&* «*+&*• 

1 1_ __3 3_ 

a?— 3a «?+3o w+a x-a 
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^ _1 1_. 6 4 1 

(i»-a)(a-6)^(ar-6)(ft-a)" 
*'• (a?-a)(a-6) ■*■ («-.5){ft-a) ' 



48. 



(a?-a)(a-6)"(a?-6)(6-a)' 

^^- (a-&)(a-c)'*'(6-a)(6-c)- 

b a 

^' (a-5)(a-c)"*"(6-a)(&-c)" 



51. 

62. 



(a-6)(a-c)'^(6-a)(6-<j)'^ (c-a)(«-ft)* 
a(a-6)(a-c)^6(6-a)(5-c) a2«' 

„ fl^ , y ■ , ^ 

*^^* (a-6)(a-c)'*"(6-a)(6-c)^(c-a)((;-TJ' 
54. ^ , ^ 

x-^a 
a^—{b+c)X'{-be' 

1 

+(c-a)(c-6)(a?-<j)' 

6— i 
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XYIL MMpiicaiionqfFractioru. 

144. Bole for the miiltiplication of fractions. MuUU 
pl^ togeUier ths numerators for a new numerator^ and 
the denominatora/or a new denominator. 

145. The following is the usual demonstration of the 

Bnla Let f and % be two fractions which are to be 
a 

multiplied together; put^=^, and^=y; therefore 



a 
tiierateto 


=bXy«Ddc==dff; 
ae^bdxy; 


divide by ft^^tiins 


5"^- 


But wy- 


a € 


therefore 


a c ae 

h^'d^W 



And ae is the product of the numerators, and hd the 
product of the denominators; this demonstrates the Bule. 

Similarly the Bule may be demonstrated when more 
than two fractions are multiped together. 

146. We shall now give some examples. Before multi- 
plying together the factors of the new numerator and tho 
factors of the new denominator, it is advisable to examiiAO 
if any &Gtor occurs in both the numerator and denomi- 
nator, as it may be struck out of both, and the result will 
thus tbe simplified ; see Art 137. 

Multiply a by - . 
e 

a a h ah 

Hence a- and — are equivalent; so, fctt* example 
4f = ?;«»dl(2.!a)=?^. 
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Multiply - by - . 

X ' X xxx a^ ^ 



thuB 



©■-?• 



Multiply g by g. 

3a ^ Se _ SaxSc 2exl2a 2c 
46 '^ 9a " 4& X 9a ■* 36 X 12a ~ 36 • 

3a« 4(a«-6^) _ 4a(a-6)x3a(a+ 6) _ 4a(a-6) 
(a+6)» 3a6 ~ 6(a+6)x3a(«+6) " 6(a+6) * 

Multiply|-^lbyf + |-l. 

a 6 a* 6' a6 a^+6'-fa6 
6 a ~'a6 a6 a6 a6 ' 

a ^_,__a^ 6' a6 a'-f 6^-06 
6 a "06 a6"a6~ a6 ' 

a»+6»4a6 a»4-y~a6 ^ (a«+y-f-a6)(a«4-6«-a6) 
06 a6 a^i^ 

_ (a'+6^«~a«y _ a*+6*+a'6» 

Or we may proceed thns: 

(^^■)(?*^')-(^a)'-'■ 
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Uierefore 

Multiply together J-^\ iz^„ and 6+j^. 

We might multiply together the first two fiictors, and 
then multiply the product separately by b and by t— — , and 

add the results ; but it is more convenient to reduce the 

db 
mimed quantity b -t- r^- to a single fraction. Thua 

, ab _ 6(l~a)4-fl& _ b 
1— a 1— a ""l-a* 

Then 

l-a« 1-y b _ (i~a«)(i-y)6 1-6 

6+6« '^a+a*^l-a""6(l+6)a(l+a)(l-a)'" a ' 

147. As we have already done in former Chapters, we 
must here give some results which the student must (u- 
8ume to be capable of explanation, and which he must use 
as rules in working examples which may be proposed. See 
Arts. 63 and 135. 

Multiply 5 ^y ""j- 





a 


c a 

■d-i" 


T"^ bd 


*, 


ac 

bd 


Multiply 


a 

"b 


>^'r 








a 
b 


«r 


-a c 


-ae 

" bd """ 


ac 




Multiply 


a 
"b 


^-4- 










a 


..!,.: 


-a —e 


ae 
bd' 
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Examples. XVIL 



Find the valne of the following: 

- 2a 6d<J - a« 6* c" 

35 5a^ he ac ab 

a^) l^ <?a J?-H a?+2 ay-3 

'■ (-.4)(-.^)- 

a^+2aa?+i" a^-2flu?+«"' 



r X 



10. 






11. ^±^x 



^ Z',? P\ 

\6c ac ab aj \ a-^b-^e/ 

,« /^ a' ar a ,\ /ar a\ 
\a^ or a X J \a x) 

\a X y) \a X yj 

j^-2ay-4-l a;*-4a?-t-4 a: *~6a?-f 9 
• ««-&c'+6 '^ 4J*-4^+3 ^ «»-3a?-^2' 
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XYIIL Dimsion (/ Fraeiians. 

148. Rulo for dividing one fraction by another. Invert 
the divisor and proceed cu in MulHpliealion, 

149. The following is the ngoal demonstration of the 
Role. Suppose we hare to divide ~ by ^; put |=^ 

find^sy; therefore 

a^hx, KaAe=dy\ 
therefore ad^^bdx, Bnd hc~bdy; 

ad _ hdx _ X 

he "hdy y' 



therefore 



i> J. X a e 

Bnt y=*-»=j-rfJ 

., ^ a e ad a d 

therefore c+j^r- = t^-» 
d he h e 

li50. We shall now give some examples. 

Divide a by - . 

a a h a e ae 
1' \ c \ h h 

3a , 9a __ 3a Sc __ 2c x 12a _ 2c 
46 "^ 8c " 46 ^ 9a "^ 36 X 12a "" 36 • 

a6-y 6« _ a6-y a«-6' 
(a+6)« • ^?^^"(a+6)«'^ 6« 
6(a-6)(a+6)(a-6) (<y-6)g 
6«(a+6)« "6(a+6)* 
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151. Complex fractional expresrions may be simplified 
by the aid of some or all of the rules respedang frEtctioni 
micb have now been given. The following are ezamplea 

o. ,.r f^-*-^ . «-&) (a-^h a-h\ 

a«5 + a+fr- (a-^(a+5) "" a«-6» » 
a-h a+6~ (a-6)(a+6) ""a^-ft«' 

In this example the factors a^h and a+& ar0 mti/fi- 
p^i^c^ together, and the result a*— 5^ is used instead of 
(a +6) (a— 5); m general however the student will find it 
advisable not to multivly the /actors together in the 
course of the operation, because an opportunity may occur 
of striking out a common factor from the numerator and 
denominator of his result 



Simplify* 



3-a 



a+^_3--a a+l _ 3-a-4-g.f 1 _ 4 
3-a~3-a"^3-a 3-a ""S-a* 

4 _1 3-a_3-a 
^•3^"'l'' 4 "~r"' 

3-a 4^1 3-a 3 + 3a 



1 3 + 3a 3-^30 
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Find the vahie of { z-— r ) - £— - ''^hen a?= — =-. 

2ab a 2aft— a(a+ft) ab—a^ 
a-k-b 1 a + 6 a+6 ' 

-». - 2j?— a ab-a* ab-l^ ab-a^ a+b 

mereiore ^ = — -t- -5- — ,- = r ^ ~£ — u 

2a!-b a+b a+b a + b ab-¥ 

_ ab-a* __ a{b-a) a 

'ab-b^'bia-b)' ^' 

. . a ab a(a+b)—ab <f 
Again, «-*=!- j:;:^ 57j — "i^TjJ 





db 
a+b 


b{a + b)-'ab _ 


6» 




a-w 
b^x 


a + b 


5« a« 


a+b 
6» *" 


6i 


(2x-a 


Y-«- 


— = ?.-?==€ 


L 





Therefore t — = — , -^ 



152. The results given in Art. 147 most be giycn 
again here in connexion with Division of Fractionib 

^, a e ac .. a e ac 
Since ^^-^=-gj,»nA-j^x-^=-:^i 

ac e a . ac c a 
^e haTe -^-^^-^ = g, and -^-.^=-^. 



... a e ae , 

Also since "i ^ "^ = 55* ^® '^*^® 



W* rf" *• 
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BXAIfPLBS. XVIIL 

Dfyide 

a' + 4ajr ^adP + 4j^' 

g»4-3a'4 y + 3a jy' + jy» , (a-fjr)» 
j^+(a-t-c)4r4-flk; , jr*-a* 



9. 






w 



r'-3a7 + 2 , ar*-6J7+6 



n. zi-r^TT^ by 



13. 5*'-^ by j?.+ i. 14. o"-^ by a-^. 

16. 7^-^^li-v 



SZAMPLES. XrilL 



^ » ^ t^ y » 



18. ^+l+-,b,--l+^. 

19. n.(«Z£ybyl-(^' 

20. -i- + -3-3(-5--^) + - + - by - +-• 
a* «» \a* afij a X '' a a 

Simplify the following expressions: 

3a? . x-l , 6 

13/ ,x * ^, « 3 

-(*+l)---2i *-2+jr6 

-^ 3 2a?- 1 «^ x- a 

23. r - - • 24. f \., P . 

« + l ^.?_1 (a?-&)(a?-c) 

2 2 a?+a 

26. 1+ — 




2a 



1 + 



l-k-x+- 

l-x 



2^ 



\a:-y a?+y/ * \a?2+yV a^-y^j' 
\«+y a?-y a^-^y^J vc+y «*-yV 
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1 



^ 1 y{a!yz-k-»-k-zy 



y^\ 






/a-h . an 



:Fiiid the valaes of the following expressionB: 

^^ a—x - oft 

33. T — when «= — r. 
b-x a+h 

34. — r when a? = =. 

6 a a-6 

x+y o o 



37. -=^+-ii---/— 3 wheny=— , 



-o g+2a ^ x-2a 4ab ^. ^ ^ g> 
38* 7^ + r^ — Tx9 — i when »= y. 

39. { — ri Ti whena?=-77-. 

x+v—l , a+l , od + a 
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XIX. SimpU EquaUaiUL 

163. When two algebraical exprossioiis are connected 
by the sign of equality the whole is called an equation. 
The expressions thus connected are called sides of the 
equation or members of the equation. The expression to 
the left of the sign of eauality is called the Jirsi side, and 
the expression to the right Ss called the second side. 

154. An identical equcUion is one in which the two 
sides are equal whateyer numbers the letters represent; 
for examptoj the following are identical equationS| 

(a? + a) (a? — a) =fl?2— a', 

that is, these algebraical statements are true whatoTor 
numbers x and a may represent. The student will see 
that up to the present point he has been almost exclusively 
occupied with results of this kind, that is, with identicu 
equations. 

An identical equation is called briefly an idenHt^, 

166. An equation qf condition is one which is not true 
whatever nunibers the letters represent, but only when 
the letters represent some particular numoer or numbers. 
For example, ^+1=7 cannot bo true unless df— 6. An 
equation of condition is called briefly an equation. 

156. A letter to which a particular value or values 
must be given in oilier that the statement contained in an 
equation may be true, is called an unknoum quantity. Such 
particular value of the unknown quantity is said to satiny 
the equation^ and is called a root of the equation. To 
solve an equation is to find the root or roots. 

167. An equation involving one unknown quantity is 
said to be of as many dimensions as the index of the 
highest power of the unknown quantity. Thus if « denote 
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the unknown qnantity, the equation is said to be of on€ 
dimension when x occurs only in the firgt power; such an 
equation is also called a nmpie equation, or an equation of 
the JirH degree. If a^ occurs, and no higher power of a?, 
the equation is said to be of two dimensions; such an 
equation is also called a quadratic equation, or an equation 
of the $ec<md degree. If a? occurs, and no higher power 
of X, the equation is said to be of three dimensions ; such 
an equation is also called a cubic equation, or an equation 
of the third degree. And so on. 

It must be observed that these definitions suppose both 
members of the equation to be integral expressume 90 Jar 
as relates to x. 

158. In the present Chapter we shall shew how to boIto 
simple equations. We have first to indicate some opera- 
tions which may bo performed on an equation without 
destroying the equality which it expresses. 

159. If every term on each tide qf an equation be 
multipliea by the same number the resuUe are equal. 

The truth of this statement follows horn the obvious 
principle, that if equals be multiplied by the same number 
the results are equal ; and the uxe of this statement will be 
seen immediately. 

Likewise if every term on each nde qf an equation 
be divided by the same number the results are equal. 

160. The principal use of Art 159 is to dear an equa- 
tion qf Jractions; this is effected b)r multiplying every 
term by the product of all the denominators of the frac- 
tions, or, if we please, by the least common multiple of those 
denominators. Suppose, for example, that 

X X X ^ 

Multiply every term by 3 x 4 x 6 ; thus 

4 X 6 xd?+3 X 6 x^r+S X 4 X ^^3 X 4 X 6 X 9^ 
that is, 240?+ 18^ + 120?=: 648; 
divide every term by 6 ; thus 

4*4-30?+ 2a?=10a 
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Instead of multiplying eyery term by 3 x 4 x 6, we maj 
multiply every term by 12, which is the l.o.m. of tiie daoo' 
minators 3, 4, and 6 ; we should then obtain at once 

4x+8a? + ar=108; 

thatiSy 9^s=108; 

divide both sides by 9 ; therefore 

;r=— = 12. 

Thus 12 is the root of the proposed equation. We may 
verify this by putting 12 for x in the original equation, 
llie first side becomes 

^ + 1?+^, thct 184 + 3 + 2, thati89: 
3 4 6 

which agrees with the second side. 

161. Any term may he iraneposed from one side of 
an equation to the other side by changing its gign. 

Suppose, for example, that x—a=b-y. 

Add a to each side ; then 

^-a+a=6-y+fl^ 

thatis a?=6— y+a. 

Subtract b from each side : thus 

^^bz=b+a—y-b'=a'-y. 

Here we see that —a lias been removed from one side 
of the equation, and appears as + a on the other side ; and 
+& has been removed from one side and appeara as — 2> on 
the other side. 

162. If the sign of every term of an equation be 
changed the equality still holds. 

This follows from Art. 161, by transposing eveiy tens. 
Thus suppose, for example, that x—a^b^y. 
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By transposition y- & = a— ^ 

that IS, a— ;i?=y— ft; 

and this result is what we shall obtain if we change the 
sign of every term in the original equation. 

163. We can now give a Rule for the solution of any 
simple equation vrith one unknown quantity. Clear the 
equation oj fractioiM. if necessary; transpose aU the 
terms which involve the unknown quantity to one side qf 
the equation, and the knoton qtumtities to the other side; 
divide both side9 by the coefficient, or the sum of the co- 
efficients, of the unknovm quantity, and the root required 
is obtained. 

164. We shall now give some examples. 
Solve 7^+25=35+6*. 

Here there are no fractions ; by transposing we have 
7a?- 5^=35— 25; 
thatfa, 2a?=10; 

divide by 2; therefore w= — ^5. 

We may verify this result by putting 5 for « fai the 
originfd equation; then each side is equal to 60. 

166. Solve 4(3a?-2)-2(4«-3)-3(4-a?)=a 
Perform the multiplications indicated; thus 
12a?-8-(&r-6)-Cl2-3«)=0. 

Remove the brackets; thus 

12a?-8-fta?+6-12 + 3d?=0; 

collect the terms, 7« - 14 = 0; 

tran8x>08e, 7a;=14; 

14 
divide by 7, «=y=2. 

The student will find it a useful exercise to verify the 
oorrectness of his solutions. Thus in the above example^ 
T.A 7 
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If we pot 2 for df in the original equation we shall obtain 
16-10-6, that is 0, aa it should be. 

166. Solve «-2-(22?-3)=?^, 
Remove the brackets; thus 

thatli^ l-iP=— g— ; 

multiply by 2, 2-2a?=3d?+l, 
traui^KMe, 2-l=2^+3d;; 

ihatis, \=^bXi or bx^li 

therefore «=-. 

o 

167. Solve -2 _=.6l^__. 

28 
6f= — ; the l.o.h. of the denominators is 10; mnltipl; 

by 10; 

thus 6(5a?+4)-(7«+6)=28x 2-6(^-1); 

that is, 26a? + 20-7«-6 = 66-6;j? + 6; 

transpose^ 2&c-7«+5iP=66+6-20+6; 

that is, 230;=^ 46; 

therefore fl?=--=2. 

The bog^inner is recommended to put down all the work 
at full, as in this example, in order to ensure aocuraQv. 
Mistakes with respect to the signs are often made in dear- 
ing an equation of fractions. In the above equation the 

7.1? + 5 
fi-action — —- has to be multiplied by 10, and it is ad- 
visable to put the result first in the form —(7^ +5), and 
aftem-ards in the form —7^—5, in order to secure atten- 
tion to the signs. 
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168. Solve i(5a?+3)-.^(16-5;i?)=87-4a. 

By Art 146 this is the same as 
5;i?+3 16-6a? „ 
-1 7— =37-4*. 

Multiply by 21; thus 7(6;i?+3)-3(16-5a?)=21(37-4rX 
that is, 35;P4-21-48 + 16a?«777-84a?; 

transpose, 35ar + I5x + 84a?= 777 - 21 + 48 ; 
that is, 134a?=804; 

therefore iP= — =6. 

134 "^ 

169. Solve 5^±i5 -5^:11? = ^**=.^ 

11 7 6 • 

Multiply by the product of 1 1, 7, and 6 ; thiu 
36(6;!?^- 16)-65(8«- 10) = 77(4;!?- 7X 
that is, 210a?+626-440*+650=308«-639; 
transpose, 21 0*-440;i?- 308^1? =-639 -625 -650; 
change the signs, 440a? +30&i?-210;»= 639 + 525+ 550, 
that is, 638^=1614; 

therefore a?=-— =3. 

538 * 

Examples. XIX. 

1. 6«+60=4a?+56. 2. 16*-ll=7«+70. 

3. 24a?-49 = 19*-14. 4. 3a? +23 =78 -2a?. 

6. 7(af-18)=3(aJ-14). 6. 16a?=38-3(4-a?). 

7. 7(ar-3)=9(a?+l)-38. 8. 5 (a? -7) + 63= 9a?. 

9. 69(.i?-7)=61(9-a?)-2. 10. 72(a?-6)=63(5-aX 
11. 28(a?-l 9)=27(46-a?). 12. af+f + f-11. 

7—* 
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19. 66-^=48-f . 20. f-4 = 24-|. 

2L ?+12='^ + 6. 22. ^ = n6rif. 

o O 

*^ 8 °-10^ ^ y ®-'*~l2' 



27. 4(j?-3)-7(d?-4)=-.6-af. 

3 3 4^4 6 5 6*6' 



30. 24?- 



2" 
19-ai? ai?-ll 



^■^^-T = T-**- 



2 



_, a?+l 3;t-l 

31. -3 5-=*-2. 

32. ;,+ 3^9=4-^^. 

6 3 

84. «^'-?^7^3;,_i4. 






3a 
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^^ « + 3 x-k-A x-^-6 ,^ 

87. '£±8=7+*-?^. 

2 8 ~ 16 • 

39. ?^»- 5^+21 = 0. 

*"• 4-6*9* 

7ig+5 6a; + 6 8-Ca> 
"'• ~6 4~-~12~' 

*+4_«-4 3£-l 

**• 3 6 * 16 • 

„ *-l 2«+7 «+2 „ 
'^- -2- + ^ 9-=»- 

,^ fl?-l a?-2 a?-3 2 

46. __- __4._=-, 

47. ?^H:^ = 5.-17J. 

a? 5J?-t-8 _ 2ar-9 
*®- 4 T""" 3 ' 

49. ?^.H^^lO-f = 0. 

50. ^(3a:-4) + |(5a? + 3) = 43-5ar. 

**• i+i-i-'r'*- *^ 2--3- = -r-» 
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6-3*. 6* 3 3-5* 
"• ~r~*3"=2 3~' 

64. ^(27-2*)=|-i(7*-M). 

65. 6«-[8*-3{16-6«-(4-6a!)}>6L 

„ l-lx 4-5x 13 „ 

66. -3 e-+^=o. 

o 4 6 

Sar-l 9j— 5 _ 9a!-7 

-. «+» x-2 3JJ-6 1 
«»• -2 3 12~ + 4' 

61. |(8-a-)+«-lS=^(«+6)-|. 
^^ 2a?--l 6a?-4 7a?+12 

«»• -T--'-7-=-Tr- 
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XX. SitnpU EquationMy eontinwA 

170. We shall now gire some examples of the solntion 
of simple equations, which are a little more difficult than 
those in the preceding Chapter. The student will see that 
it is sometimes advantageous to clear of fractions par- 
tially, and then to effect some reductions, before we re- 
moye the remaining fractions. 



a? 4- 6 2;g— 18 . 2a?+3„ . 3aT+4 
11 



m. Solve-:, _ + __=6j+-j2- 



Here we may conveniently multiply by 12; thus^ 

^^^^rt^-4(2a?-18) + 3(2«+3)=^xl2 + 3«-l-4> 
11^ «s 

that is, ^^(^ + g) ,Qj.^72 4-6j?-t-9 = 64-t-3j?4»i, 
By transposition and reduction we obtain 

Multiply by 11; thug 12(a?+6)=ll(&r-13\ 

that is, 12ar +72=5507- 143; 

by transposition, 72 + 143 = 66a?- 12dr, 

that is, 43a?=216; 

.,_ r 215 - 

therefore a? = — = 6. 

^72- ^^^^l6^^^^"'~24 ^^-3—- 

Here we may conveniently multiply by 24; thus 
/ 40\ 
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thai 18, 

144jr-320 
^^_^ +4a»+l&r-16 = 154-165 I-64JI 

By transposition and reduction 
144j?~320 

multiply by 15-2^; thus 

144a?-320=4(16-2a?)=60-8a?; 
therefore 144^7+ &!?== 320 +60^ 

that is, 162a;=380; 

therefore -^=f|=2,Vff=2j. 

173. Solve ^ = £±?. 

Multiply by (a? - 7)(« + 9) ; thus 

(«+9)(^-6)=(;»-7){a?+3), 

that is, «2^,4^_45^^_4^_21; 

subtract x^ from each side of the equation, thus 

4^-45= -4a:- 21; 

transpose, 4j?+4a?=46-21, 

that is, 8;r=24; 

24 
therefore a? = — = 3. 

8 

It will be seen that in this example ir* is found on both 
rides of the equation, after we have cleared of fractions; 
accordingly it can be removed by subtraction, and so the 
equation remains a simple equation. 
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174 Solve ^^ = ;^^^ + 5^j. 

Here it is convenient to multiply by 4^-1-4, that is bj 

4{a? + l); 

^/« «x .. ^ . 4(a; + 1)3(^+1) 
thus 4(2aj + 3) = 4;F + 5 + -^^ — --^ ^; 

therefora 8jr-t-12-43?-5= gL . , ; 

*u *• ^ ^-T 12(a?+l)> 

thatis, 40? + ?=-^^. 

Multiply by 3a?+ 1 ; thus (3a:+ l)(4a:+ 7)= 12(a?+ 1)«; 
thatis, 12a;* + 25ar+7 = 12;c*+24a?+12. 

Subtract 12a^ from each side, and transpose ; thus 

26^ -24a? =12 -7, 
thatis, «=5. 

,«r a 1 ^-1 ^-2 a?-4 a?-6 

176. Solve ^ = — -. 

a?-2 a?-3 ^—6 a?-6 

, a?-l j?-2_ (a?-l)(a?-3)-(a?-2y 

we nave — ^-^_^- ___ 

(;i?-2)(ar-3) "" (a?-2)(a?-3) 

a?-4 a?-5_ (a?~4)(^-6)-(;C"5)» 
-^^^ «-6 x-Q" (a?-6)(a?-6) 

. {g«-10a?-t-24-(g»-10a?4-25) ^ ^ 

(a?-6)(a?-6) («-5)(a?-6)' 

Thus tiie proposed oquation becomes 
1 1 



" C«-2)(a?-3) (^-5)(a?-6)' 
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Ota-g. the dgn.; th« ^j::^^-^.^^-^^. 
Clear of fractioiiB; thus («-6)(df-6)=:(«- 2)^-8); 

therefore — lld7+&p=6-30; 

thatii, -«^»-24; 

therefore &p»24; 

therefore a— A, 



i**i. a 1 .« ^*45«--76 1-2 . •3aT--6 
17«. Sdre •««+ ^^ — = -:s-~ — :s — • 



To ensure accuracy it is adTisable to express all the 
decimals as common fituctions ; thus 

to 10/45d?_75\ 10 12_10/3«_6\ 

10 6 \io6 100/ " 2 '^ 10 » \io loy 

Multiply by 12, &r+9a?-15=72-4r+8; 
transpose, 19a;=72 + 8-1' 15=96; 

therefore 5-=— =6. 

19 

17*). fiqnations may be projxised in which letlen are 
used to represent known quantities ; we shaU continue to 
represent we unknown quantity by x, and any other letter 
wul be supposed to represent a known quantity. We will 
adye three such equations. 
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a o 
Multiply hy db\ thus hx-^-ax^tAei 
that is, {a'^h)x=abei 

divide by a+d; thus x^~. 

179. SolTe (a+iP)(&+a?)=a(6+c)+^+M 
Here «ift+aa?+d«+a:»=aft + a<?+^+a:"; 

therefore ax-^-hx^ae + -r- ; 

that is, (a+5);ir=a(:(l+|) = ?^^l 

divide by a+&; thus «=^. 

1801 Solve ?q = g*Z^. 

Gear of fractions ; thus 

(«-a)^2^-6)«=(«-5)(2ar-a)«; 
that is, (af-a)(4aj«-4;i*+6«)=(a?-6)(4«»~4«i+a^ 
Multiplying out we obtdn 
4^-4a^(a+d)+a?(4a6+ft«)-a6« 

=4a:»-4aj«(a+6)+fl?(4a&+tf^-a*j 
therefore xt^^ai^=xc^-M', 

therefore «?(a>-ft«)=a*6-ad«=a&(a-6); 

Stoeforo x^^^^J^^. 
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181. Although the following eqnation does not strictl| 
belong to tiie present Chapter we give it as there will be 
no dimcully in following the steps of the solution, and it 
will serve as a model for similar examples. The equation 
resembles those already solved, in the eutnunstance that 
we obtain only a Hngle value of the unknown quantity. 

Solve iy«+iy(«-l6)=a 

By transpositiony ij(^— lB)^8—,Jx ; 
square both sides ; thus «—16s(8—V«}*=:64- 16^/^0+ a; j 
therefore — 16= 64— 16 i^^; 

transpose^ - 16 1^07^64+ 16^80; 

therefore ij^^6; 

therefore «s25. 



EZAXPLE& XX. 



128 216 ^46 67 



*• ai?-4""to-6* 2a+Z 4a?-6' 

^ Za-l 2a?-5 . x-Z X ^ . - 

6. — 3--^^r"6='^"*-^ 



'• l{-i)^Kf-l)-* 



Jte-8 . Zx-9 . «-2 . 1 ^ te-l 
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10. -p+i-?!±|=2. 11. ?r:i^7£:^i 

12. 7^-4 7^-26 a; a»^7l '6x + \ ,, 

14. ^"^ fcg-5 
3a?-8*3a?-7* 

15. ar-3-(3-a?)(a?+l)=d?(d?-3)+a 

16. 3-a?-2(a?-l)(ar + 2)=(a?-3)(6-2^). 
,»- 7 + 9^ , 2-;l? 

^7- "T^ ^ + T" = ^'*^ ^®- (^+7)(;i?+l)=(;i?+S}» 

19. |(2ar-10)-.l(3^-40) = 16-i(67-^). 

20 ??±?_2£+38__ 
ac+l a:+12""" 

21 ^""^ - ^-5 15-2ar _ 9-;g 7 

4 32 40 - 2 ""S* 

22. l£±12+??_-J0^7 



23. 



%j-+x{x-2) = {af-\y. 



24. ^ + C«:-l)(^-2)-ar»-2aj-4. 

2g^ ga;«-2;g~8 _ (7^->2)(3a?-6) 
5 35 

3 6^' 6 ^^ 15' 



27. 



a?-HO 2 
3 6^ 

3a?- 1 4a?- S 



2a?-l 3a?-2""6' 

__2_ ,1^6 
2a?-3 ar-2 3a?+3' 
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29. 



g~4 ay— 5 _ ay— 7 ar— 8 
aj-S^ay-S^ar-S a?-9' 



•A _£_ . J?~9 _ a? -f 1 a?-8 
^ a:-2 af-7"'a?-l^a?-6' 

3-2a? 2a?-5 4a^-l 

^*" l-2ay""2a?-7~ 7-16a:+4a?«' 

3 + a? 2+a? 1-t-a? 

^ "7""^~3" 2 6 ■*■'• 

34. (a?+l)(a?+2)(a?+3) 

= (a?-l)(a?-2)(a?-3)+3(4a:^2)(a^+l) 

35. (a?-9)(a?-7)(ar-6)(af-l) 

=(a?-2)(a?-4)(af-6)(a?-10) 

86. (8aj-3)*(a?-l)=(4a?-l)»(4a?-5). 

38. •6a?-2='26a?+-2a?-l. 

39. '6a? + -ear- -8= -754? + -25. 
•135a?- -226 '36 1)93? -'18 



40. •15ar+- 



•6 



41. a—T =a?. 42. a— j— + & = 

a a 



4a 



a:"- a' a -a? 2a? 



hx h ~ h x' 

44. a?(a:-a)+a?(a?-6)=2(a:-a)(aj-6). 
4& (a?-a)(«-6)(a?+2a+2ft) 

^(a? + 2a) (a? + 25) (af-a-6) 
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46. («-a)(fl?-5)=(af-a-6]F. 
a h a—b 



4,1. 



4& -^+-^ = — 
*4-a a?+6 a-^e' 

1 1 «-ft 



60. 



61. 



1 1 ^ 1 1_ 

WM?— a — 6 flM? — <I — C 



fix— c-d nx—b-d' 

62. (a-6)(;i?-c)-(5-c)(«-a)-{c-a){«-ft)a«ia 

^^ a^b a+6~fl?^' 

64. («-«)(6-4?)=(|> + «)(flr+«). 

,_ «-a «— a-1 Of— ft «-ft— 1 
«— a-1 a?--a— 2 a?-ft-l a?-ft--2 

66. («+a)(2a? + ft+c)'=(a?+ft)(2a7+a+c)". 

67. («+2a)(a?-a)«=(a?+2ft)(aT-ft)". 

68. («-a)»(a?+a-2ft)=(a?-ft)»(a?-2a+*)L 

69. ^/(4^)+V(4a?-7)=7. 

60. ^/(a?+14)+^(a?-.14)=14. 

61. ^/(aT + ll)+^(a?-9)=10. 

62. ^/(9*+4)+^/(94?-l)=3. 

63. V(*+4aft)=2a-iv/af. 

64. ^/(af-aH^/(«-ft)=^/(o-ft). 
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XXI. Prdblenu. 

183. We sliall now apply the metliods explained in the 
preceding two Chapters to the solution of some problems, 
tad thns exhibit to the student specimens of the use of 
Algebra. In these problems certam Quantities are giyen 
and another, which nas some assigned relations to these, 
lias to be found; the quantity which has to be found is 
called the unknown quantity. The relations are usually 
expressed in ordinary language in the enunciation of the 
problem, and the method of solving the problem may be 
thus described in general terms: denote tJis unknown 
quantity by the letter x, and eaj>res» in algdyraicat 
langtMge the relatione which hold oettt?een the unknown 
quantity and the qiven quantitiee; an equation will thus 
he Obtained from which the value cfthe unknowfi qieantity 
may he found. 

183. The sum of two numbers is 85, and their diiSer- 
enoe is 27 : find the numbers. 

Let X denote the less number ; then, since the difiSer- 
enoe of the numbers is 27, the greater number wUl be 
denoted by ;9+ 27 ; and since the sum of the numbers is 85 
we have 

d?+4? + 27=85; 

that is, 2ar+27=85; 

therefore 2j:=85-37 = 68; 

58 
therefove « = ^ = 29. 

Thus the less number is 29 ; and the greater number is 
29 + 27»thatis56. 

184 Divide £2, 10«. among Ay B, and (7, so that B 
mav have bs, more than Ay and C may have as much as A 
and B together. 

Let X denote the number of shillings in ^'s share, 
then a?+5 will denote the number of shillings in B'% share^ 
and 207+5 will denote the number of shillings in C's shara 



PROBLEMS. 118 

The whole number of shillrngs is 60 ; therefore 

a?+;i? + 6 + 2a?+6 = 50; 

that IS, 4;r-f 10 = 50; 

therefore 4fl?=60- 10=40; 

therefore d;=10. 

Thus A'% share is 10 shiUrngs, B*^ share is 15 shilliiigSy 
and 6''8 share is 25 shillings. 

185. A certain sum of money was divided between 
A J jEf, and C\ A and B together received ^£17. 15«. ; A 
and C together received £15. 15«. ; B and (J together 
received £12, 10«. : find tiie sum received by each. 

Let X denote the number of pounds which A received, 
then B received 17|— ^ pounds, because A and B 
together received 17| pounds ; and G received 15|-^ 
pounds, because A and G togethei* received 15 j pounds. 
A\&o B and C together receiv^ 12^ pounds; therefore 

12i=l7i-:i?+15i-«; 

that is, 12i=33i-2af; 

therefore 2a?= 33^-12^=21: 

21 
therefore a:= — =^10^. 

Thus A received £10. 10«., B received £1, 5«., and G 
received £5. 5f. 

186. A grocer has some tea worth 2s. a lb., and some 
worth Z8.m.2L lb. : how many lbs. must be talce of each 
sort to produce 100 lbs. of a mixture worth 2s. 6d. a lb. ? 

Let X denote the number of lbs. of the first sort; then 
100—^ will denote the number of lbs. of the second sort 
The value of the ^vlbs. is 2x shillings ; and the value of th« 

T.JL ^ 
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7 
100-j;IIm. b ^{IW^-x) ihiniBgB. And the wbole nJae 

is to be -xlOOshiDbigB; therefore 

|xl00=2*+|(100-«); 
miiltiidy by 2, thus 600=4dr+700-7«; 
therefore 7j;-4dr=700-500; 

thatis^ 3^=200; 

therefore d?=— -=66|. 

Thus there most be 66}]b6. of the fint awt and 
33ilb8. of the second sort 

187. A line is 2 feet 4 inches long; it is required to 
divide it into two parts, such that one part may be three- 
fonrths of the other part 

Let X denote the number of inches in the lai^ger part ; 

then -7- ivill denote the number of inches in the other part 

The number of inches in the whole line is 28; therefore 





«+^=28; 


therefore 


4^+3^=112; 


that is, 


7a?=112; 


therefore 


a?=16. 



Thus one part is 16 inches long, and the other part IS 
inches long. 

188. A person had £1000, part of which he lent' at 
4 per cent., and the rest at 6 per cent; the whole annual 
interest receiyed was £AA : how much was lent at 4 pel 
wit » *^ 
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Let X denote the number of pounds lent ai 4 pel cent ; 
then 1000— ;i; will denote the number of poanaa lent at 
6 per cent The annual interest obtained m>m the former 

is ^ , and from the latter ^ ^^ ^^""^^ ; 

therefow ^^jg ^5(1000-^), 

therefore 4400=4«+6(1000-«) ; 

thatis, 4400=4aT+6000-&vs 

therefore «== 6000 -4400 =600. 

Thus X600 was lent at 4 per cent 

189. The student will find that the only difficulty in 
solving a problem consists in translating statements ex- 
press^ in ordinary language into Algebraical lan^^uage; 
and he should not be discouraged, if he is sometmies a 
little perplexed, since nothinp^ but practice can give him 
readiness and certainty in this process. One remark may 
be made, which is very important for b^;innerB; what is 
called the unknown quantity is really an uiJmown number j 
and this should be distinctly noticed in forming the equa* 
tion. Thus, for example, in the second problem which we 
have solved, we begin by saying, let a denote the number 
of shillmgs in A*b share; beginners often say, let a=A*B 
money, which is not definite, because A's money may be 
expressed in various ways, in pounds, or m shillings, or as 
a fraction of the whole sum. A^ain, in the fifth problem 
which we have solved, we begin by saying, let x denote 
the number of inches in the longer part; beginners often 
say, let «= the longer part, or, let ;c= a part, and to these 
phrases the same objection applies as to that already 
noticed. 

190. Beginners often find a difficulty in translating a 
problem frem ordinary language into Algebraical langua^, 
because they do not understand what is meant by the 
ordinarv language. If no consistent meaning can be as- 
signed to the words, it is of course impossible to translate 
them; but it often happens that the words are not ab- 

S— 2 
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Bolately umntelUgible, but appear to bo suaceptible of more 
than one meaning. The student should then select one 
meaning, express that meaning in Alg^ebraical symbols and 
deduce from it the result to which it will lead. If the 
result be inadmissible, or absurd, the student should b7 
another meaning of the words. But if the result is satis- 
&ctory he may infer that he has probably understood the 
words correctly ; though it may still be interesting to try 
the other possible meanings, in order to see if the enun- 
ciation reaUy is susceptible of more than one meaning. 

191. A student in solving the problems which are 

fiyen for exercise, may find some which he can readily solve 
y Arithmetic, or by a process of guess and trial ; and he 
may be thus inclined to undervalue the power of Algebra, 
and look on its aid as unnecessary. But we may remark 
that by Algebra the student is enabled to solve all these 
problems, without any uncertainty ; and moreover, he will 
nnd as he proceeds, that by AJgebra he can solve pro- 
blems which would be extremelv difficult or altogether 
impracticable, if he relied on Arithmetic alone. 
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1. find the number which exceeds its fifth part by 24 

2. A father is 30 vears old, and his son is 2 years old : 
in how many years will the father be eight times as old as 
the son ? 

3. The difference of two numbers is 7, and their sum 
is 33 : find the numbers. 

4. The sum of £165 was raised by -4, B, and C toge- 
ther; B contributed £l& more than A. and C d^20 more 
than B : how much did each contribute i 

5. The difference of two numbers is 14, and their sum 
is 48 : find the mmibers. 

6. ^ is twice as old as B, and seven years ago their 
united ages amounted to as many years as now represent 
the age of ^ : find the ages of ^ and B. 
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7. If 56 be added to a certam number, the result is 
treble that number: find the number. 

8. A child is bom in November, and on the tenth day 
of December he is as many days old as the month was on 
the day of his birth : when was he bom ? 

9. Find that number the double of which increased by 
24 exceeds 80 as much as the number itself is below 100. 

10. There is a certain fish, the head of which is 9 
inches long ; the tail is as long as the head and half the 
back ; and the back is as long as the head and tail toge- 
ther : what is the length of the back and of the tail ? 

11. Divide the number 84 into two parts such that 
three times one part- may be equal to four times the other. 

12. The sum of £76 was raised by -4, B^ and G toge- 
ther; B contributed as much as A and £10 more, and G 
as much as A and B together : how much did each con- 
tribute ? 

13. Divide the number 60 into two parts such that a 
seventh of one part may be equal to an eighth of the other 
part. 

14. After 34 gallons had been drawn out of one of 
two equal casks, and 80 gallons out of the other, there 
remained just three times as much in one cask as in the 
other : what did each cask contain when full ? 

15. Divide the number 75 into, two parts such that 
3 times the greater may exceed 7 times the less by 15. 

16. A person distributes 20 shillings among 20 per- 
sons, giving sixpence each to some, and sixteen pence each 
to the rest: how many persons received sixpence each? 

17. Divide the number 20 into two parts such that 
the sum of three times one part, and five times the other 
part, may be 84. 

18. The price of a work which comes out In parts is 
£2. 16*. 8^. ; but if the price of each part were 13 pence 
more than it is, the price of the work would be £3. 7«. ^d.\ 
how many parts were there ? 

19. pivide 45 into two parts such that the first divided 
bj i shall be equal to the second multiplied by % 



118 EXAMPLES. XXL 

2a A ikther is three times as old as his son; Ibis 
yean aso the father was four times as old as his son then 
was : what is the age of each ? 

21. Diride 188 mto two parts such that the fourth of 
one part may exceed the eighth of the other by 14. 

22. A person meeting a company of beggars gave four 

Eence to each, and had sixteen pence left ; ne found that 
e should have required a shilling more to enable him to 
give the beggars sixpence each : how many beggars were 
there? 

23. Divide 100 into two parts such that if a third (^ 
one part be subtracted from a fourth of the other the re- 
mainder may be 11. 

24. Two persons, A and B, engage at play; A has 
£72 and B has j£52 when they begin, and after a certain 
number of games haye been won and lost between them, 
A has three times as much money as B : how much did A 
wmf 

25. Diyide 60 into two parts such that the difference 
between the greater and 64 may be equal to twice the 
difference between the less and 3a 

26. The sum of ^276 was raised by Ay B, and C toge- 
ther; B contributed twice as much as:^ and £12 more, 
and C three times as much as B and j£l2 more: how mudi 
did each contribute ? 

27. Find a number such that the sum of its fifth and 
its seventh shall exceed the sum of its eighth and its 
twelfth by 113. 

28. An army in a defeat loses one-sixth of its number 
in killed and wounded, and 4000 prisoners ; it is remforced 
by 3000 men, but retreats, losing one-fourth of its number 
in doing so ; there remain 18000 men : what wfts the ori- 
ginal force ? 

29. Find a number such that the sum of its fifth and 
its seventh shall exceed the difference of its fourth and its 
seventh by 99. 

30. One-half of a certain number of persons received 
eighteen-pence each, one-third received two shillings each, 
and the rest received half a crown each ; the whole som 
distributed was £2, 4#. : how many persons were there t 
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31. A person had j£900; port of it he lent at flie rate 
of 4 per eeni. and part at the rate of 6 per cent, and he 
receiyed equal sums as interest from the two parts : how 
much did he lend at 4 per cent. ? 

32. A &ther has six sons, each of whom is four years 
older than his next younger brother; and the eldest is 
three times as eld as the youngest: find their respective 
ages. 

33. Divide the number 92 into four such parts that 
the first may exceed the second by 10, the thh^ oy 18, and 
the fourth by 24. 

34. A gentleman left j£550 to be divided among four 
servants A,B,C^Di of whom B was to have twice as 
much as ^, (/ as much as A and B together, and D as 
much as C and B together : how mucii had each ? 

35. Find two consecutive numbers such that the half 
and the fifth of the first taken t(^ether shall be equal to 
the third and the fourth of the second taken together. 

36. A sum of money is to be distributed among three 
persons A^ B, and C; the shares of A and B together 
amount to £60 ; those of ^ and (7 to j£80; and those of B 
and C to j£92 : find the share of each person. 

37. Two persons A and B are travelling together ; A 
has jSIOO, and B has MS; they are met by robbers who 
take twice as much from A as from B, and leave to A 
three times as much as to ^ : how much was taken from 
each? 

38. The sum of j£500 was divided among four persons, 
so that the first and second together received ^280, the 
first and third together j£260, and the first and fourth 
together £220 : find the share of each. 

39. After A has received ^10 from B he has as much 
money as B and £6 more ; and between them they have 
j£40: what money had each at first ? 

40. A wine merchant has two sorts of wines, one sort 
worth 2 shillings a quart, and the other worth Zs, 4d. a 
quart; from these he wants to make a mixture of 100 
quarts worth 2«. 4^ a quart: how many quarts must he 
take fitnn each sort ? 
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41. In a mixture of wine and water the wine composed 
25 gillons more than half of the mixture, and the water 
6 gaUons less than a third of the mixture : how many gal- 
lons were there of each ? 

42. In a lottery consisting of 10000 tickets, half the 
number of prizes added to one-third the number of blanks 
was 3500 : now many prizes were there in the lottery ? 

43. In a certain weight of gunpowder the saltpetre 
composed 6 lbs. more than a half of the weight, Uie su^hur 
5 lbs. less than a third, and the diarooal 3 lbs. less than a 
foMh : how many lbs. were there of each of the three 
ingredients 1 

44. A general, after having lost a battle, found that 
he had left fit for action 3600 men more than half of Ms 
army ; 600 men more than one-eighth of his army were 
wounded ; and the remainder, forming one-fifth of the 
army, were slain, taken prisoners, or missing : what was 
the number of the army ? 

45. How many sheep must a person buy at £7 each 
that after paying one smiling a score for folding them at 
night 'he may gain £*J%. 16«. by selling them at £B each ? 

46. A certain sum of money was shared among fire 
persons A, B, C, 2>, and E; B received £l(^ less than A ; 
C received ^16 more than B ; D received £b less than C\ 
and E received ;£15 more than D ; and it was found that 
E received as much as A and B together : how much did 
each receive ? 

47. A tradesman starts with a certain sum of money ; 
at the end of the first year he had doubled his original 
stock, all but £100 ; also at the end of the second year he 
had doubled the stock at the beginning of the second year, 
all* but i^lOO; also in like manner at the end of the third 
year ; and at the end of the third year he was three times 
as rich as at first : find his original stock. 

48. A person went to a taveni with a certain sum of 
money ; there he borrow^ as much as he had about him, 
and spent a shilling out of the whole : with the remaindei 
he went to a second tavern, where he borrowed as much as 
he had left, and also spent a shilling ; and he then went to 
a third tavern, borrowing and spending as before, aftev 
which he had nothing left : how much had he at firrt f 
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XXII. Prdblemgy continues. 

192. We shall now give some examples in which the 
process of translation from ordinary language to algebrai- 
cal language is rather more diificult than in the examples 
of the preceding Chapter. 

193. It is required to divide the number SO into tour 
such part§, that the first increased by 3, the second dimi« 
Bished by 3, the third multiplied by 3, and the fourth 
divided by 3 may all be equal 

Let the number x denote tho first part ; then if it bA 
increased by 3 we obtain a? + 3, and this is to be equal to 
the second part diminished by 3, so that the second part 
must be ^ + 6; again, x-^-Z is to be equal to the third part 

■B 4- 3 

multiplied by 3, so that the third part must be — ^— ; and 

0?+ 3 is to be equal to the fourth part divided by 3, so thai 
the fourth part must be 3(« + 3). And the sum of the parti 
is to be equal to 80. 

Therefore ar+iP+e+^^-f 3(.r+3)=80, 

o 

that is, 2a?-f64--g- + 3a; + 9=80, 

that is, 6a5-f ^=80- 15 = 66; 

multiply by 3; thus 15^-f a;4-3 = 195^ 

that is, 16a; = 192; 

192 
therefore x^—=\2. 

Thus the parts are 12, 16, 5, 4&. 
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194. A alone can perform a {nece of work in 9 daya 
and B alone can perform it in 12 days : in what time will 
they perform it if they work together ] 

Let X denote the required number of days. In one day 

A can perform - th of the work ; therefore in x days he can 

perform - ths of the work. In one day B can perform 

r^th of the work; therefore in x days he can perform 

— ths of the work. And since in x days A and B to- 
gether perform the whole work, the sum of the /rttctiom 
of the work must be equal to unity; that is, 





- + --1 


Multiply by 36 ; 


thus 4^ + &i?=36, 


that is, 


7a?--=36; 


therefore 


36 «, 



195. A cistern could be filled with water by means of 
one pipe alone in 6 hours, and by means of another pipe 
alone in 8 hours ; and it could be emptied by a tap in 12 
hours if the two pipes were closed : in what time will the 
cistern be filled if the pipes and the tap are all open 1 

Let X denote the required number of hours. In one 

hour the first pipe fills - th of the cistern ; therefore in x 
o 

hours it fills - ths of the cistern. In one hour the second 
o 

pipe fills - th of the mtem ; therefore in x hours it fills 

o 

- ths of the dsterpi. In one hour the tap empties r^ th 

O km 
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of the dstern ; therefore in # hours it empties ^ tbs of 

the dstern. And since in x hours the whole cbtem is 
fiy^ed, we have 

Multiply by 24 ; thus 4^ + 3d: - 2^? = 24, 
that is, 507=24; 

therefore ^ = -^ = H- 



196. It is sometimes convenient to denote by x^ not 
the unknown quantity which is explicitly re<iuired, but 
some other quantity from which that can be easily deduced; 
this will be illustrated in the next two problems. 

197. A colonel on attempting to draw up his regiment 
in the form of a solid square finds that he has 31 men 
over, and that he would require 24 men more in his regi- 
ment in order to increase the side of the square by one 
man : how many men were there in the regiment 1 

Let X denote the number of men in the side of the first 
square ; then the number of men in the square is a^ and 
the number of men in the regiment is a:* + 31. If there 
were a? + 1 men in a side of the square, the number of men 
in the square would be (|;+ 1)^ ; thus the number of men 
in the regiment is (a?+ iy-24. 

Therefore (jp+l)8-24=a:»-f 31, 

that is, a!2 + 2a?+l-24=a?'4-31. 

From these two equal expressions we can remove d^ which 
ocean in both ; thus 

2a? + 1-24=31; 
therefore 2a? = 31 - 1 4-24 = 64 ; 

54 
therefore * == 2 ^ ^*^' 

Hence the number of men in the regiment is (27)^-i-3i 
Oiat is, 729 + 31, that is, 769. 
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198. A starts from a certain place, and travels at tiM 
rate of 7 miles in 5 hours ; B storts from the same place 
8 hours after A^ and travels in the same direction at the 
rate of 6 miles in 3 hours : how far will A travel before he 
is overtaken by ^ ? 

Let X represent the number of hours which A travels 
before he is overtaken ; therefore B travels x—S hours. 

Now since A travels 7 miles in 5 hours, he travels - of a 

o 

mile in one hour ; and therefore in x hours he travels —- 

o 

miles. Similarly B travels - of a mile in one hour, and 

o 

therefore in ^—8 hours he travels - (;p— 8) miles. And 

when B overtakes A they have travelled the same num- 
ber of miles. Therefore 









?(-«-'/, 


multiply by 


16; 


thus 


25(a?-8)=21^, 


that is. 






250? -200 = 21^; 


therefore 






25^-21a?=200, 


that is, 






407=200; 


therefore 






200 ^^ 



Ix 7 
Therefore — = - x50=70 ; so that A traveUed 70 miles 
o o 

before he was overtaken. 

199. Problems are sometimes given which suppose the 
student to have obtained from Arithmetic a knowledge of 
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Che meaning of proportion; this will be Ulustrated in the 
next two problems. After them wo shall conclude the 
Chapter with three probleniB of a more difficult charactef 
than those hitherto given. 

200. It is required to divide the number 66 into two 
parts such that one may be to the other as 3 to 4. 

Let the number x denote the first part; then the other 
part must be 56 -x; and since ;p is to be to 56— d? as 3 to 4 
we have 



66-x 4* 

Clear of fractions; thus 

4.1? ^3 (56 -;r); 
that is, 4^ = lG8-3ii?; 

therefore 7a? =168; 

therefore a? = — = 24. 

Thus the first part is 24 and the other part is 56—24, 
that is 32. ^ 

The preceding; method of solution is the most natural 
for a beginner ; uie following however is much shorter. 

Let the number ^x denote the first part; then the 
second part must be 4r, because the first part is to the 
second as 3 to 4. Then the sum of the two parts is equal 
to 56; thus 





3:c+4a?=6«, 


that is, 


7«=56; 


therefore 


a?=8. 



Thus the first part is 3 x 8, that is 24 ; and the second 
part is 4 X 8, that is 32. 
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201. A cask, A, contaiiis 12 gallons of wine and 18 
gallons of water; and another cask, B, contains 9 gallons 
of wine and 3 gallons of water: how many gallons must be 
drawn from each cask so as to produce oy their mixture 
7 gallons of wine and 7 gallons of water? 

Let X denote the number of gallons to be drawn from 

A\ then since the mixture is to consist of 14 gallons, 

14-^ will denote the number of gallons to be drawn from 

B. Now the number of gallons in A is 30, of which 12 are 

12 
wine ; that is, the wine i» oq of the whole. Therefore the 

12x 
X gaHons drawn from A contain — gallons of wine. 

Similarly the 14 - a: gallons drawn from B contain -^^— — ■' 

gallons of wine. And the mixture is to contain 7 gallcms 
of wine; therefore 

12a? 9(14~ar) _^ 
so"*" 12 "^' 



that is, 


2a?^3(14-;r) 
6 "^ 4 -'' 


therefore 


8j: + 15(14-a?)=140, 


that is, 


8a?+210-15a?=140; 


therefore 


7a:=:70; 


therefore 


a?=10. 



Thus 10 gallons must be drawn from A^ and 4 horn ^. 

202. At what time between 2 o'clock and 3 o'clock is 
one hand of a watch exactly over the other? 

Let X denote the retiuired number of minutes after 
2 o'clock. In X minutes the long hand will move over 
X divisions of the watch face ; and as the long hand moves 
twelve times as fast as the short hand, the short hund wiD 

move over ^ divisions in x minutes. At 2 o'clock the 
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short haad is 10 diyisions in adyance of the long hand; bo 
that in the x minutes the long hand must pass over 10 
more divisions than the short hand; therefore 

;r=^ + 10; 

therefore 12j: = ;r + 120 ; 
therefore liar =120; 
120 

therefore «=Yf = 10l^. 

203. A hare takes four leaps to a greyhound's three, 
but two of the CTeyhouna's leaps are equiyalent to three of 
the hare's; the nare has a start of fifty leaps: how many 
leaps must the greyhound take to catch the fiare? 

Suppose that ^ denote the number of leaps taken by 
the greyhound; then 4a? will denote the number of leaps 
taken by the hare in the same time. Let a denote the num- 
ber of inches in one leap of the hare; then 3a denotes the 
number of inches in three leaps of the hare, and therefore 
also the number of inches in two leaps of the greyhound; 

therefore -^ denotes the number of inches in one leap of 
the greyhound. Then 3a? leaps of the greyhound will con- 
tain 3a? X — inches. And 50 + 4x leaps of the hare will 
contain (60 + 4a?)a inches; therefore 

^|?=(60+4a?)a. 

dx 
Divide by a; thus =60 + 4a?; 

therefore 9a? =100+ 8a?; 

therefore a? =100. 

Thus the greyhound must take 300 leaps. 

The student will see that we have introduced an auxi- 
liary symbol «, to enable us to form the equation easily; 
and that we can remove it by division when the equation is 
fonned. 
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204. Four gamesters, A, B, C, 2>, each with a different 
stock of money, sit down to play; A wins half of .B's firat 
stock, B wins a third part of C\ C wins a fonrth part of 
i^s, and D wins a fifth part of -4's ; and then each of the 
gamesters has £2Z. Find the stock of each at first 

Let X denote the number of pounds which D won from 
A\ then bw will denote the number in A'% first stock. 
Thus 4a?, together with what A won from B, make up 23; 
therefore 23— 4;i? denotes the number of pounds which A 
won from B, And, since A won half of ^'s stock, 23—4* 
also denotes what was left with B after his loss to A, 

Again, 23 -4a?, together with what B won from C, 
make up 23 ; therefore 4* denotes the number of pounds 
which B won from C, And, since B won a third of (7*s 
first stock, \2x denotes Cs first stock; and therefore 8* 
denotes what was left with C after his loss to B. 

Again, 8*, together with what C won from 2>, make up 
23; therefore 23—8* denotes the number of pounds whicn 
€ won from D, And, since G won a fourth of />'s first 
stock, 4(23—8*) denotes 2>'s first stock; and therefore 
3(23—8*) denotes what was left with D after his loss to C. 

Fuially, 3 (23-8*), together with *, which D won from 
A^ make up 23; thus 

23=3(23-8*) + *; 

therefore 23*= 46; 

therefore *=2. 

Thus the stocks at first were 10, 30, 24, 2a 
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1. A privateer running at the rate of 10 miles an hour 
discovers a ship 18 miles off, running at the rate of 8 miles 
an hour: how many miles can the ship run before it is 
overtaken ? 

2. Divide the number 50 into two parts such that if 
three-fourths of one part be added to five-siiLths of the 
ottier part the sum may be 40. 
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3. Suppose the distance between London and Edin- 
burgh is 360 miles, and that one traveller starts from 
Edinburgh and travels at the rate of 10 miles an hour, 
while another starts at the same time from London and 
travels at the rate of 8 miles an hour : it is required to 
know where they will meet. 

4. Find two numbers whose difference is 4, and the 
difference of their squares 112. 

5. A sum of 24 shillings is received from 24 people ; 
some contribute ^d. each, and some 13^. each : how many 
contributors were there of each kind ? 

6. Divide the number 48 into two parts Luch that the 
excess of one part over 20 may be three times the excess 
of 20 over the other part. 

7. A person has ^98 ; part of it he lent at the rate of 

5 pef cent simple interest, and the rest at the rate of 

6 per cent, simple interest ; and the interest of the whole 
in 15 years amounted to j£81 : how much was lent at 5 
per cent? 

8. A person lent a certain sum of money at 6 per cent 
simple interest ; in 10 years the interest amountea to £12 
less than the sum lent : what was the sum lent ? 

9. A person rents 25 acres of land for £1, 12«. ; the 
land consists of two sorts, the better sort he rents at 8«. 
per acre, and the worse at 58, per acre : how many acres are 
there of each sort ? 

10. A cistern could be filled in 12 minutes by two 
pipes which run into it ; and it would be filled in 20 minutes 
by one alone : in what time could it be filled by the other 
alone 1 

11. Divide the number 90 into four parts such that 
the first increased by 2, the second diminished by 2, the 
third multiplied by 2, and the fourth divided by 2 may all 
be equal. 

12. A person bought 30 lbs. of sugar of two different 
■orts, and p:vid for the whole 19«. ; the better sort cost 
lOd. per lb., and the worse Id, per lb. : how many lbs, 
were there of each sort 1 

T. A. -9 
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* 18. DiYile the number 88 into four parts such thai 
the first increased by 2, the second diminished by 3, the 
third multiplied by 4, and the fourth divided by 5, may aU 
bo equal. 

14. If 20 men, 40 women, and 60 children receive £50 
among them for a week's work, and 2 men receive <as much 
as 3 women or 5 chUdreu, what does each woman receive 
for a week's \vork? 

15. Divide 100 into two parts such that the difference 
of their squares may be 1000. 

16. There are two places 154 miles apart^ from which 
two persons start at the same time with a design to meet ; 
one travels at the rate of 3 miles in two hours, and the 
other at the rate of 5 miles in four hours : when will they 
meet? 

17. Divide 44 into two parts such that the greater in- 
creased by 5 may be to the less increased by 7, as 4 is 
to 3. 

18. A can do half as much work 2^ B, B can do half 
as much as (7, and together they can complete a piece of 
work in 24 days : in what time could each alone complete 
the work ? 

19. Divide the number 90 into four parts such that if 
the first be increased by 6, the second diminished by 4, the 
tiiird multiphed by 3, and the fourth divided by 2, the 
results shall all be equal. 

20. Three persons can together complete a piece of 
work in 60 days ; and it is found that the first does three- 
fourths of what the second does, and the second four-fifths 
of what the third does : in what time could each one alone 
complete the work ? 

21. Divide the number 36 into two parts such that one 
part may be five-sevenths of the other. 

22. A general on attempting to draw up his army in 
the form of a solid square finds that he has 60 men over, 
and that he would re(iuire 41 men more in his army in 
order to increase the side of the square by one man : how 
many men were there in *he army ? 
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23. Divide the number 90 into two parts sach that one 
part may be two-thirds of the other. 

24. A person bought a certain mimber of eggs, half of 
them at 2 a penny, and half of them at 3 a penny ; he sold 
them again at the rate of 5 for two pence, and lost a penny 
by the bargain : what wds the number of eggs ? 

25. A and B are at ^^resent of the same age; if A*% 
age be incrcMsed by 36 years, and* -S's by 52 years, theii 
ages will be as 3 to 4 : what is the present age of each ? 

26. For 1 lb. of tea and 9 lbs. of sugar the charge is 
8«. 6d?. ; for 1 lb. of tea and 15 lbs. of sugar the charge is 
12«. ^d. : what is the price of 1 lb. of sugar ? 

27. A prize of ;£2000 w:«s divided between A and B^ 
80 that their shares were in the proportion of 7 to 9 : what 
was the share of each ? 

28. A workman was hired for 40 days at 3«. Ad, per 
day, for every day he worked ; but with tliis condition that 
for every day he did not work he was to forfeit U. Ad. ; and 
ou the whole he had £X 3«. Ad, to receive: how many days 
out of the 40 did he work ? 

29. A at play first won £^ from B^ and had then as 
much money a^s B ; but B^ on winning back his own money 
and £b more, had five times as much money as A \ what 
money had each at first 1 

30. Divide 100 into two parts, such that the square of 
their difference may exceed the square of twice the less 
part by 2000. 

31. A cistern has two supply pipes, which will singly 
fill it in A\ hours and 6 hours respectively ; and it has also 
a leak by which it would be emptied in 5 hours : in how 
many hours will it be filled when all are working together 1 

32. A farmer would mix wheat at 4«. a bushel with 
rye at 2«. 6^. a bushel, so that the whole mixture may con- 
sist of 90 bushels, and be worth 3«. 'id, a bushel : how 
many bushels must be taken of each ? 

5—2 



132 EXAMPLES. XXIL 

33 A bill of £3. It. 6^. was paid in hftlf-crowiiA^ and 
florina, and the whole number of coins was 28 : how many 
coins were there of each kind ? 

34i A grocer with 66 lbs. of fine tea at 5«. a lb. would 
mix a coarser sort at 3#. 6<^. a lb., so as to sell the whole 
together at 4t. 6d. a lb. : what quantity of the latter sort 
must he take 7 

35. A person hired a labourer to do a certain work 
on the agreement that for every day he worked he should 
receive 2t., but that for every day he was absent he should 
lose 9^. ; he worked twice as many days as he was absent^ 
and on the whole received £\. 19t. : tind how many days 
he worked. 

36. A regiment was drawn up in a solid square ; when 
some time after it was again drawn up in a solid square 
it was found that there wete 5 men fewer in a side ; in the 
interval 296 men had been removed from the field : what 
was the original number of men in the regiment? 

37. A sum of moiiey was divided between A and B^ 
so that the share of A was to that of ^ as 5 to 3 ; also the 
share of A exceeded five-ninths of the whole sum by ^50 : 
what was the share of each person ? 

3a A gentleman left his whole estate among his four 
sons. The share of the eldest was £QO0 less than half of 
the estate; the share of the second was XI 20 more than 
one-fourth of the estate; the third had half as much as 
the eldest ; and the youngest had two-thirds of what the 
second had. How much cud each son receive? 

39. A and B began to play together with equal sums 
of money ; A first won ^20, but afterwards lost half of all 
he then had, and then his money was half as much as that 
of ^: what money iiad each at first? 

40. A lady gave a guinea in charity among a number 
of poor, consisting of men, women, and children ; each man 
had \2d.t each woman 6d, and each child Zd. The number 
of women was two less than twice the number of men ; and 
the number of children four less than three times the 
number of women. How many persons were there re- 
lieved? 
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41. A draper boiight a piece of cloth at 3«. 7d. per 
jrard. He sold one-third of it at 4f. per yard, one-fourth of 
it at 3«. %d. per yard, and the remainder at 3«. AdL per 
yard; and his gain on the whole was 14f. U, How many 
yards did the piece contain 1 

42. A grazier spent <£33. 7«. M, in buyinff sheep of 
different sorts. For the first sort, which formed one-tliird 
of the whole, he paid 9t. 6^. each. For the second sort, 
which formed one-fourth of the whole, he paid lit. each. 
For the rest he paid i2tf. 6c?. each. What number of sheep 
did he buy? 

43. A market woman bought a certain number of ^[gs, 
at the rate of 5 for twopence; she sold half of them at 
2 a penny, and half of them at 3 a penny, and gained 4^. 
by so doing: what was the number of eggs % 

44. A pudding consists of 2 parts of flour, 3 parts ol 
raisins, and 4 parts of suet ; flour costs 3dL a lb., raisms, 6^., 
and suet 8^. Find the cost of the several ingredients of 
the pudding, when the whole cost is 2t. \d, 

45. Two persons, A and 5, were employed togethw 
for 50 days, at 5t. per day each. Ihiring this time A^ by 
spending 6a. per d^y less than B^ saved twice as much as 
Rf besides the expenses of two days over. How much did 
A spend per day? 

46. Two persons, A and B^ have the same income. A 
lays by one-fifth of his ; but B by spending ^60 per annum 
more than A^ at the end of three years finds himself j£lOO 
in debt What is the income of each ? 

47. A and B shoot by turns at a target A puts 7 
bullets out of 12 into the bull's eye, and B puts in 9 out of 
12; between them they put in 32 bullets. How many 
shots did each fire? 

48. Two casks, A and B^ contain mixtures of wine 
and water; in A the quantity of wine is to the quantity of 
water as 4 to 3 ; in ^ the like proportion is that of 2 to a 
If A contain 84 gallons, what must B contain, so that when 
tht> two are put together, the new mixture may be hall 
wine and half water ? 
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49. Tho sqiiire of a parish bequeaths a sum equal to 
ono- hundredth part of ms estate towards the restoration 
of the church ; ;£200 less than this towards the endow- 
ment of the school ; and £200 less than this latter sun: 
towards the County Hospital After deducting these l^;a- 

39 
cies, - of the estate remain to the heur. What was the 

Yalue of the estate ? 

50. How many minutes does it want to 4 o'clock, if 
three-quarters of an hour ag;o it was twice as many minutes 
past two o'clock? 

51. Two casks, A and B^ are filled with two kinds of 
sherry, mixed in the cask A in the proportion of 2 to 7, 
and in the cask B in the proportion of 2 to 5 : what quan- 
tity must be taken from each to form a mixture which 
shall consist of 2 gallons of the first kind and 6 of the 
second kind ? 

52. An officer can form the men of his regiment into 
a hollow square 12 deep. The number of men in the 
regiment is 1296. Find the number of men in the front of 
the hollow square. 

53. A person buys a piece of land at £30 sin acre, and 
by selling it in allotments finds the value increased three- 
fold, so that he clears £150, and retains 25 acres for him- 
self: how many acres were there? 

54. The national debt of a country was increased by 
one-fourth in a time of war. During a long peace which 
followed £25000000 was paid off, and at the end of that 
time the rate of interest was reduced from 4^ to 4 ^r 
cent. It was then found that the amount of annual in- 
terest was the same as before the war. What was the 
amount of the debt before the war 1 

55. A and B play at a game, agreeing that the loser 
shall always pay to the winner one shilling less than hall 
the money the loser has ; they commence with equal quan- 
tities of money, and after B has lost the first game and 
won the second, he has two shillings more than Ai how 
much had each at the commencement? 
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56. A clock has two hands turning on the same centre ; 
the swifter makes a revolution every twelve hours, and the 
slower every sixteen hours: in what time will the swifter 
gain just one complete revolution on the slower? 

67. At what time between 3 o'clock and 4 o'clock is 
one hand of a watch exactly in the direction of the other 
hand produced 1 

58. The hands of a watch are at right angles to each 
other at 3 o'clock: when are they next at right angles] 

59. A certain sum of money lent at simple interest 
amounted to ^297. 12«. in eight months; and in seven more 
months it amounted to ^306 : what was the sum ? 

60. A watch ^ins as much as a clock loses; and 1799 
hours by the clock are equivalent to 1 801 hours by the 
watch : find how much the watch gains and the clock loses 
per hour. 

'61. It is between 11 and 12 o'clock, and it is observed 
that the number of minute spaces between the hands is 
two-thirds of what it was ten minutes previously: find the 
time. 

62. A and B made a joint stock of j£500 by which 
they gained ^160, of which A had for his share £Z2 more 
than j&: what did each contribute to the stock? 

63. A distiller has 51 gallons of French brandy, which 
cost him 8 shillings a gallon ; he wishes to buy some En- 
glish brandy at 3 shillings a gallon to mix with the French, 
and sell the whole at 9 shillings a gallon. How many gal- 
lons of the English must he take, so that he mav gain 
30 per cent, on what he gave for the brandy of both 
kinds? 

64. An ofiicer can form his men into a hollow square 
4 deep, and also into a hollow square 8 deep; the front in 
the latter formation contains 16 men fewer thao in the 
former formation: find the number of men. 



136 SIMULTANEOUS SIMPLE EQUATIONS. 



XXIII. Simultaneout equations qf the first degree with 
ttDO unknofon quantities, 

205. Suppose we have an equation containing two un- 
known quantities x and y, for example 3«-7y=8. For 
every value which we please to assign to one of the 
unknown quantities we can determine the corresponding 
value of the other ; and thus we can find as many pairs 
of values as we please which satisfy the given equation. 
Thus, for example, if y = l we find Zx=lb, and therefore 
fl?=5; if y=2 we find 3^=22, and therefore a? = 7i; and 
so on. 

Also, suppose that there is another equation of the 
same kind, as for example 2a! + 5y = 44; then we can also 
find as many paurs of values as we please which satisfy this 
equation. 

But suppose wo ask for values of a; and y which satisfy 
both equations; we shall find that there is only one value 
of X and one value of y. For multiply the first equation 
by 6; thus 

15^-35y=40; 

and multiply the second equation by 7 ; thus 

14a? + 35y=308. 

Therefore, by addition, 

15a?-36y+14;i; + 352/=40 + 308; 

that is, 29^=348; 

xu r 348 ,„ 

therefore x= — =1% 

Thus if both equations are to be satisfied x must equal 12 
Put this value of a; in either of the two given equations 
for example in the second ; thus we obtain 





24 + 6y = 44; 


therefore 


6y=20; 


therefore 


y = 4. 
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206. Two or more equations which are to be satisfied 
by the $ame values of the unknown quantities are called 
mntdtaneous eqitations. In the present Chapter we treat 
of simultaneous equations involving two unknown quanti- 
ties, where each unknown Quantity occurs only in the first 
d^^ree, and the product of the unknown quantities does 
not occur. 

207. There are three methods which are usually given 
for solving these equations. There is one principle com- 
mon to all the methods; namely^ from ttoo given equations 
containing ttoo unknown quantities a single equation is de- 
duced containing only one of the unknown quantities. By 
this process we are said to eliminate the unknown quan- 
tity which does not appear in the single equation. The 
single equation containing only one unknown quantity can be 
solved bv the method of Chapter XIX ; and when the value 
of one of the unknown quantities lias thus been determined, 
we can substitute this value in either of the given equations, 
and then determine the value of the other unknown quantity. 

208. First method. Midtiply the eqiiotiofu by tuck 
numbers as will m^ake the coefficient qf one qf the un* 
known quantities the same in the resulting equations; 
then by addition or subtraction we can form an equation 
containing only the other unknown quantity. 

This method we used in Art 205 ; for another example, 
suppose 

8a:+7y=100, 
12a?-6y = 88. 

If we wish to eliminate y we multiply the first equation 
by 5, which is the coefficient of y in the second equation, 
and we multiply the second equation by 7, which is the 
coefficient of y in the first equation. Thus we obtain 

40.1? +35y = 600, 

84:r-3oy = 616; 
therefore, by addition, 

40^ + 8407=500 + 616; 
that is, 124^=1116; 

therefore 4; =9. 
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Then pat this yalae of x in either of the given eqnatioiu^ 
for exampde in the second ; thus 

108-5y=88; 

therefore 20=5y; 

therefore y=4. 

Suppose, howeyer, that in soMng these equations we wish 
to D«gin by eliminating x. tf we multiply the first equa- 
tion by 12, and the second by 8, we bbtam 

9&r4-S4y=ri200, 

96jr- 40^=704. 
Therefore, by $ubtraction, 

84y + 40y=1200-704; 
that is, 1242^=496; 

therefore y=4. 

Or we may render the process more simple ; for we may 
multiply the first equation by 3, and the second by 2; 
thus 

24a? + 21y=300, 

24:i?-10y=17C 

Therefore, t^ subtraction, 

21y + 10^=300-176; 

that is, 31^ = 124; 

therefore y=4. 

209. Second method. Express one (if the unknown 
quantities in terms of the ot/ierfrom either equation, ana 
substitute this value in the other equation. 

Thus, taking the example given in the preceding Arti- 
cle, we have from the first equation 

8a?=l00-7y; 
therefore x^^^^^ . 
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Substitute this yalae of a? in the second equation, and W9 
obtain 



that 18, 


'(^»r''^-»^=««^ 


therefore 


8(100-7y)-l()y=l76; 


that is, 


300-21y-10y=176;. 


therefore 


300-176=21y + 10y; 


that is, 


31y=124; 


therefore 


y=4. 



Then substitute this value of y in either of the given equa- 
tions, and we shall obtain x^^. 

Or thus : from the first equation we have 

7y = 100-&i?; 

100 -a» 

therefore y = — = — . 

Substitute this value of y in the second equatfon, and 
we obtain 

therefore 84a? - 6 (100 - ai?) = 616 ; 

that is, 84;»-600 + 40a?=616; 

therefore 124ar = 600 + 616 = 1 1 16 ; 

therefore a: = 9. 

210. Third method. Express the same unknown 
quantity in terms qf the other firom each equation, and 
equcUe the expressions thus obtained. 

Thus, taking again the same example, from the first 
100— 1v 
equation x- — q~^> an^ froni the second equation 

8 84-fiy 
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•u f 100- 7y 88+ 6y 

Therefore — 8^^~~12 ' 

dear effractions, by mnltiplymg by 24; thus 
3(100-7y)=2(88 + 6y); 
that is, 300-21y=176+10y; 

theref<He 300-176=21y+lQy; 

that is, 31^=124; 

therefore y=^ 

Then, as before, we can deduce a =9, 

Or thus: from the first equation y= — = — , and 

from the second equation y = — ; therefore 

100-&g 12a?-88 
~7 " 6 • 

From this equation we shall obtain x=9; and then, as 
before, we can deduce ^=4. 

211. Solve 19a?-21y=100, 21a?-l9y=140. 

These equations may be soived by the methods ahready 
explained ; we shall use them however to shew that these 
methods may be sometimes abbreviated. 

Here, by addition, we obtain 

19a?-21y+21*-19y=100+l40; 
that Is, 40^-40^=240; 

therefore x—y=6. 

Again, from the original equations, by subtraction, w€ 
obtain 





21a?-19^-19a;+2l2^ = 140-M)0; 


that is. 


2a?+2y=40; 


therefofe 


tf+y- 2a 
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Then since x-y=6 and w-\-y=20j we obtain by addi- 
tion 2^4; =26, and by subtraction 2y=14; 

therefore ^=13, and y=7. 

212. The student will find as he proceeds that in all 
parts of Al^bra, particular examples may be treated bv 
methods which are shorter than the general rules; but such 
abbreviations can only be suggested by experience and 
practice, and the be^ner should not waste his time in 
seeking for them. 

«,« a 1 12 8 ^ 27 12 . 

213. Solve — + -=8, =3. 

ay* X y 

If we cleared these equations of fractions they would 
involve the product xy of the unknown quantities; and 
thus strictly they do not belong to the present Chapter. 
But they may be solved by the methods already ^ven, as 
we shall now shew. For multiply the first equation by 3 
and the second by 2, and add ; thus 

X y X y 

Oat to, | + F=»>5 

90 
thatiSy —=30; 

therefore 90= 30a?; 

therefore x=Z, 

Substitute the value of x in the first equation ; thus 



M- 


=8; 


5=s-.. 


=4; 


. 8=4y; 




v=% 
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214. Siilve a'a?+&*y=c», aa?+&y=<5. 

Here x and y are supposed to denote unknown quanti- 
ties, whfle the other letters are supposed to denote kmywn 
quantities. 

Multiply the second equation by ft, and subtract it from 
the first; thus 

that is, a(a-&)a?=c(c— 6); 

therefore ^_ <;(c- ; 

a (a— ft) 

Substitute this yalue of ;i; in the second equation; thus 

therefore fty=c-£(g^= c{a-h)-c{c-V) ^ cjfl^ 
^ a—h a—h a—b ' 

., J. c(a—c) c(c—a) 

therefore y = ^ — j{ = ^75: — ( . 
'^ b(a-b) b{b-a) 

Or the value of y might be found in the same way ai 
that of X was found. 
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1. 


3a?-4y=2, 


7a?-9y=7. 


2. 


7a:-6y=24, 


4^-3y=ll. 


3. 


3;r + 2^=32, 


20a?-3y=l. 


4. 


ll^-7y=37, 


8;r + 9y=41. 


6. 


7:i7 + 6y=60, 


13«-lly=10. 


6. 


6a?-7y=42, 


7^-6y = 75. 


7. 


10a?+9y=290, 


12^-Il2^ = 13a 


8. 


3a?-4y=18, 


3a? + 22/=0. 


9. 


4.-1 = 11, 


2a?-3y=0. 
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tB 4a?— 2 

10. f+32^ = 7, -g-=3y-4. 

11. 64?-5y=l, 7^-4y = 8i. 

12. 2a?+?^ = 21, 42(+2zi=29. 

6 o 

13. g+5y=13, 2x+i^=33. 
U. f+^ = 10i. 2*-y=7. 

16. -3- +-2— 9. 2+ 9 -**• 
**• 4 3" ' 3 * 6 "• 

1^ T + IT-^*' 8 + 4 -a'^^'*- 

19. ^^ + ^=5, ^-^ = 10 

20. ¥.| = 16i. ^-f = 16j. 

22. '^ + f =20. f + 'f=2*-7. 

23. ?^ = 10-|. l?^ = f +1 
1-3X 3y-l_ S^+y+tf^a 

24. -y- + -5—2, 11- +y=»- 

«6 2(2«+3y)=3(2«-3y) + 10, 
4«-3y=4 (6y-2«)+a 
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SS. aa?+9y=2'4, -2l4r-'062^=:-03. 

87. •3»+125y=ar-6, 3j:--6y=28--25y. 

86. •08r--21y=-33, •iar + 7y=3M. 

^ ' 3y 10 6y • 
«+l a?-l 6 

32. 4^^y=ll, Jf=2?ry,?3 

&i? 3a? 16 

33. ^^^7 = 0, 3y^l0(.-l) ^g-y^^^^ 

34. 1 + 1=2, 6ar-ay=a 

36. x+y-a+h, bx+ay=2alK 

36. f+?=l. f+2'=l. 

37. (a+c)a?-5y=ftc, ;v+y=a4:& 

a h ^ ha 

39. a?+y=c, ax-by=c(a—b). 

40. a(a?+y)+6(a?-y)=l, a(;B-y) + ft(a?+y)=l. 

o a a o 

42. (a4-ft);i:-(a-6)y=4a«», 
(a-b)x+{a + b)y=2a^-2b*. 

a + 6 a-6 ^ 2a6 ~ a^ + ft^' 
44. (a4-A)a? + (6-A)y=c, {b + k)x+{a-'k)y^c 
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XXIV. Simultaneous equations of the first degree ttilh 
more than two unknown quantities, 

215. If there be three simple equations containing 
three unknown quantities, we can deduce from two of the 
equations an equation wMch contains only two of the un- 
known quantities, by the methods of the preceding Chap- 
ter; then from the third given equation, and either of the 
former two, we can deduce another equation which con- 
tains the same two unknown quantities. We have thus 
two equations containing two unknown quantities, and 
therefore the values of these unknown quantities may be 
foimd by the methods of the preceding Chapter. By sub- 
stituting these values in one of the ^ven eauations, the 
value of the remaining unknown quantity may be found. 

216. Solve 7a:+3y-2z = 16 (1), 

2a: + 6y + 3;y=39 (2), 

^x- y + 5;8f = 31 (3). 

For convenience of reference the equations are num- 
bered (1), (2), (3) ; and this numbering is continued as we 
proceed with the solution. 

Multiply (1) by 3, and multiply (2) by 2 ; thus 
21;b+ 9y-64f=48, 
4a:+10y + 62r=78; 
therefore, by addition^ 

25.t?+19y=126 (4). 

Multiply (1) by 5, and multiply (3) by 2 ; thiu 
35^ + 15y-102r=80, 
10a?- 2y+10;2r = 62; 
therefore, by addition, 

45a?+13y=142 (ft). 

T.A. 10 
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We have now to find the values of x and y from (4} 

and (6). 

Mnltiply (4) by 9, and multiply (6) by 6 ; thus 
226;p + 171y=1134, 
225a? -»- 66y= 710; 
therefore, by subtraction, 

106y = 424; 
therefore y=4. 

Substitute the value of y in (4) ; thus 
25;r+76 = 126; 
therefore 26a? = 126 - 76 = 60 ; 

therefore a? =2. 

Substitute the values of x and ^ in (1) ; thus 
14 + 12-2af=16; 
therefore 10 =2^?; 

therefore z=&. 



217. Solve i+?-?= 1 (IX 

X y z ^ " 

^+^+? = 24 (2X 

X y z ^ " 

^-«^-? = 14 (3X 

X y z 

Multiply (1) by 2, and add the result to (2); thus 

2 46 54 6„.«^ 

-+ +-+ - + - = 2 + 24; 

» y z X y z 

that Is, - + ^=26 (4). 

ay ^ ^ 
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Multiply (1) by 3, and add the result to (3) ; thus 

m y z X y z 

that is, --?=17 (6). 

X y ^ ^ 

Multiply (5) by 4, and add the result to (4) ; thus 

X y X y 

thatiflL ^ = 94; 

^ X ' 

therefore 47 = 94a? ; 

94 2* 



therefore fl?«s— = 



Substitute the yalue of a? in (5) ; thus 
20-^=17; 

2 

therefore -=20 -17=3; 

y 

therefore ^~3' 

Substitute the values of x and ^ in (I) ; thus 

2^3--=l; 

z 

therefore -=4; 

therefore *~4* 



10— .« 
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81& SoIto 

M=« (»> 

h-c-^ (^ 

X z 

-a*i-' («^ 

Subtract (1) from (2) ; thiu 

^'^ f-^=2 (4). 

By subtracting (4) from (3) we obtam 

a *' 

therefore ^=1 ; therefore a?=a. 

By adding (4) to (3) we obtain 

therefore J=3; therefore jy=3c. 

By substituting the value of a? in (1) we find that y=25. 

219. In a similar manner we may proceed if the num- 
ber of equations and unknown quantities should exoeed 
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Examples. XXIV. 
1. a?-»-3^ + 2;2f=ll, ai?+y + 34f^l4, 3:cf2y+9=ll. 

3. 4d?-5y+2r=6, 7d?-lly+2;2r=9, ^+^-*-3;ir=12. 

4. 7d?-3y=30, 9y-6j2r=r34, a?-»-y+4f=33. 

6. 3;i?-y + ;2f=17, 6a?+3y-a2? = 10, 7d?+4y-5;y=3. 

6. x+y + z=5, 3a?-5y+72r=76, 9a?-ll4? + 10=0. 

7. a? + 2y + 3^=6, 2a?+4y4-a2f=8, 3^+2y-»-8j5 = 101. 
6y-4;i? 5af-d? y-2z _ 

10. i-l = l, Ui = 3j, 14-? = -^ 
X y e* y z ^^ X y z 

11. y-»-2r=a, J2r+a?=6, ar4-y=c. 

12. a?+y+j2? = a+&+<;, x+a=y+b=^z+e. 

13. y+jy— 4?=a, 4f + 4?-y=6, a?+y-j2r=<?. 

a b e ^ a c h b a c 

X y z ' X y z x y » 

16. i?+a?-»-y+4f=14, 
2©+a?=2y + «f-2, 
3©-;B + 2y + 2j2f=19^ 

8*4 + 6^2"*- 
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XXV. Problenu which lead to Hmultaneaug equoHong 
ofihefint degree voith more than one unknown q^umUty. 

220. We shall now solve some problems which load to 
simultaneous equations of the first degree with more than 
one unknown quantity. 

Find the fraction which becomes equal to r when the 



4 
numerator is increased by 2, and equal to - when the de- 

aominator is increased by 4. 

Let X denote the numerator, and y the denominator of 
the required fraction ; then, by supposition, 

£+22 X _4 

"7""3' y4-4'"7' 

Clear the equations of fractions ; thus we obtain 

a»-2y=-6 (1), 

7iP-4y= 16 (2). 

Multiply (1) by 2, and subtract it from (2) ; thus 

7a:-4y-6a? + 4y=16 + 12; 

that is, x=1S 

Substitute the value of ^ in (1) ; thus 

84-2y=-6; 

therefore Ty = 90 ; therefore y = 45. 

28 
Hence the required frtiction is vz . 

221. A sum of money was divided equally among a 
certain number of persons ; if there had oeen six more, 
each would have received two shillings less than he did ; 
and if there had been three fewer, each would have re- 
ceived two shillings more than he did : find the number ol 
persons, and what each received 
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Ij&lx denote the number of persons, andy the number 
of shilling which each receiyed. Then xy is the number of 
Bhillings m the sum of money which is divided ; and, by 
supposition, 

{x^-^){y-2)=xy (1), 

(a?-3)(y+2)=ajy (2). 

From (1) we obtain 

xy+6y-2x-l2=xy; 

therefore 6y-2a?=12 (3). 

From (2) we obtain 

«y + 2a?-3y— 6 =;i?y ; 

therefore 2a?-3y=6 (4). 

From (3) and (4), by addition, 3y- 18 ; therefore y=6. 
Substitute the value of y in (4) ; thus 
2j;-18=6; 
therefore 2d; == 24 ; therefore ^=12. 

Thus there were 12 persons, and each received 6 
shillings. 

222. A certain number of two digits is equal to five 
times tiie sum of its digits ; aud if nine be added to the 
number the digits are reversed : find the number. 

Let X denote the digit in the tens' place, and y the digit 
in the units' place. Then the number is lOx + y ; and, by 
supposition, the number is equal to five times the sum of 
its digits; therefore 

I0x-^y==5(x+y) (1). 

If nine be added to the number its digits are reversed, 
that is, we obtain the number lOy+x; therefore 

I0x+y-^9=l0y-^x (2). 

From (1) we obtain 

5x=4y (3). 

From (2) we obtam 9x+9 = 9y; therefore or + 1 =|f. 
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Substitute for y in (3) ; thus 

therefore ^=4. 

Then from .,3) we obtain y-f>. 
Hence the required number is 45. 

223. A railway train after trayelling an hour is detained 
24 minutes, after which it proceeds at six-fifths of its 
former rate, and arrives 15 mmutes late. If the detention 
had taken j^lace 5 miles further on, the tndn woidd have 
arrived 2 minutes later than it did. Find the original rate 
of the train, and the distance travelled. 

Let hx denote the number of miles per hour at which 
the train originally travelled, and let y denote the number 
of miles in the whole distance travelled. Then y—bx will 
denote the number of miles which remain to be travelled 
after the detention. At the original rate of the train this 

distance would be travelled in ~ — hours: at the in- 

5a? ' 

creased rato it will be travelled in ^^ — hours. Since 

the train is detained 24 minutes, and yet is only 15 minutes 
late at its arrival, it follows that the remainder of the 
journey is peiformed in 9 minutes less than it would have 
been if the rate had not been increased. And 9 minutes 

9 
is -- of an hour ; therefore 

60 

y-5x _ y-5x 9 .. 

ex 5x 60*** ^ ^ 

If the detention had taken place 5 miles further on, 
there would have been y—5x—6 miles left to be travelled 
Thus we shall find that 

y-5j?--5 ^ y-5d?~5 7 ,^. 

ex 5x 60 - ^^ 
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Snbtract (2) from (1) ; thus 

%x " 6x 60 * 

therefore 60 = 60 — 2;r ; 

therefore 2^;= 10 ; 4iierefore d;=5. 

Substitute this value of x in (1), and it will be found bji 
solving the equation that ^=47^. 

224. Ay Bj and G can together perform a piece of 
work in 30 days ; A and B can together perform it in 32 
days; and B and C can together peiforni it in 120 davs: 
find the time in which each alone could perform the worL 

Let X denote the number of days in which A alone 
could perform it, y the number of days in which B alone 
could perform it, z the number of days in which C alone 
could perform it. Then we have 

Wr\=k (»)» 

111 /«x 

5 + y = 32 ^^^ 

y-m (»>• 

Subtract (2) from (1); thus 

z 30 32 480' 

Subtract (3) from (1) ; thus 

1 = J.«-L- i 
X 30 120^40' 

Therefore a: =40, and ;2r=480; and by substitution in 
any of the given equations we shall find that y^ 160. 

225. We may observe that a problem may often be 
solved in various ways, and with the aid of more or fewer 
letters to represent the unknown quantities. Thus, to 
lake a veiy simple example, suppose we have to find two 
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numbers such that one is two*thirds of the other, and tLdi 
sum is 100. 

We may proceed thus. Let x denote the greater 
number, and y the less number; then we have 

y=y, ;B+y=100. 

Or we may proceed thus. Let x denote the greater 
number, then 100— «. will denote the less number; there- 
fore 

2x 
100-;c=^. 

Or we may proceed thus.~ Let 2x denote the greater 
number, then 2x will denote the less number; therefore 

2.'P + aa: = 100. 

By completing any of these processes we shall find that 
the required numbers are 60 and 40. 

The student may accordmgly find that he can solve 
some of the examples at the end of the present Chapter, 
with the aid of only one letter to denote an unknown quan- 
tity ; and, on the other hand, some of the examples at the 
end of Chapter xxii. may appear to him most naturally 
solved with the aid of two letters As a general rule it 
may be stated that the employment of a larger number of 
unknown quantities renders the work longer, but at the 
same time allows the successive steps to be more readily 
followed; and thus U more suitable for beginners. 

The beginner will find it a good exercise to solve the 
example given in Art. 204 with the aid of four letters to 
represent the four unknown quantities which are required. 

Examples XXY. 

1. If A *s money were increased by 36 shillings he would 
have three times as much as B\ and if ^'s money were 
diminished by 5 sliillings he would have half as much as 
A : find the sum possessed by eaclL 

2. Find two numbers such that the first with half the 
second may make 20, and also that the second with a third 
of the first may make 20. 
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3. If ^ were to ^ve jS25 to A they would have equal 
Bums of money ; if A were to give £-22 to B the monet 
of.^ would be double that of A\ find the money whicn 
each actually ha& 

4. Find two numbers such that half the first with a 
third of the second may make 32, and that a fourth of the 
first mth a fifth of the second may make 18. 

5. A person buys 8 lbs. of tea and 3 lbs. of suffar for 
£1. 2«. ; and at another time he buys 5 lbs. of tea and 4 lbs. 
of sugar for 15#. 2d. : find the price of tea and sugai* per lb. 

6. Seven years ago A was three times as old as ^ 
was ; and seven years hence A will be twice as old as j8 
will be : find their present ages. 

7. Find the fraction which becomes equal to \ when 
the numerator is increased by 1, and equal to | when the 
denominator is increased by 1. 

8. A certain fishmg rod consists of two parts; the 
length of the upper part is to the length of the lower as 
5 to 7 ; and 9 times the up>per part together with 13 times 
the lower part exceed 11 times the whole rod by 36 inches: 
find the lengths of the two parts. 

9. A person spends half-a-crown in apples and pears, 
buying the apples at 4 a penny, and tho pears at 5 a 
penny; he sells half his apples and one-third of his pears 
for 13 pence, which was the price at which he bought them: 
find how many apples and how many pears he bought. 

10. A wine merchant has two sorts of wine, a better 
and a worse; if he mixes them in the proportion of two 
quarts of the better sort with three of the worse, the 
mixture will be worth 1*. 9rf. a quart ; but if he mixes them 
in the proportion of seven quarts of the better sort with 
eight of the worse, the mixture will be worth 1*. \0d, a 
quart: find the price of a quart of each sort 

11. A farmer sold to one person 30 bushels of wheat, 
and 40 bushels of barley for £13. 10*. ; to another person 
he sold 50 bushels of wheat and 30 bushels of oarley 
Ua £ll\ find the price of wheat and barley per bushel 
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12. A farmer has 28 bushels of barley at 28, 4d. a 
bushel: with these he wishes to mix lye at 3t. a bushel, 
and wheat at 4s. a bushel, so that the mixture may consist 
of 100 bushels, and be worth Ss. Ad. a bushel: fi&d how 
many bushels of rye and wheat he must take. 

13. A and B lay a wager of 10 shillings ; if A loses 
he will have as much as B will then haye ; if B loses he 
will have half of what A will then have: find the money 
of each. 

14. If the numerator of a certain fraction be increased 
by 1, and the denominator be diminished by 1, the value 
will be 1 ; if the numerator be increased bv the denomi- 
nator, and the denominator diminished by the numerator, 
the value will be 4: find the fraction. 

15. A number of posts are placed at equal distances 
in a straight line. If to twice the number of them we add 
the distance between two consecutive posts, expressed in 
feet, the sum is 68. If from four times the distance be- 
tween two consecutive posts, expressed in feet, we subtract 
half the number of posts, the remainder is 68. Find the 
distance between the extreme posts. 

16. A gentleman distributing money among some poor 
men found that he wanted 10 shillings, in order to be 
able to give 5 shillings to each man ; therefore he gives 
to each man 4 shillings only, and finds that he has 5 
shillings left: find the number of poor men and of 
shillings. 

17. A certain company in a tavern found, when they 
came to pay their bill, that if there had been three more 
persons to pav the same bill, they would have paid one 
shilling each less than they did ; and if there had been 
two fewer persons they would have paid one shilling each 
more than they did : find the number of persons and the 
number of shillings each paid. 

18. There is a certain rectangular floor, such that 
if it had been two feet broader, and three feet longer, it 
would have been sixty-four 8(inare feet larger; but if it 
had been three feet broader, and two feet longer, it would 
have been sixtv-eight square feet larger : find the length 
and breadth of the floor. 

19. A certain number of two digits is equal to font 
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timeg the sum of its digits; and if 18 be added to the 
number the digits are reversed : find the number. 

20. Two digits which form a number change places 
on the addition of 9; and the simi of the two numbers is 
33 : find the digits. 

21. When a certain number of two digits is doubled, 
and increased by 36, the result is the same as if the number 
had been rcyersed, and doubled, and then diminished by 
36 ; also the number itself exceeds four times the sum of 
its digits by 3 : find the number. 

22. Two passengers have together 5 cwt of luggage, 
and are charged for the excess subove the weight allowed 
68. 2d. and 9«. \0d. respectively ; if the luggage had all 
belonged to one of them he would have been charged 
19«. 2d. : find how much luggage each passenger is allowed 
without charge. 

23. A and B ran a race which lasted 5 minutes; B 
had a start of 20 yards ; but A ran 3 yards while B was 
running 2, and won by 30 yards: find the length of the 
course and the speed of each. 

24. A and B have each a certain number of counters ; 
A gives to jS as many as B has already, and B returns 
back again to ^ as many as A has left ; A gives to ^ as 
many as B has left, and B returns to ^ as many as A has 
left ; each of them has now sixteen counters : find how 
many each had at first. 

25. ^ and 5 can together perform a certain work in 
30 days; at the end of 18 days however B is called off 
and A finishes it alone in 20 more days: find the time 
in which each could perform the work alone. 

26. Ai B, and G can drink a cask of beer in 15 days; 
A and B together drink four-thirds of what C does ; and 
G drinks twice as much as A : find the time in which each 
alone could drink the cask of beer. 

27. A cistern holding 1200 gallons is filled by three 
pipes A, Bf G together in 24 minutes. The pipe A requires 
30 minutes more than G to fill the cistern ; and 10 gallons 
less run through G per minute than through A and B 
toe^ether. Find the time in which each pipe alone would 
fiU the cistern. 
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28. A and B fan a mile. At the first heat A g^res JS 
a start of 20 yards, and beats him by 30 seconds. At the 
•econd heat A pives B a start of 32 seconds, and beats him 
by 9|<V yards. Find the rate per hour at which A mna 

29. A and B are two towns situated 24 miles apart, 
on the same bank of a river. A man goes from ^ to ^ 
in 7 hours, by rowing the first half of the distance, and 
walking the second hsUf. In returning he walks the first 
half at three-fourths of his former rate, but the stream 
being with him he rows at double his rate in going ; and 
he accomplishes the whole distance in 6 hours. Fiad his 
rates of walking and rowing. 

30. A railway train after trayelliug an hour is detained 
15 minutes, after which it proceeds at three-fourths of its 
former rate, and amves 24 minutes late. If the detention 
had taken place 5 miles further on, the train would have 
arrived 3 minutes sooner than it did. Find the original 
rate of the train and the distance travelled. 

31. The time which an express train takes to travel 
a journey of 120 miles is to that taken by an ordinary train 
as 9 is to 14. The ordinary train loses as much time in 
stoppages as it would take to travel 20 miles without stop- 
ping. The express train only loses half as much time in 
stoppages as the ordinary traui, and it also travels 15 miles 
an hour quicker. Find the rate of each train. 

32. Two trains, 92 feet long and 84 feet long respec- 
tively, are moving with uniform velocities on parallel rails; 
when they move in opposite directions they are observed 
te pass each other in one second and a half; but when they 
move in the same direction the faster train is observed to 
pass the other in six seconds: find the rate at which each 
train moves. 

33. A railroad runs from ^ to C7. A goods' train 
starts from ^ at 12 o'clock, and a passenger train at 1 
o'clock. After going two-thirds of the distance the goodrf 
train breaks down, and can only travel at three-fourths of 
its former rate. At 40 minutes past 2 o'clock a collision 
occurs, 10 miles from G, The rate of the passenger train 
Is double the diminished rate of the goods' train. Find the 
distance from A to (7, and tiie rates of the trains. 
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84. A certain sum of money was divided between A^ 
B, and C, so that ^'s share exceeded four-sevenths of the 
shares of B and G by £30 ; also ^'s share exceeded three- 
eighths ot the shares of A and C by £30; and C'b share 
exceeded two-ninths of the shares of A and B by £Z0, 
Find the share Of each person. 

35. A and B working together can earn 40 shillings 
in 6 days; ^-and C together can earn 54 shillings in 9 
days; and B and C together can earn 80 shillings in 15 
days: find what each man can earn alone per day. 

36. A certain number of sovereigns, shillings, and six- 
pences amoimt to £S. 6s, 6d. The amount of the shillings 
IS a guinea less than that of the sovereigns, and a guinea 
and a half more than that of the sixpences. Find the 
number of each coin. 

37. A and B can perform a piece of work together in 
48 days; A and in 3U days; and B and G in 26§ days: 
find the time in which each could perform the work alone. 

38. There is a certain number of three digits which is 
eiiual to 48 times the sum of its digits, and if 198 be sub- 
tracted from the number the digite wiU be reversed ; also 
the sum of the extreme digits is equal to twice the middle 
digit: find the number. 

39. A man bought 10 bullocks, 120 sheep, and 46 
lambs. T)ie price of 3 sheep is equal to that of 5 lambs. 
A bullock, a sheep, and a lamb together cost «. number of 
shillings greater by 300 than the whole number of animals 
bought; and the whole sum spent was £468. 6s. Find the 
price of a bullock, a sheep, and a lamb respectively. 

40. A farmer sold at a market 100 head of stock con- 
sisting of horses, oxen, and sheep, so that the whole realised 
£2. Is, per head; while a horse, an ox, and a sheep were 
sold for £22, £12. 10*., and £L lOs. respectively. Had he 
sold one-fourth the number of oxen, and 25 more sheep 
than he did, the amount received would have been still the 
same. Find the number of horses, oxen, and sheep, respec- 
tivdy which were sold. 
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XXYL Quadratic Equations, 

226. A quadratic equation is an equation which ^.«»- 
tains the square of the unknown quantity, but no higher 
power. 

227. A pure quadratic equation is one which contains 
<mly the square of the unknown quantity. An aiUfected 
quadratic equation is one which contains the first power 
of the unknown quantity as well as its square. Thus, for 
example, 2;r'=50 is a pure quadratic equation; and 
2^— 7^ + 3 = is an aclfected quadratic equation. 

228. Tlie following is the Rule for solving a pure 
quadratic equation. Pind tlie value of the square qf" the 
unknown quantity by the Rule for solving a simple equa- 
tion; then, by extracting the square root, the values qfthe 
unknown quantity are found, 

-, , , a?«-13 . ^-6 ^ 

For example, solve — — + -^^ = 6. 

Clear of fractions by multiplying by 30 ; thus 
10(a:»- 13) + 3(^-6) = 180; 
therefore 13a:»=180 + 130 + 16=326; 

therefore «*= tt =2^ » 

extract the square root, thus a?= db 5. 

In this example, we find by the Rule for solvnig a 
simple equation, that x^ is equal to 25 ; therefore x must 
be such a number, that if multiplied into itself the pro- 
duct is 25. That is to say, x must bo a square root of 
25. In Arithmetic 5 is the square root of 25; In Algebra 
we ma> consider either 5 or —5 as a square root of 25, 
since, oy the Rule of Signs — 5x— 6-=5x6. Hence x 
may have either of the values 5 or —5, and the equation 
will be satisfied. This we denote thus, or • db 5. 
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229. We proceed to tlie solaticm of adfected qnadr*' 
lies. 

If we multiply ^+ ^ by itself we obtain 

a' 
thus 0:^+0^+ J is a perfect square^ for it is the square 

of J?+ -. Hence s^-^-cud is rendered a perfect square 

a* 
by the addition of 7- , that lA^hy the addition of the square 

qfhaif the coefficient qf x. This fact is the essential part 
of the solution of an aidfected quadratic equation, and wo 
shall now give some examples of it. 

a^+Qx', here half the coefficient of a? is 3; add 3*^, and 
we obtain a? + Qx+ 3^, that is (:c + 3)^. 

a^-5x; here half the coefficient of « ^"a* ^^ 

( — -j, that is (- j, and we obtain x^-Sx+lj, that 

is (x-?y. 

4x 2 /2\' 

afl-k- — ; here half the coefficient of a? is - ; add f J , 

and we obtain ^+ y + ( - j , that is (•» + ! ) • 

«*— — ; here half the coefficient of x is --; add 
4 o 

— - J , that is ( ^ j , and we obtain x^—-t + l^j » that 

The process here exemplified is called completing the 
$Quare» 

T. A. 11 
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230. The following is the Rule for solving an adfeeted 
quadratic equation. Bp transposition and reduction 
arrange the equation so that the terms which involve the 
unknown guantity are alone on one side, and the coefficient 
of 3^ is + 1 ; add to each side cf the equation the square 
of haJtf the coefficient qf x, and then extract the square 
root qf each side. 

It will be seen from the examples which we shall now 
solve that the above rule leads us to a point from which 
we can immediately obtain the values of the unknown 
quantity. 

231. Solve ;B«-10a? + 24=0. 
By transposition, or* - lOa? = — 24 ; 

add (j\\ a?2-10.i? + 52= -24 + 25=1; 

extract the square root, a? — 6 = * I ; 

ti-anspose, a?=5*l=6 + l or 5 — 1; 

lience a?=6or4. 

It is easy to verify that either of these values satisfies 
the proposed equation ; and it will be useful for the stu- 
dent thus to verify his results. 

232. Solve 3x2-4^-55 = 0. 
By transposition, 3a^ — 4j? = 55 ; 



divide by 3, 


x'- 


4a? 
"3 


65 
= 3' 






-©• 


--f*( 


;d'- 


-h 


4 
9~ 


11» 

9 ^ 


extract the square root> x 


2 
3~ 


-f' 






transpose. 


"1* 


13 
3 


5or - 


n 

'3 ' 
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233. Solve 2:»« + 3«-36 = 0. 
By transposition, 2a^ + 3;i? = 36 ; 

divide by 2, *^'*'2"'^2'' 

add^-j, «'^+^+{7) = ir + r?= iT» 



2 W 2 IC 16 



3 17 
extract the square root, a?+ - = »»» j 

3 17 7 
transpose, ar=— -jb— =-or — fi. 



234. Solve aj»-4a?-l=0. 
By transposition, aj^ - 44; = 1 ; 

add2«, ar'-44;+22=l+4=6; 

extract the square root, a? - 2 = ± is/6; 

transpose, a?—2± ^6. 

Here the square root of 5 cannot be found exactly; 
but we can find oy Arithmetic an approximate vaiue of it 
to any assigned degree of accuracy, and thus obtain the 
values of a? to any assigned degree of accuracy. 

235. In the examples hitherto solved wo have found 
two different roots of a quadratic equation; in some cases 
however we shall find really only one root. Take, for ex- 
ample, the equation a^- 14a? + 49 = 0; by extracting the 
gquare root we have a?- 7 = 0, therefore a?= 7. It is how- 
ever found convenient in such a case to say that the quad- 
ratic equation has two equal roots. 

11- « 
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238. Solve a:»-6a?+13 = a 

By iranspositioD, a?' - 6a? = — 1 3 ; 

add 3*, «»-6x+32=-13 + 9--4. 

If we try to extract the square root we have 

a:-3=± ^/-4. 

Bat —4 can have no square root, exact or approximate^ 
becanse any number, whether positive or negative, if mul- 
tiplied by itself, gives a positive result In this case the 
quadratic equation has no real root; and this is sometimes 
expressed by saying that the roots are imaginary ot 
%mpo99ible. 

Here we first dear of fractions by multiplying by 
4(j?2-l), which is the least common multiple of the de- 
nominators. 

Thus 2{«+l)+12=aj»-l. 

By transposition, a?* — 2« - 1 5 ; 
add 1«, ^1^-2^+1 = 16 + 1 = 16; 

extract the square root, x— 1 = ±4; ' 
therefore a?= 1*4=6 or -3. 

2a? 3a?- 50 12a? + 70 
238. Solve i5+3(ioTF) 190- * 

Multiply by 570, which is the least common multipW oi 
16 and 190; thus 

therefor 190g^)^2^,_ 

10 + 0? 

therefore 190(3a?-60)={210-40a?)(10 h«); 
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that is, 670a:-9500=2100-190x-40a?«; 

therefore 40a'2 + 760 j? = 1 1 600 ; 

therefore a?^ + 1 9x = 290 ; 

19 39 
extract the square root^ a; + -- = «b — • 

19 39 
therefore a?= - -^ * -g = 10 or -29. 

oon c 1 ^+3 . ^-^3 2;p-3 

239. Solye — ^+ — - = -. 

x-\-2 x-2 x-l 

Clear of fractions; thus 

(a?+3)(x-r2)(a?-l) + (ii?-3)(a?+2)(af-l) 
= (2;r-3)(^ + 2)(aJ-2); 
that is, a^-7x-\-e + a^-2x^-5x + 6=2x^-Za^-8x-i'l2\ 
that is, 2aj"-2;c2-12d?+12 = 2j^-3-c*-8a?+12; 
therefore a^-4a:=0; 

extract the square root, a? — 2 = J- 2, 

therefore aj = 2±2 = 4or0. 

We have given the last three lines in order to com- 
plete the solution of the equation in the same manner as 
m the former examples ; but the results may be obtained 
more simply. For the equation a?'-~4a:=0 may be written 
(:f— 4)a:=0; and in this form it is sufficiently obvious 
that we must have either ;r— 4 = 0, or a = Of that is, 
a?=4 or 0. 

The student will observe that in this example 2a^ la 
found on both sides of the equation, after we have cleared 
of fractions; accordingly it can be removed by subtraction, 
and so the equation remains a quadratic eqoatioa 
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840. Every quadratic equation can he put in the 
Jbrm X* + px + q = 0, where p and q represent some knowtK 
numbers, whole or /raetional, positive or negative. 

For a quadratic equation, by definition, contains no 
power of the unknown quantity higher than the second 
Let all the terms be brought to one side, and, if necessaiy, 
change the signs of all the terms so that the coefficient of 
the square of the unknown quantity may be a positive 
number; then divide every term by this coefficient, and 
the equation takes the assigned form. 

For example, suppose 7^ - 4x^ = 5. Here we have 

therefore 4j:*-7^+5=0; 

therefore «^-^ + ^=o. 

Tlius in this example we have p^-i ^^ ^"^i' 

241. Solve a^-i-px-\-q = 0. 
By transposition, ai^ -^px = - j ; 

extract the square root, ar+ ^ = a ^ * 

2 2 It 

242. Wo have thus obtained a general formula for 
the roots of the quadratic equation ;^+j5a?+^=0, namely, 
that X must be equal to 

2 ""^^ 2 • 

We shall now deduce from this general formula some 
Tcry important inferences, which will hold for any quad« 
ratic equation, by Art 240. 
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243. A quctdralie equation cannot have more than 
ttto roots. 

For we have seen that the mot must be one or the 
other of two assigned expressions. 

244. In a quadratic equation wh^re ths t^rms are 
all on one side, and the coefficient of the square of the 
unknotcn quantity is unity, the sum f\f the roots is equal 
to the coefficient of the second term with its sign changed 
and the product qfthe roots is equal to the last term. 

For let the equation be a^ +px + ^ = ; 
the sum of the roots is 

-p*JU^-4^) ^ Z3^1t:±9)^ that is -p; 

the product of the roots is 

2^2' 
that is /^zip'zl?), that is ^. 



245. The preceding Article desei-ves special attention, 
for it furnishes a very good example both of the nature of 
the general results of Algebra, and of the methods by 
which these general results are obtained. The student 
should verify these results in the case of the quadratic 
liquations already solved. Take, for example, that in 
Art. 232; the equation may be put in the form 

and the roots are 5 and — - ; thus the sum of the roots is 



4 55 

. , and the product of the roots is — -^ , 



168 QUADRATIC EQUATIONS. 

24& Solve oji^A-hx-^^e^Q, 
Bj traospositioii, (u^ -f bx= —e; 

divide by flk «*+—=--; 

' ^ a a' 






extract the square root, a?+ — = * ^^ — ^i 

therefore J? = v, "" — • 

2a 

247. The general formulas given in Arts. 241 and 246 
may be employed in solving anv quadratic equation. Take 
for example the equation 3ar~4d?'55=0; divide by 3^ 
thus we have 

Or — — sO. 

3 3* 

Take the formula in Art 241, whidi gives the roots of 

4 55 

a^-i-pai+q=0; and put p=--, and g=— -5-; we shall 

o o 

thus obtain the roots of the proposed equation. 

But it is more convenient to use the formula in Art. 246, 
as we thus avoid fractions. The proposed equation being 
3^:^—40?— 65 = 0, we must put a = 3, 6= -4, and c=— 55^ 
in the formula which gives the roots ofcufi-k-bx+c=Of 

that U. in -^*V(y-4ac) ^ 

Tl,r^„,l^y,*±,m±m, thati8,*-^«, 
o o 

,. , . 4*26 *u * . « 11 

that 18, -— — , that is, 6 or - -r^ . 

o 3 
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Examples. XXVI. 
1. 2(a?-7) + 3{^2_ii) = 33. 2. (aj-16)(«+16)=40C 

« 4 4 _1 . ?. i = ?4.?L 

^- ^33-^+3-3- ^ 4^^ 9^^' 

7. A'2-3a? + 2 = 0. 8. ic8-6a?+6=0. 

9. a:2+10a:=24. 10. 2a:»-l = 5;»+2. 

11. 3a?2-44?=39. 12. aj«+10a? + 3 = 2;i:2«5ay+53 

13. (;r+l)(2.i:+3) = 4u"-22. 14. (4r-l)(a?-2) = 20 

16. 4(a^»-l) = 4;i?-l. 16. {2X"Zf = Sx, 

17. 3a?«- 17a: +10 = 0. 18. ^-3=2. 

19. ^ = 2 + £. 20. ^-3=^. 

21. ?±^'-^=l-^+^. 22. *+~5. 

12-a? ^. 2:i?+ll ^ iP-6 

25- J-:>2.-=12. 26. f^J^5 = 6f 

7 eai? «^ iP+2 . a?-2 13 

27. 8;r+ll+J= , . 2a ^2 + ^:f2=6- 

'^ «+3 2 3 «+! «-l 

* « , „. « + 2 «+l_13 
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ar+I «-2 9 x-^A x-^2 

^' i^";ri:2"5- ^ ;p-4 + a;-2"^- 

d?-2 jr-4 14 ^ d?-3 a?-l 6 



«-2 
a?-3 


jr-4 14 
ar-l"l5' 


d?-l 

d?-4 


d?-3 11 
a?-2°"l2' 



**• 2(««-l) 4(d?+l) 8' «•-! 8{i-^)' 

,^ 2j?+1 3^^2 11 ^^ 2j?-l 2a?-3 1 ^ 

*^ ^rr+3^T2=2- ^^ ^3r--^i:2'^r^ 

45 3j?^-1 2ar-7 5^ 2ar--3 3^-5 5 

3{x-6) 2aj-8 2 3a?-6 2a?-3 2* 

3a?~2 2£--5 10 j?+2 4-J? 7 

'• 2a?-6"*'3j?-2" 3 • '^^ ar-1 2^ 3* 

49. («-3)*=2(ar«-9). 50. (d?+l0)«=144(100-a^ 

rt 5 3 14 «« 4 . 5 12 

61. + - =■ • 62. h « , 

a?+2 a? ;r + 4 « + l a?+2 a? + 3 

M ?±ia.?Ill 2j?~1 dr~2 ar-f2 ^;p+3 

^- a?+2"*'jr-2" ^-1 • ^ a?+2 ^a:-2""^5^' 

- a^"l 6^ 2 4 5 ^ 12 

^+1 6 7(«-l)' * « + 2 ar + 4 a; + 6' 

ar-i a?~2 _ 2^+13 ^ J?-H J?+2 _ 2^+J 3 
^^ 2af-l 3a?-l 5a?-ll .^ 14^9 «8-3 

61. aW-2«»;»+tf*-l-0. 62. 4a«j?=(a«- 6" + :»)«. 
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XXYII. Equations which may he solved like 

Quadratics. 

248. There are many equations which are not strictlj 
quadratics, but which may be solved by the method of com- 
pleting the square; we will give two examples. 

249. Solvea?»-7a^=8. 

7 9 
extract the square root, ^— ^ ~ *6 » 

7 9 
therefore a;'=- :*• ~ = 8 or -1; 

extract the cube root, thus ;p=2 or —1. 

250. Solve a?2 + 3a? + 3V(4:*+3a?-2)=6. 
Subtract 2 from both sides, thus 

A'2+ 3a?- 2 + 3 ^/(a?« + 3a?-2):^4. 

Thus on the left-hand side we have two expressious, 
namely, fj{a^ + 3a?— 2) and or* + 3a? - 2, and the latter is the 
square of the former; we can now complete the square. 

Add Q', thus 

©2 9 25 

extract the square root, thus 

therefore V(a:»+3a--2)=-2 =^2=^ ®' "^ 



172 EQUATIONS LIKE QUADRATICS. 

First suppose J{jx^ ^^ 3x-2)= 1. 
Square both sides, thus x^+Zx-2-^ 1. 
This is an ordinary quadratic equation; by sotnng it 
we shall obtain x = —- — . 

Next suppose ^{pi^ + 3^ -• 2) = - 4. 

Square both sides, thus a^ + 3a?- 2 = 16. 

This is an ordinary quadratic equation; by solving it 
we shall obtain x=Z or —6. 

Thus on the whole we have four values for x^ namely, 

3 or -6 or ^^ — . 

An important observation must be made with respect 
to these values. Suppose we proceed to verify them. 
If we put a?=3 we nnd that ^+ 3a;- 2 = 16, and thus 
J{a^'i-Zx—2)= ±4. If we take the v*Uuo +4 the original 
equation will not be satisfied; if we take the value —4 it 
will be satisfied. If we put a;= — 6 we arrive at the same 
result And the result might have been anticipated, 
because the values a? = 3 or — 6 were obtained from 
>/(a!2 + 3a:— 2)= — 4, which was deduced from the original 

equation. If we put x = ^ — we find that 

ir^+3a:— 2=1, and the original equation will be satisfied 
if we take ^/(a:^ + 3a?-2)= + 1; and, as before, the result 
might have been anticipated. 

In fact we shall find that we arrive at the same four 
values of a?, by solving either of the following equations, 

a?2^-3a:-3^/(a:3+3a?-2) = 6, 

a^ + SX'{-Zj{a^ + 3x-2) = e; 

but the values 3 or —6 belong strictly only to the fkrat 

3± ^21 

equation, and the values ^ — belong strictly only to 

the second equation. 
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251. Equations may be proposed which will require 
(he operations of transposing and squaring to be per- 
formed, once or oftener, before they are reduced to quad- 
ratics ; we will give two examples. 

252. Solve 2j:-V(a:»--3^-3) = 9. 
Transpose, 2a? - 9 = J{x^-3x-Z) ; 

square, 4a:*-36a: + 81— .t^— 3a?— 3; 

transpose, 3ar* - 33j? + 84 = ; 

divide by 3, ar*-llj?+28=0. 

By solving this quadratic we shall obtain a? =7 or 4. 
The value 7 satisfies the original equation; the value 4 
belongs strictly to the equation 2a? + »J{a^ - 3a? - 3) = 9. 

253. Solve v^(a? + 4) + V(2a? + 6) = V(8a? + 9). 
Square, a? + 4 + 2a? + 6 + 2,y(a? + 4;^(2ar + 6) = &a?+9; 

transpose, 2y/^x + 4) fj(2x + 6) = 5a? - 1 ; 

squai-e, 4(a?+4)(2a? + 6) = 25a:2- 10a?+ 1 ; 

that is, 8a?»+ 66a? + 96 = 25a;*- 10a? + 1 ; 
transpose, 1 7a?' - 66a? - 95 = 0. 

By solving this quadratic we shall obtain a? =5 or — — . 

The value 5 satisfies the original equation; the value 

19 
— r^ belongs strictly to the eijuation 

V(2a? + 6) - ^/(a? + 4) = ^;3a? + 9). 

254. The student will see from the preceding examples 
that in cases in which we have to square in order to re- 
duce an equation to the ordinary form, we cannot be 
certain without trial that the values finally obtained for 
the unknown Quantity belong strictly to the original 
equation. 
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255. Equations are sometimes proposed which are 
fntcnded to be solved, partly by inspection, and partly bj 
ordinary methods ; we will give two examples. 

«.^ o 1 ^ + 4 ar-.4 9+a? 9-x 

256. Solve^_^-^^ = 3^^-^-^. 

Bring the fractions on each side of the equation to a 
common denominator ; thus 

(a?+4y-(;g--4y ^ (94-ar)«~(9 -^)« 
a^-16 %\-a^ ' 

., . . 16a? 36a? 

Here it is obvious that a?=0 is a root. To find the 
other roots we begin by dividing both sides of the equa- 
tion by Axi thus 

4 9 





a;'-16"81-a:«' 


therefore 


4(81-^:2) = 9(^^16). 


therefore 


13aj«=324+ 144=468; 


therefore 


«»=36; 


therefore 


a?=efc6. 



Thus there are three roots of the proposed equation, 
namely, 0, 6, —6. 

257. Solve aj»-7a?a*+6a'=0. 

Here it is obvious that x-^a is a root. We may 
write the equation x^—a^==la\x-a)\ and to find the 
other roots we begin by dividing by a? -a. Thus 

x^-{-ax + a^ = la\ 

By solving this quadratic we shall obtain a?=2a or — 3a» 
Thus there are three roots of the proposed equation 
namely, a, 2a, — 3a. 
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Examples. XXVII. 

I. «*-13aj2 + 36 = 0. 2. a?-6>/a?-14 = a 

a a?+^/(«+5)=7. 4. «*4.is/(««-»-9)=21. 

6. 2^(^-2^+ l) + aj"=23 + 2a?. 

6. ar*-2a?»+aj«=36. 7. V(a:2.6-i.+ ig)^(^_3ji=x3 

a 9^/(a:*-9j? + 28) + 9;u=A'« + 36. 

9. 2a^« + 6;^?=226-^/(a?«+3J?-8). 

10. ar*-4j^-2V(^-4j;"+4) = 31. 

11. iC + 2^/(a^+6a? + 2)=ia 

12. 3a?+V(a^+7a?+5)=19. la «=7>/(2-««). 
14. ^/(^+9) = 2^/a?-3. 15. ^/(« + 8)- ^/(«-».3)=^/«. 

16. 5>/(l-;r2) + 5a: = 7. 

17. ^/(3a?-3) + V(5.l?-19) = v/(2i^? + 8). 

18. ^/(2;l?+l) + ^(7A'-27)-^/(3a: + 4). 

19. ^/(&2 + a.r)~J(a2 + 6;c) = a + 6. 

20. 247^(a + a?=) + 2jra = a2 - a. 

fl? + ^ /(12a«-a?) _a+l «o _L J_^ 3a? 

• x-J{\2a^-x)'~a-l' l-x \+x l+«'' 

23 ^.-L_^-i_.-l- = o. 

x + l x-l X'\-\ a?-7 



24. 
25. 






a?4a _ £-a _ &+a? &-« 
x—a x^a^h^x b+x* 
«7. «"+3aj:*=4a'. 28. 5x*(a-x)=[a*"a^{X'\-3a) 
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XXVIII. Problems which lead to QitadraHe 
EqucUions. 

258. Find two numbers such that their sum is 15, 
and their product is 54. 

Let X denote one of the numbers, then 15— a; will 
denote the otiier number; and by supposition 

ay(15-iF) = 64. 

By transposition, a^-15:c=-54; 

therefore a^-l5x+{-^) =-54+^=-; 

.X. r 15 3 

therefore *~ 2" ~ '*'2 ' 

15 3 
therefore a?= — *_=9or6. 

If we take x = 9 wo have 15 -.a? = 6, and if we take 
jc= 6 we have 15 — ar = 9. Thus the two numbers are 6 and 9. 
Hero although the quadratic equation gives two values of 
Xf yet there is really only one solution of the problem. 

259. A person laid out a certain sum of money in 
goods, which he sold again for ^24, and lost as much per 
cent, as he laid out : find how much he laid out. 

Let X denote the number of pounds which he laid out ; 
then a?— 24 will denote the number of pounds which he 
lost. Now by supposition he lost at the rate of x per cent., 

that is the loss was the fraction jr-z of the cost ; therefore 

therefore x^ - 1 00a: = - 2400. 

From this quadratic equation we shall obtain a?=s4C 
or 60. Thus all wc can infer is that the sum of money laid 
out was either ;£40 or ^£60; for each of these numbers 
satisfies all the conditions of the problem. 
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260. The sum -of £1, Ai, was divided cqaally among 
a certain number of persons ; if there had been two fewer 
persons, each would have received one shilling more : find 
the number of persons. 

Let X denote the number of persons; then each person 

144 
received — shillings. If there had been x-2 persons 

144 
each would have received — - sliillings. Therefore, by 

supposition, 

144 144 , 

a?-2 X 

Therefore 144a?= 144(j?- 2) + x{x- 2) ; 

therefore a?" - 2a? = 288. 

From this quadratic equation we shall obtain or =18 
or — 16. Thus the number of persons must be 18, for that 
is the only number which satisfies the conditions of the 
problem. The student will naturally ask whether any 
meaning can be given to the other result, namely -16, 
and in order to answer this question we shall take another 
problem closely collected with that which we have here 
solved. 

261. The sum of £1, 4*. was divided equally among a 
certain number of persons ; if there had been two more 
persons, each would have received one shilling less : find 
the number of x>ersons. 

Let X denote the number of persons. Then proceeding 
as before we shall obtain Che equation 
144 144 
a? + 2" X ' 
therefore a:« + 2a? = 288 ; 

therefore a? =16 or -18. 

Thus in the former problem we obtained an applicable 
result, namely 18, and an biapplicable result, namely - 16 j 
and in the present problem we obtain an applicable resulti 
namely 16, and an inapplicable result, namely — 18. 

T.A. 12 
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262. In solying problems it is often»foiiiid, aa in Art 260^ 
that results are obtained which do not apply to the problem 
actusjly proposed. The reason appears to be, that the 
algebraical mode of expression is iilore general than ordi- 
nary language, and thus the equation which is a proper 
representation of the conditions of the problem will also 
apply to other conditions. Experience will convince the 
student that he will always be able to select the result 
which belongs to the problem he is solving. And it will be 
often possible, by suitable changes in the enunciation of the 
original problem, to form a new problem correspondmg to 
any result which was inapplicable to the original problem ; 
this is illustrated in Article 261, and we will now give ano- 
ther example. 

263. Find the price of eggs per score, when ten more 
in half a crown's worth lowers the price threepence per 
score. 

Let X denote the number of pence in the price of a 

X 

score of eggs, then each egg costs — pence ; and therefore 

the number of eggs which can be bought for half a crown 

X 600 

^* ^^ "*" sn » *^^ ^ — • ^^ ^® price were threepence 

x—Z 
per score less, each Qg!g would cost -^ pence, and the 

number of eggs which could be bought for half a crown 

would be . Therefore, by supposition, 

600 100 

a;-3 X ' 

therefore 60:c = 60 (ii? - 3) + ;i?(;r - 3) ; 

therefore a^ - 3.r = 180. 

From this quadratic equation we shall obtain ^ = 15 
or - 12. Hence the price required is I5d, per score. It 
will be found that 12^. is the result of the following pro- 
blem; find the price of eggs per score when ten /ether 
ir half a cro^vn's worth raises the price threepence per 
score. 
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Examples. XXVIII. 

1. Diyide the number 60 into two parts such that 
their product may be 86*4. 

2. The sum of two numbers is GO, and the sum of 
their squares is 1872 : find the numbers. 

3. The difference of two numbers is 6, and their pro- 
duct is 720 : find the numbers. 

4. Find three mmibers such that the second shall be 
two-thirds of the first, and the third half of the first ; and 
that the sum of the squares of tlie numbers shall be 549. 

5. The difference of two numbers is 2, and the sum of 
their squares is 244 : find the numbers. 

6. Divide the number 10 into two parts such that 
tficir product added to the sum of their squares may make 
76. 

7. Find the number which added to its square root 
will make 210. 

8. One number is 16 times another; and the product 
of the numbers is 144: find the numbers. 

9 One hundred and ten bushels of coals were divided 
among a certain number of poor persons ; if each person 
had received one bushel more he would have received as 
many bushels as there were persons: find the number 
of persons. 

10. A company dining to<;ether at an inn find their 
bill amounts to £8. 15«. ; two of them were not allowed to 
pay, and tlio rest found that their shares amoimtcd to 10 
shillings a man more than if a)l had paid : find the number 
of men in the company. 

11. A cistern can be supplied with water by ("wo 
pipes; by one of them it would be filled 6 hours sooner 
tlian by the other, and by both together in 4 hours : find 
the time in which each pipe alone would fill it. 

12—2 
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12. A person bought a certain number of pieces of 
cloth for £33. 15«., wliich ho sold again at £2. Sf. per piece, 
and he gained as much in the whole as a single piece cost: 
find the number of pieces of cloth. 

13. A and B together can perform a piece of work in 
14} days; and A alone can perform it in 12 days less 
than B alone: find the time in which A alone can per- 
form it 

14. A man bought a certain quantity of meat for 
18 shillings. If meat were to rise in price one penny 

Eer lb., he would get 3 lb& less for the same suul Find 
ow 4uuch meat he bought 

15. The price of one kind of sugar per stone of 14 lbs. 
is 1«. 9^. more than that of another kina ; and 8 lbs. less of 
the first kind can be got for £\ than of the second: find 
the price of each kind per stone. 

16. A person spent a certain sum of money in goods, 
which he sold again for £24, and gained as much per cent 
as the goods cost him : find what the goods cost. 

17. The side of a square is 110 inches long: find the 
Icnfi^th and breadth of a rectangle which shaJl have its 
perimeter 4 inches longer than that of the square, and its 
area 4 square inches less than that of the square. 

18. Find the price of eggs per dozen, when two less in 
a shilling's worth raises tho price one penny per dozen. 

19. Two messengers A and B were despatched at the 
same time to a place at the distance of 90 miles; the 
former by riding one mile per hour more than the latter 
arrived at the end of his journey one hour before him: find 
at what rate per hour each travelled. 

20. A person rents a certain number of acres of pas- 
ture land for £70 ; he keeps S acres in his own possession, 
and sublets the remainder at 5 shillings per acre more than 
he gave, and thus he covers his rent and has £2 oyer: 
find the number of acres. 



EXAMPLES. XXVIII. 181 

21. From two places at a distance of 320 miles, two 
^ persons A and B set out in order to meet each other. 

A travelled 8 miles a day more than B\ and the number of 
days in which they met was equal to half the number of 
miles B went in a day. Find how far each travelled before 
they met. 

22. h person drew a quantity of wine from a full vessel 
which held 81 gallons, and then filled up the vessel with 
water. He then drew from the mixture as much as he 
before drew of pure wine; and it was found that 64 gallons 
of pure wine remained. Find how much he drew each time. 

23. A certain com|mny of soldiei^ can be foi*med into 
a solid square ; a battalion consisting of seven such equal 
companies can be formed into a hollow square, the men 
being four deep. The hollow square formed by the bat- 
talion is sixteen times as large as the solid square formed 
by one company. Find the nimiber of men in the company. 

24. There are three equal vessels -4, B^ and C\ the 
first contains water, the second brandy, and the third 
brandy and water. If the contents of B and G be put 
together, it is found that the fraction obtained by dividing 
the quantity of brandy by the quantity of water fs nine 
times as great as if the contents of A and C had been 
treated in like manner. Find the proportion of brandy to 
water in the vessel (7. 

25. A person lends £5000 at a certain rate of interest ; 
at the end of a year he receives his interest, spends £25 of 
it, and adds the remainder to his capital; he then lends 
his capital at the same rate of interest as before, and at 
the end of another year finds that he has altogether 
£5382: determine the rate of interest. 
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XXIX SimultaruovM Equations involving Quadratics 

264. We shall now solve some examples of simultane- 
ous equations involving quadratics. There are two cases 
of frequent occurrence for which rules can be given ; in 
both wese cases there are two unknown quantities and two 
equations. The unknown quantities will always be denoted 
by the letters x and y. 

265. First Case, Suppose that one of the equations 
is of the first degree, and the other of the second degree. 

Rule. From the equation of the first degree find the 
value of either of the unknotcn quantities in terms oj 
the other, and siAstitute this value in the equation qf 
ike second degree. 

Example. Solve Xr + 42( = 18, 5^:" - Zxy = 2. 

From the first equation y= — — ; substitute this 
value in the second equation ; therefore 

therefore 20jj* - 54a? + 9dF^ = 8 ; 

therefore 29^ - 64a? = a 

From this quadratic equation we find a? =2 or — s^; 

267 
then by substituting in the value of y we find y =3 or -r^, 

Ob 

266. Solve 3«*-»-5a?-8y=36, 2a?»-3a?-4y=»3. 

Here although neither of the given equations is of th» 
first degree, yet we can immediately deduce from them a^ 
equation of the first degree. 
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For multiply the first equation by 2, and the second 
by 3 ; thus 

6iB"+10^-16y = 72, ^a^-^x-Vly^^; 

therefore, by subtraction, 10a: - 16y + 9j? + I2y = 72 — 9 ; 

that is, 19 J? -Ay= 63. 

From this equation we obtain y= — ^ — > substitute 
tl^is value in the first of the given equations ; thus 

3«» + 5a?- 2 (19a?- 63) = 36 ; 
therefore av^-33a?+90=0; 

therefore aj*-lla?+30=0. 

From this quadratic equation we snail find that a; =6 
or 6; and then by substituting in the value of y we find 
that v=8 or 12|. 

267. Second Case. WJien the terms involving the un- 
known quantities in each equation constitute an expression 
which IS homogeneous and of the second degree; see 
Art. 2a 

Rule. Assume y=vx, and siibstitute in both eqtiO' 
tions; then by divismn the valtie qfv can be found. 

Example. Solve a^+xy + 2y^=44, 2a?2-a:y -1-^=13. 
Assume y=vx, and substitute for y ; thus 

ar«(l+i? + 2i7«)=44, a?2(2-t?+t?2)=13. 
Therefore, by division, 

l + iy-f2og 44 11, 
2-U + 1?* 16 4' 

thereforo 4(l+t?+2i?2)=ii(2-t>4'«^; 

therefore 3p»-15»+18=0; 

ihereforo i^'-5v-¥Q=^(k 
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From this quadratic equation we shall obtiin 9=2 or 3. 
In the equation a;* (1 + » + 2r2) = 44 put 2 for v\ thua 
4? = ri> 2 ; and since y = vx, wo have y = ± 4. Again, in the 
same equation put 3 for 9 ; thus ;p= ± 1^2 ; and since 
y=t?jr, we have y=±3^/2. 

Or we might proceed thus : multiply the first of the 
given equations by 2 ; thus 

2^+2.ry+4y2=88; 

the second equation is 2a:* - ary -♦• y* = 16. 

By subtraction ^xy + 3y* = 72, therefore y^ = 24 — xy. 

Again, multiply the second equation by 2 and subtract 
the first equation ; thus 

Zx^^Zxy^^ - 12 ; therefore ac^^xy^^ 

Hence, by multiplication 

a?«y« = (24 - .ry) (^ - 4X 

or ^-y- - ZSxy = - 96. 

By solving this quadratic we obtain xy=S or 6. Sub- 
stitute the former in the given equations ; thus 

a:^ + 2y2 = 36, 2x^'hy^=24:. 

Hence we can find x^ and y\ Similarly we may take the 
other value of xy, and then find x^ ant y^. 

268. Solve 2a?2+3^+2^=70, ex^'¥xy-f/*=50. 
Assume y=vx, and substitute for y; thus 

;r2(2 + 39 + 92)=. 70, «2(6 + 9-9*)=60. 
Therefore by division 

2-4-3o + 9^ _70_7. 

therefore 5(2 + 39 + 9*)=7(6>9-o0; 

therefore 12i?'+ 8o-32=0; 

therefore 39' + 2»-8 = 0. 
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From this quadratic equation we shall find v=~w — S. 

3 
4 
In the equation a^(2 + 39 + t^)=70 put - for «; thus 

o 
;r^±3; and since y=vx we have ^=db4. Tlie yalue 
9-= —2 we shall find to be inapplicable ; for it leads to the 
inadmissible result ;c^ x = 70. In fact tlie equations from 
which the value of « was obtained may be written thus, 

:c2(2 + t>)(l+t?) = 70, ar2(2 + »)(3-») = 60; 

and hence we see that the value of v found from 2 + «=0 
is inapplicable, and that we can only have 

l+t7 70 7 J X, r 4 

3^ = 66"5' a^d therefore r =3. 

269. Equations may be proposed which do not fall 
under either of the two cases mich we have discussed,, 
but which may be solved by artifices which can only be 
suggested by trial and experience. We will give some 
examples. 

270. Solve «+y=6, d;'+y*=66. 
By division, — = — , 

that is, a^-xy+y^-lZ; 

then from this equation combined with x-^y=S we can 
find X and y by the fii-st case. Or we may complete the 
solution thus, 

square a^+2xy-\-y^=25 (1). 

Also aj2-a;y + y2=13 (2). 

Therefore, by subtraction, 3xy = 12 ; 
therefore ay =4; 
therefore 4xy= 16 {Z\ 

Subtract (3) from (1); thus 

««-2a:y+y2=9; 
aictTact the square root, ^-y^aba 
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We have now to find x and y from the simple equatiiMie 
X'¥y=^y «— y=db3; 
these lead to x—l of 4, y=4 or 1. 

I 27L Solve ««+y»=41, ajy=20. 

These eqnations can be solved by the second case; or 
they may be solved m the manner just exemplified. For 
we can aeduce fi-om them 

«« + j/« + 2jpy=4lH 40=81, 
aj*+y*-2ay=41-40=l; 
then by extracting the sqnare roots, 

^-•-^=^9, «— y=*l. 
And.thns finally we shall obtain 

;i;=±5 or ±4, y=±4 or ±5. 

• 27a Solve aj»+«y+y2=19, a?* + a:8jf«+y*=13a. 

that is, a:'-«y+y*=7. 

We have now to solve tlie equations 

a?-\'Xy'¥y^=\9y a^-xy-^-y^^^. 
By addition and subtraction we obtain snccessively 

Then proceeding as in Art 271, we shall find 
«=:k3 or ±2, y=±2 or ±3. 

27a. Solve a?-y=2, a;»-y*=242. 

a^-y^ 242 
By division, -^^^ =^ T * 

that is, «*+«3y+ajV+^-**l/*=121, 

thati% ar*+y*+ai^(«»+y2)+^iV=121 (1> 

Now «-y=2; 

sqnare fl5»-2^+y*=4; 

therefore aj*+y*=2ary + 4 (2). 
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Square :r' + 2a^+y*=4aj^'+16ajy+I«; 
therefore a:*+y*=2a;8y'+16ajy+16 (3). 

Substitute from (2) and (3) in (1); thus 

2ajV+ 16a;y + 16 +a?y(2ajy +4)+a?*y'= 121 ; 
that is, baPy'^ + 20;r^= 105 ; 

therefore ^^ + ^xy =21. 

From this quadratic equation we shall obtain 0^=3 
or — 7. Take xy = Z, and from this combined with « — y = 2, 
we shall obtain a;=3 or —1, y=l or —3. If we take 
4^= —7, we shall find that the values of x and y are im« 
possible ; see Art. 236. 
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1, x-y^ly «»-iBy+y*=21. 

2, 2«-6y=3, «•+ ajy=20. 

3, «+y=7(a?-y), «*+y*=100. 

6. x-y=Z^ «*+y«=66. 

6. 4^-6y=l, ar»-a?y + 3y2+3a?-4y=47. 

7. 4^+9y=12, 2a^+xy=ey\ 

8. (a?-6)2 + (y-6)8+2ay=60, 5y-4;i?=l. 

t/* 5 

9. 4a^+auy+|-+y^(4iP+y)=41, 4i;-ya4 

***• 12 ^10""^ ^' 16 3 ^^"^ 

11. 3d;+22^=:6a^, I5x~4y^4ay, 

12. a^+2=9y, «y+2--a?. 

18. 8(ajy + l)=33y, 4(«y+l)=33«. 
14. a^-d?+y, ax=by. 
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la ? + ^=i, ^ + ^=1. 

19. «j«+d?y-28, xy-y^^Z. 

20. a^+4jy=45, y*+«y=36. 

21. 2«»-ajy=56, 2ajy-y»=4a 

22. a:*-2a:y=16, «y-2^=7. 

23. d?' + 3j!y=28, «y + 42^=8. 

24. d^+ay-6y2=21, «y-2y«s4 

25. d:>+3;Ey=54, ajy + 4y*=rifi. 

x-y x+y 2' *' 



„,y ^+y« 25 



28. ?±J? + ?Zl?=.JO 

ic-y x-\-y 3 * ^^ 

29. a?(ic+y)+y(;i?-y)-168, 7a?(a?+y) = 72y(dr-y> 

30. «*y(ay+y)=80, ajV(2^-3y)=80. 

31. 2a?2-a?y+y*=2y, 2aj*+4;»y=6y. 

32. — ^ + — ^ = ^, a^-^y^^l^, 

x-y x-^y a ' ^ 

33. «»+a:y=a(a+&), ««+y2=a*+6>. 

34. «»4.2«y-y»=a2+2a-l, 
(a-l)j?{fl?+y)=a(a+l)y(«-|fX 

W. «-y=2, ^-y3=158. 
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86. «+y=9, aj'+y'slSD. 

87. «'+y*=20, xy-x-y=% 

38. a?-y=l, a?»-y« = 781. 

39. a?+y=3, ic» + y'=33. 

40. ««+ajy+yS=37, ar*+a?y+y*=481. 

^'- A"^"'' 2 + 3^=^3... 

42. «a+y»=^34, «»-2^ + ^/(a^-J/8)=20. 

43. a^-^j^-l^^xyy xy{xy+\) = Q. 

44. 4a:«+j^ + 2(2;i?+y) = 6, 4a;y(iry + l)=a 

45. «'+ajy=8a?+3, y*+a^=8y + 6. 

46. a^-ajy=2a?+6, a?y-y*=2y + 2. 

47. 2a?+y+6 V(2^+y+4)=23, 4j^-6j:=y«+^. 

48. 18 + 9(;i:+y) = 2(a?-|.y)*, 6-(;i:-y) = (;c-y)«. 

49. «"-«y=a(«+l)-i-&+l, a?y-y'=ay4-6. 

60. ^ + g=18, ^ = 1. 
aH 6* ^ a^ 

fl' 1/' oft ^ 

fil- ^-15=12, -=2. 
a?* &^ ^ 0^ 

62. a^=ax-^by, y^=ay-\-b.v. 

63. x^z^a, xyH=b, xyz^=c. 

64. (a?+yX^+^)=«'>(y+^)(y+^)=&*»(^+«X*+y)=c' 

66. 3y4f+22ra?-44?y=16, 2y^— 32rii?+a?y=6, 

42^z-;2ra:-3;ry = 15. 

4A>1 
66. 6(««+y«+4r8) = 13(a?+y+;?)=-^, ajy=*«. 



190 PBOBLEMS. 



ZXX. PrdbUnu whieh lead to Quadratic Equations 
leith more than one unknown quantity. 

27i. There is a certain number of two digits; the som 
of the squares of the dibits is e^ual to the number in- 
creased by the product of its digits; and if tfairty^ix be 
added to the number the digits are reversed: find the 
number. 

Let a denote the digit in the tens' place, and y the 
digit in the units' place. Then the number i&lOx-k-y; and 
if the digits be reversed we obtain lOy+a. Therefore^ by 
supposition, we have 

«"+y*=«y+10a:+y (1). 

10a:+y+36=10y+a? (2). 

From (2) we obtain 9y=9x+S6i therefore ^=^+4. 

Substitute in {l\ thus 

«»-l-(a?+4)2—a?(:r + 4) + 10a:+a?+4; 

therefore «*-7iF+12=0. 

From this quadratic equation we obtain a =3 or 4; 
and therefore y=7 or 8. Hence the required number 
must be either 37 or 48 ; each of these numbers satisfies 
all the conditions of the problem. 

275. A man starts from the foot of a mountain to 
walk to its summit His rate of walking during the 
second half of the distance is half a mile per hour less than 
his rate during the first half, and he reaches the summit in 
5^ hours. ^ He descends in 3| hours by walking at a uni- 
form rate, which is one mile per hour more than his rate 
during the first half of the ascent. Find the distance to 
the summit^ and his rates of walking. 

Let 2x denote the number of miles to the summit^ and 
suppose that during the first half of the ascent the man 
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■an 



walked V miles per hour. Then he took ? honn for the 
first half of the ascent, and -^^ hours for ibe second. 

y-2 



Therefore - + j=oi> 



2a? 



•ax 



Sinularly, ^^=31 (2). 



15/ 



Froin(2X 2«=-^(»+l); 

therefore «=-g(y+l)- 

Therefore, by sabstitution, 

V^(.-.1)(2V-0 = yK^-^)' 
flierefore 15(y+J)(4y-l)=44y(2y-l); 
therefore 28y=-89y+15=0. 

• -9 A 

From this quadratic equation we obtain »-3 or ^ . 

The Yalue ^ is inappUcable, because by supposition y is 

28 15 

greater than i. Therefore »=3; and then a;=2 , so 
tiiat the whole distance to the summit is 15 mite* 
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1. The sam of the squares of two numbers is 170, and 
the difference of their squares is 72 : find the numbers. 

2. The product of two numbers is 108, and their sum 
is twice their difference: find the numbers. 

3. The product of two numbers is 192, and the sum of 
their squares is 640 : find the numbers. 

4. The product of two numbers is 128, and the differ- 
ence of their squares is 192 : find the numbers. 

5. The product of two numbers is 6 times their sum, 
and the sum of their squares is 325 : find the numbers. 

6. The product of two numbers is 60 times their differ- 
ence, and the sum of their squares is 244 : find the numbers. 

7. The sum of two numbers is 6 times their difference^ 
and their product exceeds their sum by 23 : find the num- 
bers. 

8. Find two numbers such that twice the first with 
three times the second may make 60, and twice the square 
of the first with three times the square of the second may 
make 840. 

9. Find two numbers such that their difference multi- 
plied into the difference of their squares shall make 32, 
and their sum multiplied into the sum of their squares 
shall make 272. 

10. Find two numbers such that their difference added 
to the difference of their squares may make 14, and their 
sum added to the sum of their squares may make 26. 

11. Find two numbers such that their product is equal 
to their sum, and their sum added to the sum of their 
squares equal to 12. 
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12. Find two numbers such that their sum increased 
by their product is equal to 34, and the sum of their 
squares diminished by their sum equal to 42. 

13. The difference of two numbers is 3, and the dif- 
ference of theur cubes is 279: find the numbers. 

14. The sum of two numbers is 20, and the sum of 
their cubes is 2240: find the numbers. 

15. A certain rectangle contains 300 square feet; a 
second rectangle is 8 feet shorter, and 10 feet broader, 
and also contains 300 square feet: find the length and 
breadth of the first rectangle. 

16. A person bought two pieces of cloth of different 
sorts; the finer cost 4 shillings a yard more than the 
coarser, and he bought 10 yards more of the coarser than 
of the finer. For the finer piece he paid ^18, and for the 
coarser piece £16. Find the number of yards in each piece. 

17. A man has to travel a certain distance ; and when 
he has travelled 40 miles he increases his speed 2 miles 

Sor hour. If he had travelled with his increased speed 
uring the whole of his journey he would have arrived 40 
minutes earlier; but if he had continued at his origin^ 
«peed he would have arrived 20 minutes later. Find the 
whole distance he had to travel, and his original speed. 

18. A number consisting of two digits has one decimal 
place ; the difference of the squares of the digits is 20, and 
if the digits be reversed, the sum of the two numbers is 11 : 
find the number. 

19. A person buys a quantity of wheat which he sells 
so as to gain 5 per cent, on his outlay, and thus clears £16* 
If he had sold it at a gain of 5 shillings per quarter, ho 
would have cleared as many pounds as each quarter cost 
him shillings : find how many quarters he bought, and 
what each quarter cost. 

20. Two workmen, A and -5, were employed by the 
day at different rates ; A at the end of a certain number 
of days received £4. 16^., but J3, who was absent six oi 

T.A. 13 
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tiMwe days, received only £2. 14«. If B had worked the 
whole time, and A had been absent six days, they woold 
have received exactly alike. Find the number of days 
and what each was paid per day. 

21. Two trains start at the same time from two town& 
and each proceeds at a uniform rate towards the other 
town. Wnen they meet it is found that one train has nm 
108 miles more than the other, and that if they continue 
to run at the same rate they will finish the journey in 9 and 
16 hours respectively. Fmd the distance between the 
towns and the rates of the trains. 

22. A and B are two towns situated 18 miles apart on 
the same bank of a river. A man goeg from ^ to ^ in 
4 hours, by rowing the first half of the distance and walking 
the second half. In returning he walks the first half at 
the same rate as before, but the stream being with him, he 
rows 1^ miles per hour more than in going, and accom- 
plishes the whole distance in 3^ hours. Find his rates of 
walking and rowmg. 

23. A and B run a race round a two mile course. In 
the first heat B reaches the winning post 2 minutes before 
A. In the second heat A increases his speed 2 miles per 
hour, and B diminishes his as much ; and A then arrives 
at the winning post two minutes before B, Find at what 
rate each man ran in the first heat. 

24. Two travellers, A and By set out from two places, 
P and Q, at the same time; A starts from P with the 
design to pass through Q, and B starts from Q and travels 
in the same direction as A. When A overtook B it was 
found that they had together travelled thirty miles, that 
A had passed through Q four hours before, and that By at 
his rate of travelling, was nine hours' journey distant m>iii 
P. Find the distance between P and Q* 
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XXXI. Involution, 

276. We have already defined a power tc be the pro- 
duct of two or more equal /actors, and we have explained 
the notation for denoting powers; see Arts. 15, 16, 17. The 
process of obtaining powers is called Involution; bo that 
Involution is only a particular case of Multiplication, but 
it is a particular case which occurs so often that it is 
convenient to devote a Chapter to it The student will find 
that he is already familiar with some of the results which 
we shall have to notice, and that the whole of the present 
Chapter follows immeoiately from the elementary laws of 
Algebra. 

277. Any even power qf a negative quantity is poei- 
tive, and any odd power is negative. 

This is a simple consequence of the Rtde qf Signs. ThuB^ 
for example,— ax -a—a\ —ax —ax --a^a^x —a=^—a^% 
—ax—ax-'ax—a=-'Crx—a=a^; and so on. In the 
following Articles, when we use the words give the proper 
sign, we mean that the sign is to be determined by the 
rule of the present Article. (See Art 38.) 

278. Rule for obtaining a power of a power. Multiply 
ike numbers denoting the powers for the new exponent, 
and give the proper sign to the result. 

Thus, for example, {a^f=€^\ (-aS)8=-a^; (a*)8=a"; 
(-«•)•= —a**. This is a simple consequence of the law of 
powers which is demonstratcKl in Art. 59. For example, 
(a3)«=a2 X a2 X a«=a2+2+2=a2x3=«6^ 

The Rule of the present Article leads immediately to 
that which we shall now give. 

279. Rule for obtaining any power of a simple integral 
expression. Multiply the index of every factor in the eX' 
pressionby the number denoting the power, and give the 
proper sign to the result, 

13—2 
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Thus, for example, 

280. Rule for obtaining any power of a fraction. Rai96 
both the numerator and denominator to thatpoteer, and 
give the proper Hgn to the reeutU 

This follows from Art 145. For example, 

281. Some examples of Involution in the case of 
binomial expressions have already been given. See 
Arts. 82 and 88. Thus 

(a+6)8=o«+2a&+62, 

The student may for exercise obtain the fourth, fifth 
and sixth powers of a+ &. It will be found that 

(a + &)* = a* + 4a36 + 6a*6* + 4a&» + &*, 

(a + &)•= fl^ + 5a*fe + lOa'ft* + 1 Oa26» + 6a«»*+ 6». 

(a + &)•=«• + 6a'6 + 15a*5« + 20a»6> + 16a*6* + 6«ft« + &•. 

In like manner the following results may be obtained : 
(a-&)2=a«-2a6 + 62, 

(a-&)*=a*-4a»6 + 6a2&2-4a&34.j,4 

(a-&)«=a»-5a*6 + 10a'fe«-10a26>+6aJ«-6». 

(a-&)«=a«-6a^& + 15a*6«-20a«&» + 15a2&*-.6a&'+5». 

Thus in the results obtained for the powers of a -6, 
wnere any odd power of & occurs, the negative sign is pre- 
fixed; and thus any power of a~& can be immediately 
deduced from the same power of a+&, by changing the 
signs of the terms which involve the odd powers o^ h. 
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282. The student will soe hereafter that| by the aid 
of a theorem called the Binomial Theorem^ 9ilj power 
of a binomial expression can be obtained without the 
labour of actual multiplication. 

283. The formulffi given in Article 281 may be used 
In the way we have already explained in Art 84. Sup- 
pose, for example, we require the fourth power of 2a; -3^. 
In the formula for («-&)* put 2x for a, and 3y for b ; thus, 

(a»-3y)*=(2^)*-4(2a?)«(3y) + 6(2a?)2(3y)a-4(a»)(3y)"+(3y)* 

= l&c*-96«»y+216ajV-216ajy»+81y*. 

284. It will be easily seen that we can obtain required 
results in Involution by different processes. Suppose, for 
example, that we require the sixth power of a+&. We 
may obtain this by repeated multiplication by a-^-b. Or 
we may first find the cube of a+&, and then the square of 
this result; since the square of {a+b^ is (a + 5)'. Or we 
may first find the souare of a+&, and then the cube of this 
result ; since the cube of (a + &)^ is (a -f b)\ In like manner 
the eighth power of a+& may be found by taking the 
square of (a +6)*, or by taking the fourth power of (a +6)*. 

285. Some examples of Involution in the case of 
trinomial expressions have already been given. See 
Arts. 85 and 88. Thus 

a'+6'+c'+3a*(6+c)+35«(a + c) + 3c*(a+^) + 6aft<j. 

These formulae may be used in the manner explained in 
Art 84. Suppose, for example, we require (1- 2a: + 3^1 
[n the formula for {a+b-{-cf put 1 for a, —2a? for 6, and 
Zsfi for c\ thus we obtain 

(l-2a?+3a:»)«= 

(l)»+(-2«)«4.(3a^+2(lX-2aj)+2(-a»)(3«»)+2{lX3a!^ 

-= 1 +4«» + 9a:*-4a?-12aj"+6a:S 

=^l-4»+10««-12«» + 9«*. 
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Similarly, we hare 

(l-2:r+3ai»)»= 

+ 3(l)«(-24r + 3J!8)+3(-2;i?)»(l + 3^+3(3aJ»)^l-a») 
+ 6(l)(-2a?)(3ar«) 
= l-8a?8 + 27aj« 
+ 3(~ai?+3a!»)+12^(l + 3aj3)-|.27:ir*(l-ar)-36i« 
= l-Gd?+21j:«-44a?' + 63a?*-64:r» + 27^. 

286. It is found by observation that the square of any 
multinomial expression may be obtained by either of two 
roles. Take, for example, (a + & + c + d)K It ynSX be found 
that this 

=ra8+62+c*+rf*+2a6 + 2ac + 2dM?+26<; + 2ftrf+2crf; 

and this may be obtained by the following rule ; the square 
qf any mtUtinomial expression consists qf the square of 
each term, together unih tzoice the product qf every pair 
of terms. 

Again, we may put the result in this form 

=a?+2a(6+c+rf) + 62+2ft(c+rf)+c»+2af+rf', 

and this may be obtained by the following rule ; the square 
qf any mtdtinomial ewpression consists of the square qf 
each term, together with tidee the product qf each term 
by the sum qfaUthe terms whidifdlow it 
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Find 

1. (2a^^)\ 2. (-2^22j)i. 
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7. (a +57. 8. (a -6/. 

9. (a+&)»(a-&)». 10. (!-«)». 

11. (2+a?)». 12. (3-2a?)». 

13. (1+ar)*. 14. (;i:-2)*. 

15. (2a?+3)*. 16. {ax-\-hyf'\-{ax-byf. 

17. (flw?+&y)*+(flw?-W. 18. (l+ar)»-(l-«)». 

19. (l-|.a?)*(l-ar)*. 20. (l+a:+«=)». 

21. {l-x^aPf, 22. (l + ;i?-«^. 

23. (l + 3a? + 2aj2)2. 24. (l-3a:+3«V. 

26. (2+3a?+4ic2)2 + (2-3a?+4a;2)« 

26. (l+a?+«7. 27. (l-a?+«»)«. 

28. (l+iP-a?2)», 29. (l + 3a?+2aj»)l 

30. (l-3a?+3aj2)3. 

31. (2 + 3a? + 4ar*)3-(2-2a? + 4^)». 

32. (l-iP+aj2+ir')2. 33. {l + 2a: + 3aj8+4a;«)'. 

34. (a+5+c+c?)'*-"(«-^ + <^-^'- 

36. (a + & + <j + rf)2 + (a-6 + c-<Q*. 

36. (l+3a?+3a?«+a?»)^ 37. (l-6a? + 12a^-8aj^'. 

38. (l4.4a? + 6a:' + 4a?» + a?*)«. 

89. (l-«)»{l+a? + a?Y. 40. (l-«+a?«)»(l + a?+«7 
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XXXII. Evolution. 

987. Evolution is the inverse of Involution; so that 
lU'olution is the method of finding any proposed root ot 
a given number or expression. It is usual to em{>loy the 
word extract and its derivatives in connexion with the 
word root; tiius, for example, to extract the square root 
means the same thing as to Jind the square root. 

In the present Chapter we shall begin by stating three 
simple consequences of the Rule qf Signs, we shall then 
consider in succession the extraction of the roots of simple 
expressions, the extraction of the square root of compound 
expressions and numbers, and the extraction of the cube 
root of compound expressions and numbers. 

288. Any even root qf a positive quantity may be 
either positive or negative. 

Thus, for example, a x a = a', and —ax — a = a* ; there- 
fore the square root of a* is either a or —a, that is, either 
+ a or —a. 

289. Any odd root of a quantity has the same sign 
as the quantity. 

Thus, for example, the cube root of a* is a, and the cube 
root of -o'is —a. 

290. There can be no even root of a negative quantity. 

Thus, for example, there can be no square root of -a*; 
for if any quantity be multiplied by itself the result is 
a positive quantity. 

The fact that there can be no even root of a negative 
quantity is sometimes expressed by calling such a root an 
tmpossible quantity or an imaginary quantity, 

291. Rule for obtaining any root of a simple integral 
expression. Divide the index of every /actor in the 
expression by the number denoting the roott and give 
the proper sign to the result. 
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Tims, for example, ^/(16fl26^=^/(4^^=:t4a^^. 
•/(-8a^6»c")=4/(-2»a»6»c«)= -2a^c*. 

292. Rule for obtaining any root of a fraction. Find 
the root of the numerator and denominator, and give the 
proper sign to the result. 

For example, s/(^= ^/(^^= ^^' 

'^\"646V~ ^V 43feV~ 4b' 

293. Suppose we require the cube root of a*. In this 
case the index 2 is not diyisible by the number 3 which 
denotes the required root; and we have, at present, no 
other mode of expressing the result than l/aK Similarly, 
ija, ijcfiy ija^f cannot, at present, be otherwise expressed. 
Such quantities are called surds or irrational quantities ; 
and we shall consider them in the next two Chapters. 

294. We now proceed to the method of extracting the 
square-root of a compound expression. 

Thesquareroot of a' + 2a&+&2isa + &; and we shall be 
led to a general rule for the extraction of the square root 
of any compound expression by observing the manner in 
which a+ A may be derived from a^+ 2a5 + bK 

Arrange the terms accord- a* + 2db + J* V.« + ^ 

ing to the dimensions of one a^ 

letter a; then the first term is ^ -i-t — r — rr 

a% and its square root is a, 2a-^J>J2ab-\-^ 

which is tho first term of the 2ab+t^ 

required root. Subtract its 

square, that is a\ from the whole expression, and bring 
down the remainder 2ab + b^. Divide 2ab by 2a, and the 
quotient is 6, which is the other term of tho required root. 
Take twice the first term and add the second term, that is, 
take 2a+ & ; multiply this by the second term, that is by 6, 
and subtract the product, that is 2ab + b\ from the remain* 
der. This finishes the operation in the present case. 
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If there were more terms we should proceed with a 4- 5 
as we did formerly with a ; its square, that is, a' +206+6*, 
has already been subtracted from the proposed expression, 
so we should diyide the remainder by 2 (a + h) for a new 
term in the root. Then for a new subtrahend we multiply 
the sum of 2 (a +6) and the new term, by the new term. 
The process must be continued until the required root 
is found. 



295. Examples. 



4a;2 + 12ary + 9^ ^^2df + 3y 



42? + 3yJ12^+9y* 
.12ary+92/» 



4a?*-20;i;" + 37a?'- 30;p+ 9 (^2^-6ar+ 3 



4a^"fix) -20a;' + 37^2_3o^^.9 
-20:ir'+25a^ 



4x'*-\0x-¥Z) 12;c2-30a? + 9 
12A'*-30a? + 9 



x* 



— 4a;'y2+ 4a^y^ 

2afi-4xy+3y^j6x^^-'l2wy^ + 9y* 
&i%«-12^ + 9^ 
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-4a?*- 8a?3 + 4a?* 



2a?3 + 4a-'"-4a?-lJ- 2a?'-4a;*+4a?+l 
- 2a?^-4a?2 + 4a? + l 



296. It has been already observed that all even roots 
admit of a double sign ; see Art. 288. Thus the square 
root of a' + 2a6+62 is either a +6 or -a— 5. In fact, in 
the process of extracting the square root of a' + 2a6+62^ 
we begin by extracting the square root of a^\ and this 
may be either a or —a. If we take the latter, and con- 
tinue the operation as before, we shall arrive at the result 
— a— 6. A similar remark holds in every other case. 
Take, for example, the last of those worked out in Art 295. 
Here we begin by extracting the square root of a?*; this 
may be either a;* or —a?*. If we take the latter, and con- 
tinue the operation as before, we shall arrive at the result 
-a?*— 2a?'-»-2a?-fL 



297. ViQ fourth root of an expression may be found 
by extracting the square root of the square root ; similarly 
the eighth root may be found, by extracting the square 
root of the fourth root ; and so on. 



298. In Arithmetic we know that we cannot find the 
square root of every number exactly ; for example, we 
cannot find the square root of 2 exactly. In Algebra we 
cannot find the square root of every proposed expression 
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exadfy. We Bometimes find such an example as the follow- 
ing proposed; find four terms of the square root of 1 — 2d;i 






«-2.-^;-*. 



4 



.-2x-^-f;-;^-^ 



-a^+^+^+5 



5a?* _ ^ _ £^ 
"4" 2 4 



Thus we have a remamder "" "4" ""2 "" 4" ' ^^^ 
findmg four terms of the square root of 1 -2a?; and so we 
know that \^-^-\-\) =l-2a?+— + ^ + 4 • 

299. The preceding investigation of the square root of 
an Algebraical expression will enable us to demonstrate 
the rude which is given in Arithmetic for the extraction of 
the square root of a number. 

The square root of 100 is 10, the square root of 10000 
is 100, the square root of 1000000 is 1000, and so on ; hence 
it follows that, the square root of a number less than 100 
amst consist of only one figure, the square root of a 
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nnmber between 100 ancl 10000 of two places of flgfuree, of 
a nuiuber between 10000 and 1000000 of three placet of 
figures, and so on. If then a point be placed over erery 
second fiipire in any number, beginning with the figure in 
the units* place, the number of points will shew the number 
of figures in the square root Thus, for example, the 
square root of 4§5d consists of two figures, and the square 
root of 6ll524 consists of three figures. 



300. Suppose the square root of 3249 roqoired. 

Point tne number according to the 3^4(^,50 -f 7 

rule; thus it appears that l£e root 2500 

must consist of two places of figures. 

Let a+d denote the root, where a is 100+7^749 
the value of the fip^re in the tens' 749 

place, and h of that m the units' place. — 

Then a must be the greatest multiple 
of ten, which has its square less than 3200 ; this is found 
to be 60. Subtract a\ that is, the square of 60, from the 
given number, and the remainder is 749. Divide this re- 
mainder by 2a, that is, by 100, and the quotient is 7, 
which is the value of h. Then (2a -!-&)&, that is, 107 x 7 or 
749, is the number to be subtracted ; and as there is now 
no remainder, we conclude that 50 + 7 or 67 is the required 
square root 

It is stated above that a is the greatest multiple of ten 
which has its square less than 3200. For a evidently can- 
not be a greater multiple of tea If possible, suppose it 
to be some multiple of ten lest than this, say x\ then since 
a; is in the tens' placOy and b in the units' place, x + hiA less 
than a ; therefore the square of ^ + & is less than a^ and 
eonsequently ^+5 is less than the true square root 

If ,the root consist of three places of figures, let a re- 
present the hundreds, and h the tens; then having ob- 
tained a and h as before, let the hundreds and tens 
together be considered as a new value of a, and find a new 
value of h for the units. 
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301. The cyphers may be omitted for the sake of 
brevity, and the following i-ole may be obtained from the 
process. 

Point every second figure^ beginning 3^46 (67 

with ihai in the vnM place, and thtie 25 

divide the tohole number into periods. 

Find the greatest nufhber whose square 107 J 749 
is contained in the first period ; this *i^^ 

is the first figure in the root; subtract its 

square from t/ie first period, and to the 
remainder bring doum the next period. Divide this 
quantity f omitting the last figure, by ttoice the part of the 
root already found, and annex the restUt to the root and 
also to the divisor; then multiply the divisor as it now 
stands by the part of the root last obtained for the subtra- 
hend. If there be more periods to be brought down, the 
operation must be repeated, 

302. Examples. 

Extract the square root of 132496, and of 5322249. 



1^2496 
9 

66^424 
396 


(^364 


5322^46 ^,2307 

4 

43; 132 
129 


724 J 2896 
2896 


4607^32249 
32249 



In the first example, after the first figure of the root is 
found and we have brought down the remainder, we have 
424; according to the rule we divide 42 by 6 to give the 
next figure in the root: thus apparently 7 is the next 
figura But on multiplying 67 by 7 we obtain the product 
469, which is greater than 424. This shews that 7 is too 
large for the second figure of the root, and we accordingly 
try 6, which succeeds. We are liable occasionally in this 
manner to try too large a figure, especially at the earij 
stages of the extraction of a square root 
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In the second example, the student should notice the 
oocDrrence of the cypher in the root 



303. Tlie rule for extracting the square loot of a 
decimal follows from the preceding rule. We must ob- 
serve, however, that if any decimal be squared there will 
be an even number of decimal places in the result^ and 
therefore there cannot be an exact square root of any 
decimal which in its simplest state has an odd number of 
decimal places. 

The square root of 32'49 is ono- tenth of the square 
root of 100x32*49; that is of 3249. So also the square 
root of '003249, is one-thousandth of the square root of 
1000000 X -003249, that is of 3249. Thus we may deduce 
this rule for extracting the square root of a decimal. Put 
a point over every second figure, beginning vnth that in 
the unit^ place and continuing both to the right and to 
the l^ qf it; then proceed as in the extraction qf the 
square root of integers, and mark off as many decimal 
places in the result as the number qf periods in the deci* 
mat part of th^ proposed number. In this rule the stu- 
dent should pay particular attention to the words beginning 
with that in the unit^ place. 



304. In the extraction of the square root of an integer, 
if there is still a remainder after we have arrived at the 
figure in the units' place of the root, it indicates that the 
proposed number has not an exact square root. We may 
if we please proceed with the approximation to any desired 
extent, by supposing a decimal point at the end of the 
proposed number, and annexing any even number of cy- 
phers, and continuing the operation. We thus obtain a 
decimal part to be added to the integral part already 
found. 

Similarly, if a decimal number has no exact square 
root^ we may annex cyphers, and proceed with the approxi- 
matioii to any desired extent 
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305. Hie foDowiiig is the extraction of the square root 
€f '4 to aoTeo dedmal places : 

0'4d06... ^'6324556 
36 

123^400 
369 



1262J3100 
2524 



12644^57600 
50576 



126485^702400 
632425 



1264905^6997500 
6324525 



12649105> 67297500 
63245525 



4051975 



306. We now proceed to the method of extracting^ the 
cabe root of a compound expression. 

The cube root of a' + 3a^6 + 3a5'+&» is a+5; and we 
shall be led to a general role for the extraction of the cube 
root of any compound expression by observing the manner 
in which a + 6 may be derived from a* + 3a^ + 3a6* + 6^. 

Arrange the terms ac- fl^+3a% + 3a&'+6'(a + & 

cording to the dimensions ^ 

of one letter o; then the 

drst term is a', and its cube Zc^) ^h + 3a6*+ J^ 

root is a, which is the first 3a*& + 3a^+^ 

term of the required root 

Subtract its cube, that is 

oP, from the whole expression, and bring down the lo* 
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mainder 3a^^ 4- 3ad*+ 5*. Divide 3a% by Za\ and the qao- 
tient is h, which is the other term of the required root ; 
then subtract 3a%+3a&^ + 2)' from the remainder, and the 
whole cube of a+ 6 has been subtracted. This finishes the 
operation in the present case. 

If there wei*e more terms we should proceed with a + & as 
we did formerly with a; its cube, that is a* + 3a®6 + 30^* + Z^, 
has already been subtracted from the proposed expression, 
so we should divide the remainder by 3(a+&)^ for a new 
term in the root ; and so on. 



307. It will be convenient in extracting the cube root 
of more complex expressions, and of numbers, to arrange 
the process of the preceding Article in three columnsi 
as follows: 

3a+6 3a* «» + 3a^+3a5*+6»^a-l-ft 

(3a+5)6 a» 



3aH3ad-i-ft» 3a^+3ai»«+6» 

3a2&+3a62+ft» 



Find the first term of the root, that is a; put a' under 
the given expression in the third column and subtract it. 
JPut 3a in the first column, and 3a* in the second column; 
divide Za^b by Za\ and thus obtain the quotient K Add 
h to the expression in the first column ; multiply the ex- 
pression now in the first column by &, and place the pro- 
duct in the second column, and add it to the expression 
sJready there; thus we obtain Za^ + Zab-k-l^, jSfultiply 
this by h, and we obtain Za^h-^-Zai^+h^, which is to do 
placed in the third column and subtracted. We have thus 
completed the process of subtracting {a+Vf from the 
original expression. If there were more terms the opera- 
tion would have to be continued. 

T.A. 14 
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308. In oontimiing the operation we must add soch a 
term to the first column, as to obtain there three iime» the 
part of the root already found. This is oonyeniently 
effected thus; we have already in the first 
column 3a + &; place ib below h and add; Za + h \ 
thus we obtain 3a + 3&, which is three times 2h\ 

a+ft, that is, three times the part of the root 

already found. Moreover, we must add such a 3a +35 

term to the second column, as to obtain there 

three times t/ie square qf the part of the root cXready 

fyund. This is conveniently effected thus; we have alread} 

in the second column (3a + 5)5, and below 

that 3a2 + 3a6+6*; place h^ below, and (3a +6)5 

add the expressions in the three lines; 8aS+3a5 + 

thus we obtain 3a'+6a5 + 3&*, which is 

three times (a+&)^ that is three times 

the sauare of the part of the root already 3^2 ^ g^ ^ 3^ 
founo. 






309. Ezampla Extract the cube root of 

8aj«-36«' + 102a?*~171a:' + 204;r2_i44<p^.g4^ 

-6a; J -Zxifia^-Zx) j 

to*~9a?+4 12a:*-iac»+9a^ [ 



12ar*-36;c'+27a:2 

4 (6:1:2 -9^; + 4) 
12^-36^+61a:«-36;»+16 
82J«-36a:'+102j?*-171a:' + 204«8"144;» + 64i,2aj«-3;»+4 

-36^:'+ 102;i:«-171«' + 204;c*- 144a?+64 
-36a:'+ 54;b*- 27^ 



48a?*-144a:» + 204a^- 144a?+64 
48«*- 144:e* + 204«« - 144a? + 64 
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The cube root of 8^^ is 2x^^ which will be the first term 
of the required root ; put S^r* under the given expression 
in the third column and subtract it Put tliree times 2^ 
in the first column, and three times the square of 2ji^ in 
the second column; that is, put Qx^ in the firtit column, 
and 12a?* in the second column. Divide —2Qj^ by 12a?*, 
and thus obtain the quotient —3a?, which will be the second 
term of the root; place this term in the first column, and 
midtiply the expression now in the first column, that is 
6a;2— 307, by —3a?; place the product under the expression 
in the second column, and add it to that expression ; thus 
we obtain 12a?* - 18ar* + 9a?*^ ; multiply this by — 3a?, and place 
the product in the third column and subtract. Thus we 
have a remainder in the third column, and the part of 
the root already found is 20?^— 3a?. We must now adjust 
the first and second columns in the manner explained in 
Art. 308. We put twice - 3a?, that is — (^x^ in the first column, 
and add the two lines; thus we obtain 6a;* -9a?, which is 
three times the part of the root ah-eady found. We put 
the square of —3a?, that is 9a?'^, in the second column, and 
add tne last three lines in this column ; thus we obtain 
12a?*— 36a;'+27a?2, which is three times the square of the 
part of the root already found. 

Now divide the remainder in the third column by the 
expression just obtained, and we arrive at 4 for the last 
term of the root, and with this we proceed as before. 
Place this term in the first column, and multiply the 
expression now in the first column, that is 6a?^— 9a?+4, 
by 4 ; place the product under the expression in the 
second column, and add it to that expression; thus we 
obtMn 12a?*-36a?3 + 51a?--36a?+.16; multiply this by 4 
and place the product in the third column and subtract 
As there is now no remainder we conclude that 20?*— 3a?+ 4 
is the required cube root. 

310. The preceding investigation of the cube root of 
an Algebraical expression will suggest a method for the 
extraction of the cube root of any number. 

The cube root of 1000 is 10, the cube root of 1000000 ia 
100, and so on; hence it follows that, the cube root ol 

14—2 
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a nmnber less than 1000 must consist of only one fignrtw 
the cube root of a number between 1000 and 1000000 A 
two places of figures, and so on. If then a point be placed 
over every third figure in any number, beginning with the 
figure in the units' place, the number of points will shew 
the number of figures in t^e cube root Thus, for example^ 
the cube root of 40^224 consists of two figures, and the 
cube root of 1^81 SOOl oonnsts of three figures. 

Suppose the cube root of 274C25 required. 

180+6 10800 274625 (,60 -I- 5 

926 216000 

11725 68626 

68G26' 



Point the number according to the rule ; thus it appean 
that the root must consist of two places of figures. Let 
a-^-b denote the root, where a is the value of the figure m 
the tens' place, and h of that in the units' place. Xhen a 
must be the greatest multiple of ten whidi has its cube 
less than 274000 ; this is found to be 60. Place the cube 
of 60, that is 216000, in the third column under the given 
number and subtract Place three times 60, that is 180, 
in the first column, and three times the square of 60, that 
is 10800, in the second column. Divide the remainaer in 
the third column by the numbor in the second column, 
that is, divide 58625 by 10800; we thus obtain 5, which 
is the value of b. Add 5 to the first column, and multiply 
the sum thus formed by 5, that is, multiply 185 by 5; we 
thus obtain 925, which we place in the second column ana 
add to the number already thera Thus we obtain 11725; 
multiply this by 5, place the product in the third column, 
and subtract The remainder is zero, and therefore 65 is 
the required cube root. 

The cyphers may be .omitted for brevity, and the pro 
cess will stand thus : 

186 108 27462$ (66 

926 216 

11726 68626 

68626 
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311. Bzample. Extract the cube root of 109215362. 



127 



27) 
14 ( 



1418 



48 
889 j 

6689 > 
jl9J 

•627 
11344 

674044 



10§2l£352^478 
64 

45215 



539236S 
5392361 



After obtaining the first two figures of the root, namely 
47, we adjust the first and second columns in the manner 
explained in Art 308. We place twice 7 under the first 
colnmn, and add the two lines, giving 141 ; and we place 
the square of 7 under tlie second column, and add the last 
three lines, giving 6627. Then the operation is continued 
as befor& The cube root is 478. 

In the course of working this example we might have 
imagined that the second figure of the root would be 8 or 
even 9; but on trial it will be found that these numbers 
are too large. As in the case of the square root, we are 
Kable occasionally to try too large a figure, especially at the 
early st^es of the operation. 



312. Example. Kxtract tne cube root of 8653002877. 

605| 1200 665S00S87t^2063 
10) 3025) 8 


6153 


123025^ 653002 
25^ 615125 




126075 37877877 
18459 37877877 



12625959 



In this example the student should notice the oofsaik 
fence of the cypher in the root 
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313. If the root have any namber of decimal places 
the cube will have thrice as many ; and therefore the num- 
ber of decimal places in a decimal number, which is a 
perfect cube, and in its simplest state, will necessarily be a 
multiple of three, and the number of decimal places in the 
cube root will necessarily be a third of that number. Hence 
if the given cube number be a decimal, we place a point 
over the figure in the units* pktce, and over every third 
figure to the right and to the left of it, and proceed as in 
the extraction of the cube root of an integer ; then the 
number of points in the decimal part of the proposed 
number ¥rill indicate the number of decimal places in the 
cube root. 



314. Example. Extract the cube root of 14102*327296 

l4l0S32729d(,24'16 

8 

6102 
6824 



64 

8, 


12 


256 ^ 


721) 
2j 


1456 ► 
16. 


7236 


1728 




7211 




173521 




iJ 




174243 




43416 




17467716 



278327 
173521 

104806296 
104806296 



316. If any number, integral or decimal, has no exact 
cube nwiis we may annex cyphers, and proceed with the 
approximation to the cube root to any desired extent. 



Tlie following is the extraction of the cube root of 4 to 
tour decimal places: 
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213) 
2196 



96) 



22088 



147 
639] 

15339 > 

?] 

16987 
13176| 

1611876[ 
36] 

1625088 
170704 

162685504 



•400., 
343 



(•7368 



57000 
46017 

10983000 
9671256 

1311744000 
1301484032 

10259968 



EZAMPLSS. XXXIL 



2. 4/(8a»6»). 3. ^(-eWlf) 

5. 4/(-a«&^V«). 

216a»^»\ 



. . »// 216fl^»\ 



Fiud the value of 

I. s/(9a*6*). 
4. iHiea'l/'c^). 

Find the square roots of the following expressions: 

II. 16a*+40ai> + 25&«. 12. 49a*-84a2& + 366* 
13. 36^+12;ij3+l. 14. 64a« + 48a6c + 9&»6-». 



25a*-i-20a6 + 4&* 
* 25a' + 20a<; + *c»* 



16. 



9ur*-24a:»-f 16 
4ur^-12a? + 9 * 
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17 a?* + 2a?» + 3a?2 + 2^+l. 18. l-2a: + 5«2-4;r»+4«*. 

19. a?*+6:B' + 25dj" + 4&i:+64. 20. a?*-4;c» + 8x + 4. 

21. l-4;p+10^-12a:' + 9;r*. 

22. 4a?*-4A'*-7ar* + 4j:* + 4. 

23. a^-TMfi + bc^a^-Aa^x+AaK 

24. a?*-2ajr3 + (a« + 262)^-2ad«4r+&* 

26. af^- 12ar" + 60;r* - 160a^ + 240;i;»- 192;c + 64. 

26. af^-^Aaj^-lQi^j^-^Aa^x-^cfi. 

27. l-2^ + 35:*-4j:» + 5a?*-4a?' + 3a^-2;i:'+rf;». 

4^_«_16a^ V 6^ 16j^ 
^®' 9y» z \5yz \ H^« "*" S;?^ 25;8* ' 

Find the fourth roots of the following expressions: 

29. l+4ar + 6j:* + 4iB"+a^. 

30. 16a?*-96«3y + 216a?V-216^+81y*. 

31. l-4^+10ar'-164:'+19ar*--l6^+10;iJ«-4a?^+a?8. 

32. {a?* - 2(a + h)a? + (a' + 4a6 + h^)a^ - 2«6(a + 6)« + a^W\\ 

Find the eighth roots of the following expressions : 

33. a^ + 8a:' + 28j?« + 66a:* -1-700?* + 564:5 + 28a!2+8«+l. 

34. {a?*-2ic3y + 3a:V^-2a:y' + y*}*- 

Find the sqoare roots of the following numbers: 

36. 1156. 36. 2025. 37. 3721. 3a 5184. 

39. 7669. 40. 9801. 41. 16129. 42. 103041 

43. 165649. 44. 3080-26. 45. 41-2164. 

46. '836396. 47. 1622766. 48. 29376400. 
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49. 884524-01. 50. 4981*5.364. 51. 64128064. 

62. -24373969. 53. 144168049. 54. 254076*4836 
55. 3-25513764. 56. 454499761. 

57. -5687573056. 58. 196540602241. 

Extract the square root of each of the following nuni- 
bers to fiye places of decimals : 

59. -9. 60. 6-21. 61. '43. 62. -00852. 

63. 17- 64. 129. 65. 347*259. 66. 14295-387. 

Find the cube roots of the following expressions: 

67. ar3 + 36a:V + 54ary2 + 27y3. 

68. 1728^ + 1728ary + 576^rV + 64^. 

69. a!8-3a?2(a+&)4.34r(a+6)2-(a + 6)». 

70. af^ + ^oT^ -{-Qai^ + nafi-^-Qa^ + Zx-^l. 

71. a^-Zaa/^ + ^a^-Za'^x-a^, 

72. 8a^ + 48ca?»-».60(;2aj*-80c3A-'-90c*;B*+108c»4?-27<^ 

73. l-9ar+39ir»-99^ + 156;r*-144a?» + 64iB«. 
74.1-3:i?+6^-10:r» + 124?*-12;B»+10^-6d:'+3«'-«* 

Find the sixth roots of the following expressions : 

75. l-l-12a?+60.r'+160a:3 + 240;i?*+192a?' + 64a?». 

76. 729iB«- 1458j?»+ 1215a?*- 540a^ + 1350-^- 18a? + 1. 

Find the cube roots of the following numbers: 



77. 


19683. 


7a 


42875. 


79. 157464. 


80. 


226981. 


81. 


681472. 


82. 778688. 


83. 


2628072. 


84. 


3241792. 


85. 54010152. 


86. 


60236-28a 


87. 


191-102976. 


88. -220348864 


89. 


1371330631. 




90. 20910518875. 


91. 


91398648466125. 


92. 5340104393239. 
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XXXIII. Indicsi, 



316. We have defined an index or exponent in Art. 16, 
aad, according to that definition, an index liuas hitherto 
always been a positive whole number. We are now about 
to extend the definition of an index, by explaming the 
meaning of fractional indices and of ne^tive indices. 

317. If m and n (we any pontive whole numbere 
a* X a" = a"*"*"*. 

The truth of this statement has already been shewn 
in Art. 59, but it is convenient to repeat the demonstra- 
tion here. 

€r=axaxax torn factors, by Art. 16, 

a^=axaxax ton factors, by Art. 16; 

therefore 

€rxa*=axaxax,.,xaxaxax .,. to m+n facton 

=a«+", by Art 16. 
In like manner, if p is also a positive whole number, 
a^xa^xoF^ a"** x {^=flr"*'**' ; 
and so on. 

318. If m and n are positive whole numbers, and m 
greater than n, we have by Art 317 

flr-"xa"=flr-""+"=a*; 

a* 
therefore -i;=a'"-". 

This also has been already shewn ; see Art 72. 

319. As fractional indices and negative indices have 
not yet been defined, we are at liberty to give what defini- 
tions we please to them; and it is found convenient to 
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give such definitions to them as will make the important 
relation a"*xa"=a"*'^" always true, whatever m and n 
may be. 

E'er example; required the meaning of a*. 

By supposition we are to hare a^xa^=a^= a. Thus a » 
must be such a number that if it be multiplied by itself 
the result is a; and the square root of a is by definition 

such a number; therefore a^ must be equivalent to the 
square root of a, that is, a^ = ^a. 

Again; required the meaning of a^ 

By supposition we are to have 

i i k i+i+i , 
a xa xa =a =^ar=a. 

Hence, as before, ak must be equivalent to the cube 
root of a, that is a^= i^a. 

Again; required the meaning of a . 

i } I I 
By supposition, a xa^xa xa =a^; 

I 

therefore a = ,ya\ 

These examples would enable the student to under- 
stand what is meafit by any fractional exponent; but we 
will give the definition in general symbols in the next two 
Articles. 

320. Required the meaning qf a* trAere n U any 
positive whole number. 

By supposition, 

- - - ill toams 

a*xa»xa"x ... to n factor8 = a" " • "' =d^==a; 

therefore a" must be equivalent to the n^ root of a, 

1 
that is, «r= ;ya. 
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«i 

321 . Required the meaning qf a" where m and n air4 
any poeitive whole numbers. 

By supposition, 

a*x a*xa* X ... to n foctor8=a" ■ ***" =0"; 

therefore a" most be equivalent to the n^ root of a"*, 

that is, a* = yo*. 

«i 
Hence a* means the n**» root of the m*** power of a\ 
that is, in a fractional index the numerator denotes a power 
and the denominator a root 

322. We have thus assigned a meaning to any positive 
index, whether whole or fractional; it remains to assign a 
meaning to negative indices. 

For example, required the meaning of a"*. 

By supposition, o^ x a"* = a^-' ^a}z=ay 

therefore o~* = -^ = -• • 

a'^ or 

We win now give the definition in general symbols. 

323. Required the meaning of a"'; where n w an^ 
poeitive number whole orfractionaL 

By supposition, whatever m may be, we are to have 

a'"xa-"=a*-". 

Now we may suppose m positive and greater than fi| 
%nd then, by what has gone before, we have 



a"-" 


'xa" 


=a"; and therefore a"-"=Tj. 


Therefore 




a'"x«-=J; 


therefore 




•-4- 
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In order to express this m words we will define the 
word reciprocal. One quantity is said to be the recipra^ 
col of another when the product of the two is equal to 

unity; thus, for example, x is the reciprocal of -• 

Hence a~" is the reciprocal of a*; or we may put this 
result symbolically in any of the following ways, 

a""=i «"=^> a*xa— =1. 
a** a-"' 

324. It will follow from the meaning which has been 
given to a negative index thata"*-»-a"=a'"-»when m is less 
than n, as well as when m is greater than n. For suppose 
t» less than n ; we have 

a* 1 
a" a* * 

Suppose m=n; then a^-^-a* is obviously=l; and 
cr~*=a\ The last symbol has not hitherto received a 
meaning, so that we are at liberty to give it the meaning 
which naturally presents itself; hence we may say that 
a«=l. 

325. In order to form a complete theory of Indices it 
would be necessary to give demonstrations of several pro- 
positions which will be found in the larger Algebra. jBut 
these propositions follow so naturally from the definitions 
and the properties of fractious, that the student will not 
find any difficulty in the simple cases which will come be- 
fore him. We shall therefore refer for the complete theory 
to the larger Algebra, and only give here some examples as 
specimens. 

326. If m and n are positive whole numbers we know 
that («*)■= a""; see Art. 279. Now this result will also 
hold when m and n are not positive whole numbers. For 
example, 

For let (a^)*x^a?; then by raising both sides to the 
fourth power we have a^ =a^i then by raising both sides 
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to the third power we have a=x'*; therefore «<*aA» which 
WM to be shewn. 

327. If n is a positive whole number we know that 
a"x6^=(a&>*. This result will also hold when n is not 

a positive whole number. For example, a' x 6' = (o6)'. 
For if we raise each side to the third power, we obtain in 
each case ab ; so that each side is the cube root of ab. 

In like manner we have 

111 1 

Suppose now that there are m of these quantities 

a, &, c,..., and that all the rest are equal to a; ^us we 

obtain 

1 i_ 

(a^)-=(flr)-; ihatis,(Var=-ya" 

Thus the m^ power of the n^ root of a is equal to the 
ft* root of the mr power of a, 

328. Since a fraction may take different forms without 
any change in its value, we may expect -to be able to give 
different forms to a quantity with a fractional index, with- 
out altering the value of the quantity. Thus, for example, 

2 4 1 A 

since ^ = ^ ^^ ™^7 expect that a^-c^ \ and this is the 

3 D 

case For if we raise each side to the sixth power, we 
obtain a^i that is, each side is the sixth root of <r. 

329. We will now give some examples of AlgebraicaJ 
operations involving fractional and negative exponents. 

Multiply c^h^c^ by c^h^A, 



2 17 3 113 1 2 
3"^2^6' 4 3""12' Z^Z 

therefore a^6^ c^ x a^ b^ c^ = a^b^c 
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Divide «*y* by fl?*y*. 



4 2""4' 3 6 2* 



therefore or f/^'7-x^fr=^ IT* 

Multiply a?+aj*+«"' by a?'+a?"*-# . 



a?*+a?* +1 

Here in the first line a?* x«=a?^*^=a:^, «' xd?*asj^, 
a?* X a?~* =«°= 1 ; and so on. 

Divide 
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Examples. XXXIII. 
Find the Talue of 

I. 9~* 2. 4"*. a (100)~*. 4. (1000)1 5. (81)"^. 

Simplify 

6. (a»)-». 7. («■■)-•. a Ja-*. 9. Ua-\ 

10. a^xa^xa"*. 

Multiply 

II. a!*+j^ by «*-y*. 12. cf-k-ah^-^-lfi by a^-6*. 

13. a:+j?*^ + 2 by a? + a?^-2. 

14. ;r?*+a*+l by a?-*-a:~"+L 

15. a"^+a~* + l by a'*-l. 

16. a^-2 + a"'^ by a^-a"^. 

17. a + a^6* - ar^^ by a + a^h^ + a;^yi 
la a?*-^^ + «*y-y* by x-^-x^^+y. 
Divide 

19. x^-y^ by a^-f^. 20. a-6 by a^-ft*. 

21. 64ir-^ + 27y-' by 4;i?~* + 3y'i 

22. x^—xy^+x^y-y^ by ar^-yi 

23. a^+ah^ + b^ by a^ + aM + fti 

24. a^ + &^-c^ + 2aM by o^ + 6^ + A 

25. a^-Za^a^-^-cfi by ic^-2aM + a. 

26. a?'^-4:»^y^ + 607^2/^ -4:i:*y^+y^ by A'^-2;i:*y^ + y*. 
Find the square roots of the following expressions : 

27. x^-'4 + 4x'K 28. {x + x'^>^-4{x-x-^). 

29. xi~4x^ + 2xi-{-4x-4xi + xK 

30. 4x^ - 12^ + 25 - 24a?~^ + 16a:~*. 
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XXXIV. -Surdg, 

330. When a root of a number cannot be exactly 
obtained it is called an irrational quantity, or a surd. 
Thus, for example, the following are surds; 

V5, ^l -5/4, ^l 4/7. 

And if a root of an algebraical expression cannot be 
denoted without the use of a fractional index, it is also 
called an irrational quantity or a surd. Thus, for ex- 
ample, the following are surds; 

The rules for operations with surds follow from the 
propositions of the preceding Chapter; and the present 
Chapter consists almost entirely of the application of those 
propositions to arithmetical examples. 

331. Numbers or expressions may occur in the form 
of surds, which are not really surds. Thus, for example, 
1^9 is in the form of a surd, but it is not really a surd, for 
»/9 = 3; and ^{a^-^2ab + b^ is in the form of a surd, but 
it is not really a surd, for J[a^ + 2db +i^=a-^b, 

332. It is often convenient to put a rational quantity 
into the form of an assigned surd ; to do this we raise the 
quantity to the power corresponding to the root indicated 
by the surd, and prefix the radical sign. For example, 

3=^/3^-^9; 4=1^43=^64; a=i/a^; a-^b= i/{a + b)\ 

333. The product of a rational quantity and a surd 
may be expressed as an entire surd, by reducing the 
rational quantity to the form of the surd, and then multi- 
plying ; see Art. 327. For example, Z J'2=^9 x J2= ^18; 

24/4= iJ8xj4= 1/32; ajb=^ja^x ^=J{a^), 

334. Conversely, an entire surd may be expressed as 
the product of a rational quantity and a surd, if the root of 
one factor can be extracted. 

T.A. Ifi 
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Foreiample, ^/32= ^/(16x 2)= ^16x^2=4^^ 
J^48=V(8x6)=y8x 4/6 = 24/6; 

335. A sard fraction can be transformed into an 
equivalent expression with the surd part integraL 

For example, 7? = ^ |^ « 7^^ = ^ ; 

y2_ V2x9 _ yi8_4/l8 
'^S" ^3x9"'^ 27" 3 • 

336. Surds which have not the same index can be 
transformed into equivalent surds which have; see Art 327. 

For example, take ^5 and 4/11: V6=6*> i^ll=(ll)*| 
6i=6*= 4/5'= i/125, (ll)i = ll*= 4/(ll)«=4/l21. 

337. We may notice an application of the preceding 
Article. Suppose we wish to know which is the greater, 
J 5 or ^11. When we have reduced them to the same 
index we see that the former is the greater, because 125 is 
greater than 121. 

338. Surds are said to be similar when they have, or 
can be reduced to have, the same irrational foctors. 

Thus 4/v/7 and 61^7 are similar surds; 54/2 and 44/16 
are also similar surds, for 44/16=84/2. 

339. To add or subtract similar surds, add or subtract 
their coefficients, and affix to the result the common 
in-ational factor. 

For example, ^/12 + ^75 - n/48 = 2 ^/3 + 6 J3 - 4 ^3 

= (2 + 6-4)^/3 = 3^3. 

2 73 1 V256 2 V12 1 V64X12 

i^2^4V'9"=3^8 ■^4^^'"2r" 

^2 >yi2 i 44/12^ 24/12 

"32 4 3 3 • 
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340. To multiply simple surds which hare the same 
index, multiply separately the rational factors and the 
irrational factors. 

For example, 3^/2xV3=3^/6; 4^5x7^6=28^/30; 
24^4x3^2 = 64^8 = 6x2 = 12. 

341. To multiply simple surds which have not the same 
index, reduce tiiem to equivalent surds which have the same 
index, and then proceed as before. 

For example, multiply 4 V5 by 2 4^11. 

By Art. 336 J6 = i/125, 4^11=4^121. 

Hence the product is 8 4^(125 x 121), that is, 84/15125. 

342. The multiplication of compound surds is per- 
formed like the multiplication of compound algebraical 
eicpi^ssions. 

For example, (6 1^3 - 5 sJ2) x (2 ^/3 + 3 ^/2) 
= 36 + 18^/6-10^/6-30 = 6 + 8^/6. 

343. Division by a simple surd is performed by a rule 
like that for multiplication by a simple surd; the result 
may be simplified by Art. 335. 

r» 1 « /« . ,o 3n/2 3/2 3/6 V6 

For example, 3 V2-4 n/3= j^ = 4 ^3 = 4 ^9 " 4 ' 

4 /5-2Vll-^N^'^ ^-^^^-^ yi-25_ y i25x(liy 

4^5-^2 Vll-2-T^- 4^121 -^'^121~^'^121x(ll)* 

24/1830125 

" n • 

The student will observe that by the aid of Art. 335 the 
results are put in forms which are more convenient for nu- 
merical application; thus, if we have to find the approxi- 
mate numerical value of 3 1^/2-5-4,^/3, the easiest method i& 
to extract the square root of 6, and divide the result by 4. 

15—2 
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344. The oidj case of diyision by a compound sard 
which is of any importance is that in which the divisor is 
the sum or difference of two quadratic surds, that is, surds 
inyolTuig square roots. The division is praddcsdly effected 
by an important process which is called rationalising ths 
denominator qf a fraction. For example, take the fraction 

4 
- /g . q /Q » ^ ^® multiply both numerator and denoifii- 

nator of this fraction by 6^/2-2^/3, the value of the frac- 
tion is not altered, while its denominator is made rational; 
thus 4 ^ 4(5^2-2 ^/3) 

6^/2+2V3 (5^2 + 2^/3)(6^/2-2V3) 
_ 4(5V2-2V3) _ 10x/2--4V3 
60-12 19 

gj^^ s/3+V2 ^ (^/3+^/2)(2J3 + ^/2) 
™^^'2 3-^/2 (2^3- >/2) (2 ^3+^/2) 
^8+3^/6^8 + 3^/6 
12-2 10 ' 

345. We shall now shew how to find the square root of 
a binomial expression, one of whose tenns is a quadratic 
surd. Suppose, for example, that we require the square 
root of 7 + 4^3. Since Ua-^^y^=a;+y+2j{xp\ it is 
obvious that if we find VBlues of a and y from x+y=:7, 
and 2 s/(«3/) = 4 ,^3, then the square root of 7 + 4 s/3 will be 
»Jx + ^s/y. We may arrange the whole process thus : 

Suppose n/(7+ 4 ^/3)= ^/^ + ^/y; 

square, 7+4,y3=a? + y+2^(ary). 

Assume a?+y=7, then2^(ajy)=4,^3; 
square, and subtract, {x + yY — 4^ = 49 — 48 = 1, 
that is, {x-yf= 1, therefore x-y^l. 

Since a; t-y=7 and j?-y = l, wehavea?=4, y = 3| 
therefore ^{1 + 4 ^/3) = >/4 + ^3 = 2 + V3b 

Similarly, is/(7 -4 J3)= 2 - V3. 
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Examples. XXXIV. 

Simplify 

1. 3 ^/55 44^8-/^32. 2. 2^4 +6^(32- 4/ 1©8 

3. 2^3 + 3^/(li)-V(6i). 4. Jg"^' 
Multiply 

6. s/5+>/(li)-;^by^3. 

^- y^-y^6^^2^y^^ 

7. l>^/3-^/2by ^/6- ,^2. 
a ^/3+^/2by-i3+-^. 

Rationalise the denominators of the following fractions 

^" 2^r:j2' '"• ^/3-^/2' 

,, 2^/6+ ^/3 ,„ 2V3 + 3V2 

"• 3V6 + 2J3' 3^/3-2^/5 

Extract the square root of 

13. 14 + 6V6. 14. 16-6^/7. 15. 8 + 4^^ 

16. 4-^/16. 
Simplify 

17. -fF^^—iKTs' 18. ^ 



;/(5T;724)- *''• >/(7-4^3)' 

*W. -^/^it^^.^^). 20. V(SW5>V(8-V«^ 

1 + */o 
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346. Ratio is the relation which one quantity bean 
to another with respect to magnitude, the comparison 
being made by considering what multiple, part, or parts, 
the first is of the second. 

Thus, for example, in comparing 6 with 3, we observe 
that 6 has a certain magnitude with respect to 3, which 
it contains twice ; again, in comparing 6 with 2, we see that 
6 has now a different relative magnitude, for it contains 
2 three times; or 6 is greater when compared with 2 than 
it is when compared with 3. 

347. The ratio of a to & is usually expressed by two 
points placed between them, thus, a : 6 ; and the former is 
called the antecedent of the ratio, and the latter the cotise- 
guent of the ratio. 

348. A ratio is measured by the fraction which has for 
its numerator the antecedent of the ratio, and for its 
denominator the consequent of the ratio. Thus the ratio 

of a to & is measured by ^ ,* then for shortness we may 
say that the ratio of a to 6 is equal to t or is r . 

349. Hence we may say that the ratio of a to 6 is equal 

to the ratio of c to (1 when r = 3 . 
a 

350. jythe terms qfa ratio be multiplied or divided 
by the sama qitantity the ratio if not altered. 

361. We compare two or more ratios by reducing 
tn6 fractions which measure these ratios to a common 
denominator. Thus, suppose one ratio to be that of a to ^ 
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and another ratio to be that ofeiodi then the first ratio 

r = r-jj and the second ratio -^ = 7-,. 
h bd' a ha 

Hence the first ratio is greater than, equal to, or less 
than the second ratio, according as ad is^ greater than, 
equal to, or less than he, 

352. A ratio is called a ratio of greater inequality, of 
les9 inequality, or of equality, according as the antecedent 
is greater than, less than, or eqiud to the consequent. 

353. A ratio of gre€Uer inequality is diminished, 
and a rcUio of less inequality is increased, hy adding 
any number to both terms qfthe ratio. 

Let the ratio be , , and let a new ratio be formed by 
adding x to both terms of the original ratio; then r 

is greater or less than ^, according as &(a+;p) is greater or 

less than a{bA-x)\ that is, according as bx is greater or less 
than ax, that is, according as & is greater or less than a, 

354. A ratio of greater inequality is increased, and 
a ratio of less inequality is diminished, by taking from 
both terms qf the ratio any number which is less than 
each qf those terms. 

Let the ratio be t , and let a new ratio be formed by 
taking x from both terms of the original ratio; then ^— - 

ia greater or less than , , according as 6(a— a?) is greater 

or less than a{b-'X); that is, according Si» bx is less or 
greater than ax, that is, according as 6 is less or greater 
than a. 

365. If the antecedents of any ratios be niulliplied 
together, and also the consequents, a new ratio is obtained 
wmch is said to be compounded of the former ratios. Thus 
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tho ratio acibdiB said to be compounded of the two ratioc 
a : 6addc : cL 

When the ratio a : b is compounded with itself the 
resulting ratio is a^ : (^ ; this ratio is sometimes CEdled the 
duplicate ratio of a : b. And the ratio o^ : ^ is sometimes 
called the triplicate ratio of a : & 

356. The following is a very important theorem con- 
cemmg equal ration 

Suppose that ^ =^= ^, then each of these ratios 

where />, q^ r, n are any numbers whatever. 

For let A;= £ = 3 = - ; then 
a J 

1^=a^ kd=c, kf=^€\ 

therefore p(Jd}Y-\-q{kdf+r{Jiff=pc^-^-q<f'-\-r^\ 

The same mode of demonstration may be applied, and 
a similar result obtained when there are more than three 
ratios given equal 

As a particular example we may suppose n= 1, then we 
see that if t = j = 7» ^^ch of these ratios is equal to 

^ — ^ >; and then as a special case we may suppose 

p^q^r, so that each of the given equal ratios is equal tc 

& + «?+/• 
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Examples. XXXV. 

1. Find the latio of fourteen shillings to three guineas. 

2. Arrange the following ratios in the order of magni' 
tnde; 3 : 4, 7 : 12, 8 : 9, 2 : 3, 5 : 8. 

3. Find the ratio compounded of 4 : 15 and 25 : 36. 

4. Two numbers are in the ratio of 2 to 3, and if 7 be 
added to each the ratio is tliat of 3 to 4: find the numbers. 

5. Two numbers are in the ratio of 4 to 5, and if 6 be 
taken from each the ratio is that of 3 to 4 : find the numbers. 

6. Two numbers ai*e in the ratio of 5 to 8; if 8 be 
added to the less number, and 5 taken from the greater 
number, the ratio is that of 28 to 27 : find the numbers. 

7. Find the number which added to each term of the 
ratio 5 : 3 makes it three-fonrths of what it would have be- 
come if the same number had been taken from each term. 

8. Find two numbers in the ratio of 2 to 3, such that 
their difiference has to the difierence of their squares the 
ratio of 1 to 25. 

9. Find two numbers in the ratio of 3 to 4, such that 
their sum has to the sum of their squares the ratio of 
7 to 60. 

10. Find two numbers in the ratio of '5 to 6, such that 
their simi has to the difierence of their squares the ratio ot 
1 to7- 

11. Find X so that the ratio x : 1 may be the duplicate 
of the ratio 8 : x. 

12. Find x so that the ratio a—xih-x may be the 
duplicate of the ratio a : b. 

13. A person has 200 coins consisting of guineas, half- 
sovereigns, and half-crowns; the sums of money in guineas, 
half-sovereigns, and half-crowns are as 14 : 8 : 3; find 
the numbers of the different coins. 

14. If b-a :b+a=4a-b : 6a -6, find a :b. 

16. If — =■ = £ — = ,then^+w+«=a 

a-6 0-c c-^a* 
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XXXVL Proportion. 

357. Four numbers are said to be proportional when 
the first is the same moltipley part, or parts of the seoond 

as the third is of the fourth; that is when £ = ^ the four 

a 

nomben a,b,e,dare called proportionals. This is usnally 

expressed by saying that aisto&as<;istoe/; and it is 

represented thus a:b ::e :d, or thus a : b=c : d. 

The terms a and d are called the extremes^ and b and e 
the means. 

35& Thus when two ratios are equsd, the four numbers 
which form the ratios are called proportionals ; and the pre- 
sent Chapter is devoted to the subject of two equal ratios. 

359. When four numberi are proportionals the pro^ 
duct qfthe extremes is eqtud to the product qfthe means. 

Let OfbfCfdhe proportionals ; 

., a c 

ttum -j = ^; 

multiply by bd; thus ad=bc. 

If any three terms in a proportion are given, the fourth 
may be aetermined from the relation ad=bc. 

If b=c we have ad=b^; that iB,if t?ie first be to the 
second as the second is to the third, the product qf the 
extremes is equai to the square qfthe mean. 

When a:b'.:b:d then a, b, d are said to be in con- 
tinued proportion; and b is called the m,ean proportional 
between a and d 

• 360. ff the product qf troo numbers be equal to the 
product qf tv)o others, the four are proportionals, the 
terms qf either product being taken for the means, and 
the terms of the other product for the extremes. 

For \^ixy=db\ divide by ay, thus - = ; 

or x:a::b:y (Art. 357X 



PROPORTION. 233 

961. liaih v.cid, and c\d \\€\f^ then a\h \\t\f. 
For T = ^, and ^ = 7 5 therefore r = p; 
or a : 6 :: « :/. 

362. If four number 9 he proportioncUs, they are prO' 
portionals when taken inversely; that is, ii a '.h we :dy 
then b \ a V, d : c. 

For j.--j\ divide unity by each of these equals; 

thus - = - ; or ft : a :: rf : ft 
a e 

363. If four numbers be proportionals, they are pro- 
portionals when taken alternately; that \&,\i aib ::c:d^ 
then a : cv,b '.d 

For I = ^ ; multiply by ^ ; thus ^ = 5 ; 
or a : c :: 6 : ^. 

364. ff four numbers are proportionals, the first 
together with the second is to the second as the third 
together with the fourth is to the fourth; that is 
\fa\b'.',c:d, then a-^b:b'.:c -^d : d. 

For r- ^'i add unity to these equals; thus 

i- + 1 = -% + 1, that IS -^- = --J- ; or a + 6 >ft :: tf + rf : (f. 
a o a 

365. Also the excess qf the first above the second is to 
the second as the excess of the third above the fourth is to 
the fourth. 

For j^ = 2* '^u^^i'act unity from these equals; thus 

J — 1 = ^ - 1, that IS — ^ = —J- or a—0 :b :: e—a : d, 
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S6e. AUo ihejirgt is Co the exceu qf the first above Hu 
second as the third is to the excess qf the third above the 
fourth. 

By the lafit Article^* = ^^ ; also t = ^ ; 
b d ' b d 

., - a—b b c—d d a—b c~d 

therefore — ,- x - = — t" x - , or = — - , 

bade a c * 

or a—b : a :: e—d : e; therefore a : a-b :: c : c-d. 

367. Wheftifour numbers are proportionals^ the sum 
qf the first and second is to their difference as the sum 
qf the third and fourth is to their difference; that is, if 
a \b w z \ d^ then a+& : a—b :: c-t-d : c—d 

By Arts. 364 and 365^=^, and ^ = ^'^; 
•^ b d b d 

., . a + b a—b c + d c-d ^, . . a+b e+d 
therefore —7— -5- — r— « — j- -t- —1- , that is — = = — ^, 
b b d d ^ a-b c-d 

or a+6 : a—b ::c+d : c-d, 

368. It is obvious from the preceding Articles that if 
four numbers are proportionals we can deriye from them 
many other proportions; see also Ait. 356. 

369. In the definition of Pi*oportion it is supposed that 
we can determine what multiple or what part one quantity 
is of another quantity of the same kind. But we cannot 
always do this exactly. For example, if the side of a 
square is one inch long the length of the diagonal is de- 
noted by J 2 inches ; but ^/2 canifot be exactly found, so 
that the ratio of the length of the diagonal of a square 
to the length of a side cannot be exactly expressed by 
numbers. Two quantities are called incommensurable 
when the ratio of one to the other cannot be exactly ex- 
pressed by numbers. 

The student's acquaintance with Arithmetic will sug- 
gest to him that if two quantities are really incommeu- 
surable still we may be able to express the ratio of one to 
the other by numbers as nearly as we please. For example, 
we can find two mixed numbers, one less than J2, and the 
other ^ater than V2, and one differing from the other bj 
Ml smill a fraction as we please. 
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S70. We will give one proposition with respect to th« 
comparison of two inconnnensorable quantities. 

Let X and y denote two quantities; and suppose it 
known that however ^eat an integer q may be we can find 
another integer p such that both x and y lie between 

- and : then x and y are equal. 

q q 

For the difference between x and y cannot be so great 

as ' ; and by taking q large enough - can be made less 

than any assigned quantity whatever. But if x and y were 
unequal their difference could not be made less than any 
assigned quantity whatever. Therefore x and y must bo 
equal. 

371. It will be useful to compare the definition of pro^ 
portion which has been used in this Chapter with that 
which is given in the fifth book of Euclid. Euclid's defini- 
tion may be stated thus: four quantities are proportionals 
when if any equimultiples be taken of the first and tibe 
third, and also any equimultiples of the second and the 
fouHh, the multiple of the third is gi*eater than, equal to, 
or less than, the multiple of the fourth, according as the 
multiple of the first is greater than, equal to, or less than 
the multiple of the second. 

372. We will first shew that if four quantities satisfy 
the algebraical definition of proportion, they will also 
satisfy Euclid s. 

For suppose that a : h :: c : d; then T = ;/ '» therefore 

^ = ^, whatever numbers p and q may be. Hence pc is 

greater than, equal to, or less than qd, according as pa is 
greater than, equal to, or less than qb. That is, the four 
quantities a, 5, c, d satisfy Euclid's definition of proportion. 

373. We shall next shew that if four quantities satisfy 
Euclid's definition of proportion they will also satisfy the 
algebraical definition. 

For suppose that a, b, c, d are four quantities such thai 
whatever numbers p and q may be, jm; is greater than, 
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equal tQ» or less than qd, according as pa is greater thftx^ 
equal to, or less than qh. 

First suppose that c and d are commensurable; take 
p and q such that pc=qd\ then by hypothesis pa=qh: thus 

^ = 1 = ^; therefore ? - t. Therefore a : & :: c : ^. 
90 ga d 

Next suppose that <; and d are incommensurable. 
Then we cannot find whole numbers p and g, such that 
pc=qd. But we may take any multiple whatever of 6^ as 
qd, and this will lie between two consecutive multiples of c, 

say between pc and {p+l)c. Thus ~j is less than unity, 
and ■ ,^ is greater than unity. Hence, by hypothesis, 
^ is less than unity, and ^^ , is greater than unity. 
Thus ^ and ^ are both greater than - , and both less than 

n-u 1 

- — . And since this is true however great p and q may 

be, we infer that . and ^ cannot be unequal; that is, they 

must be equal: see Art 370. Therefore a : b :: c : d. 

That is, the four quantities a, 6, c, d satisfy the alge- 
braical definition of proportion. 

374. It is usually stated that the Algebraical definition 
of proportion caimot be used in Geometry because there is 
no method of representing geometrically the result of the 
operation of division. Straight lines can be represented 
geometrically, but not the abstract number which expresses 
how often one straight line is contained in another. But it 
should be observed that Euclid's definition is rigorous and 
applicable to incommensurable as well as to commensur- 
dm quantities ; while the Algebraical definition is, strictly 
speaking, confined to the latter. Hence this consideration 
alone would furnish a sufficient reason for the definition 
adopted by £uclid. 



EXAMPLES. XXXVL 



Examples. XXXVL 
Find the value of x in each of the following propor 

tiODS. 

I. 4 : 7 :: 8 : a?. 2. 3 : 7 :: a? : 42. 
3. 5 : ^p :: ^ : 45. 4 4? : 9 :: 16 : 4^ 

5. a?+4 : a? + 2 :: X'\-S : a;+.5. 

6. ^ + 4 : 2ay+8 ;: 2a?-l : 3^ + 2. 

7. 3^+2 : a? + 7 :: 9a?- 2 : 6ii?+8. 

8. ^+a?+l :62(a; + l)::«2_^+l .g3(^_l)^ 

9. ax-^h ihx+a'.xmx'^n :nx-¥m, 

10. Iipq=rSf and qt=:8u, then p : r ::t lu. 

II. If a : 6 :: c : rf, and a' : 6' :: </ : cT, then 
aa' :W::c(f : rfc?' and oft' : o^ :: cd' : dd. 

12. If a :6 ::&:<?, then (a2+6^(6*+6*)=(a6 + 6c)«. 

13. There are three numbers in continued proportion; 
the middle number is 60, and the sum of the others is 125: 
find the numbers. 

14. Find three numbers in continued proportion, such 
that their sum may be 19, and the simi of their squares 
133. 

\i a \h w c \ dy shew that the following relations are 
true. 



15. a(c + ef)=c(a4-6). 16. aJ{i^+d^=e»J{a^+V^ 
(a-i-c)(o« + cg) _ (6+(^)(y-t-<^ ) 
(a-c)(a^-c2) "" (6-rf)(&2-d2)' 

pa^ + gab + r&^ pc^ + qcd ■\- rd^ 
Id^ + mab + nt>^~ Ic^ + mcd f nd^ 



17. 
18. 



*^* a ^h" Zc'^ Ad~ ad \ A. 3 2"*'^r 
SO. a :h \: ^'ima^+nc') : ,tf(pibf-\-nd'y 
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XXXVIL VariatioH. 

375. The ptesont Chapter consists of a series of pro 
positions connected with the definitions of ratio and pro- 
poi*tion stated in a new phraseology which is convenient 
for some purposes. - 

376. One quantity is said to vary directly as another 
when the two quantities depend on each other, and in such 
a manner that if one be changed the other is changed in 
the same proportion. 

Sometimes for shortness we omit the word directly, 
and say simply that one quantity varies as another. 

377. Thus, for example, if the altitude of a triangle be 

invariable, the area varies as the base ; for if the base be 

increased or diminished, we know from Euclid that the 

area is increased or diminished in the same proportion. 

We may express this res^i-lt with Algebraical symbols thus ; 

let A and a be numbers which represent the areas of two 

triangles having a common altitude, and let B and b be 

numbers which represent the bases of these triangles re- 

A B 
spectively ; then — = t- . And from this we deduce 

A a 

"^ = T 1 by Art 363. If there be a third triangle having the 

Bo 

same altitude as the two already considered, then the ratio 

of the number which represents its area to the number wliich 

represents its base will also be equal to t. Put i=^ 

then n=wi, and A=mB, Here A may represent the 

B 
area of any one of a series of triangles which have a com- 
mon altitude, and B the corresponding base, and m re- 
mains constant. Hence the statement that the area varies 
as the base may also be expressed thus, the area has a 
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oonstant ratio to the base; by which we mean that the 
number which represents the area bears a constant ratio 
to the number which represents the base. 

These remarks are intended to explain the notation and 
phraseology which are used in the present Chapter. When 
we say that A varies as B^ we mean that A represents the 
numerical value of any one of a certain series of quantities, 
and B the numerical value of tho coiTcsponding quantity 
in a certain oth^r series, and that A=mBj where m is 
some number which remains constant for every correspond- 
ing pair of quantities. 

It will be convenient to ^ive a formal demonstration 
of the relation A=mBy deduced from the definition in 
Art 376. 

378. ^ A vary as B, t/ie7i A is equal to B miUtiplied 
by some constant number. 

Let a and b denote one pair of corresponding values of 
the two quantities, and let A and B denote any other pair ; 

then — = i-,by definition. Hence A=^B=mB, where 
aft'"' 6 

a 



m is equal to the constant ^ . 



379. The symbol x is used to express variation ; thus 
A cc B stands for A varies as B, 

380. One quantity is said to vary inversely as another, 
when the first varies as the reciprocal of the second. See 
Art. 323. 

Or if -4 = -^ , where m is constant, A is said to vai7 
inversely as B. 

381. One quantity is said to vary as two others jbm//y, 
when, if the former is changed in any manner, the product 
of the other two is changed in the same proportion. ^ 

Or if ^ = mBG, where m is constant, A is said to vary 
fuintly as B and C, 

9.JL 'fi 
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382. One quantity is said to vary directly as a second 
and invertdy as a third, when it varies jointly as the 
■eoond and ti^e reciprocal of the third. 

mR 
Or if ^ = -TT I where m is constant^ A is said to vary 

directly as B and inversely as C. 

383. IfiL tt B, and B x C, <A^ A ac C. 

For let^=m^, and B—nC^ where. m and n are con- 
stants; then A = fnnC; and, as mnis constant, A cc O. 

384. //* A X C, an(]f B xC, then A^B x C, and 
V(AB) X C. 

For let A =mC, and B=nC, where m and n are con- 
stants; itienA^B={m^n)C; therefore -4 J«^ x C. 

Also JiAB)=*J(fnnC^)=C^imn); therefore J{AB) xCL 

385. ^ A X BC, then B x ^, awe/ C x 4- 

For let -4 =w5(7, then ^ = - ^ ; therefore ^ x 4 • 
Similarly, C cc ^. 

386. j|[/* A X B, awrf C x D, then AC x BD. 

For let A = mB, and C^nD; then AC=fnnBI>; 
therefore ^C x .fii). 

Similarly, U AccB, and CccD, and j^x^ then 
ACEcc BDF; and so or 

387. -(/"A X B, then A" x B*. 

For let A =mB, then A''=mrB*; therefore A* « -fl*. 
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388. If kac B, then AP « BP, where P i» amy 
quantity variable or invatiable. 

Forlet-4=m5,theii-4P=m^P;ttiei-efore-4P« BP, 

389. If Alcc B when C is invariable^ and AccO when 
B is invariable, then Aqc BC when both B and are 
variable. 

The variation of A depends on the variations of the 
two quantities B and C; let the variations of the latter 
quantities take place separately. When B is changed to b 

let A be changed to a' ; then, by supposition, ^ ^ T * 

Now let G be changed to c, and in consequence let of be 

changed to a ; then, by supposition, - = - . Therefore 

A a' B C ., ^. A BC ., ^ . „^ 
-7 X — = ^ X - ; that IS, — = -rr— \ thoreforo A oc BG, 
a a b c ^ a be * 

A very good example of this proposition is furnished in 
Geometry, It can be shewn that the area of a triangle 
varies as the base when the height is invariable, and that 
the area varies as the height when the base is invariable. 
Hence when both the base and the height vary, the area 
varies as the product of the numbers wmch represent the 
base and the height. 

Other examples of this i)roposition are supplied by the 
questions which occur in Arithmetic under the head of the 
Double Eule of Three. For instance su{)pose that the 
quantity of a work which can be accomplished varies as 
the number of workmen when the time is given, and varies 
as the time when the number of workmen is given ; then 
the quantity of the work will vary as the product of the 
number of workmen and the time when botn vary. 

390. In the same manner, if there be any number o( * 
quantities B, G, />, ...each of which varies as another 
quantity A when the rest are constant^ when they all varj 
A varies as their product 



16— « 
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Examples. XXXVII. 

1. A Taries as B, and A=2 when ^=1; find the 
Talue of A when /? = 2. 

2. If -4* + JB* varies as A*-B^, shew that -4 + J5 
varies as A^B, 

3. 3-4 + 5^ varies as 5-4 + 3i5, and -4 = 5 when B=2 ; 
find the ratio A : -fi. 

4. A varies as n^S + C; and -4=4 when /? = 1, and 
C-2; and -4=7 when ^ = 2, and (7=3: find n. 

5. -4 varies as B and (7 jointly; and -4 = 1 when 
-S= 1, and C= 1 : find the value of A when -5 = 2 and (7=2. 

6. -4 varies as B and (7 jointly ; and -4 = 8 when 
-5=2, and (7=2: find the value of -5(7 when -4 = 10. 

7. -4 varies as B and (7 jointly; and -4 = 12 when 
5=2, and (7=3: find the value of -4 : -5 when (7=4. 

8. A varies as -5 and C jointly ; and A = a when 
5=6, and C-c: find the value of A when B = h- and 
(7=tf». 

9. -4 varies as 5 directly and as C inversely ; and A^a 
when -5=&, and C-c: find the value of A when -5=c and 
(7=&. 

10. The expenses of a Charitable Institution are partly 
instant, and partly vary as the number of inmates. 
When the inmates are 960 and 3000 the expenses are ro- 
jpectively £l\2 and ^180. Find the expenses for 1000 
inmates. 

11. The wages of 5 men for 7 weeks being £17. 10*. 
5nd how many men can be hired to work 4 weefc for £30. 

12. If the cost of making an embankment vary as the 
ength if the area of the transverse section and height be 
constant, as the height if the area of the transverse section 
ind length be constant, and as the area of the transverse 
section if the length and height be constant, and an em- 
bankment 1 mile long, 10 feet high, and 12 feet broad cost 
j£9600 find the cost of an embankment half a mile long^ 
16 feet high, and 15 feet broad. 
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XXXVIII. Arithmetical Progression. 

391. QuantitieB are said to be in Arithmetical Pro- 
gression when they increase or decroase by a common dif- 
ference. 

Thus the following series are in Arithmetical Pro- 
gression, 

2,6,8,11,14, 

20, 18, 16, 14, 12, 

a, a + 6, a + 2&, a4-3&, a+4& 

The common difference is found by subtracting any 
term from that which immediately follows it. In the first 
series the common difference is 3 ; in the second series it is 
-2; in the third series it is h. 

392. Let a denote the first term of an Arithmetical 
Progression, h the common difference; then the second 
term is « + &, the third term is a +26, the fourth term is 
a+ 36, and so on. Thus the n^ term is a -t (» - 1) 6. 

393. To find the sum of a given nuinber of terms of 
an Arithmetical Progression, the first term and the eomr 
mon difference being supposed known. 

Let a denote the first term, h the common difference, n 
the number of terms, I the last term, s tiie sum of the 
terms. Then 

«=a+(a + 6) + (a4-26) + +/L 

And, by writing the series in the reverse order, we have 
also 

s = U{l-'b) + (f-2h) + +0. 

Therefore, by addition, 

25=(^+a) + (^+a) + to n terms 

= n(l-^-a)\ 

ttierefore *=|(/ + «) (IX 
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Also /=a+(n-l)6 (2), 

thw *=|{2a+(n-l)ft} (3). 

The equation (3) gives the value of « in terms of tlie 
qnantities which were supposed known. Equation (1) also 
gives a convenient expression for «, and furnishes the 
following rule: the ium of any number qf terms in 
AriikmeticcU Progreseion is equal to the product of the 
number qf the termt into haJf the sum <ff ^he first and 
last terms. 

We shall now apply tlie equations in the present Article 
to solve some examples relating to AriUunetical Pro- 
gression. 

394. Find the sum of 20 terms of the series 1, 2, 3, 4,... 

Here a=l, &=l, n=20; therefore 

20 
#=^(2+19)= 10x21 = 210. 

395. Find the sum of 20 terms of the series, 1, 3, ff, 7,... 

Here a=l, 6=2, n = 20; therefore, 

20 20 

*=~ (2+19x2)= 2-x40=(20)«=400. 

396. Find the sum of 12 terms of the series 20, 18» 1^..« 
Here a =20, 6— —2, n = 12; therefore 

,= ^(40-2 xll)=6(40-22) = 6x 18=168. 

897. Fmd the sum of 8 terms of the series ,4,^,7 . i... 

12* 6' 4 1*^ 

Herea=^ — , 5 = — ,n=8; therefore 

1^ 12 



- 8/2 ^ 7\ ^ 9 „ 
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398. How many terms must be taken of the serioi 
15, 12, 9,... that the sum may be 42 ? 

Here *=42, a =16, 6 =—3; therefore 

42=|(30-3(n-l)}=|(33-3«> 

We have to find n from this quadratic equation ; by 
solTing it we shall obtain n=4 or 7. The series is 15, 1^ 
9, 6, 3, 0,-3, ; and thus it will be found that we ob- 
tain 42 as the sum of the first 4 terms, or as the sum of the 
first 7 terms. 

399. Insert fiye Arithmetical means between 11 and 
23. 

Here we have to obtain an Arithmetical Progression 
consisting of seoen terras, beginning with 11 and ending 
with 23. Thus a=ll, /=23, n=7 ; therefore by equation 
(2) of Art 393, 

23 = 11 + 66, 

therefore 6=2. 

Thus the whole series is 11, 13, 15, 17, 19, 21, 23. 

Examples. XXXVIIL 

Sum the following series ; 

1. 100,101,102, to 9 terms. 

2. 1, 2J, 4, to 10 terms. 

3. 1, 2J,4J, to 9 terms. 

4. 2, 3f, 5i, to 12 terms. 

2 5 

5. -, _, 1, to 18 terms. 

D 

1 '^ 11 

6. 2* -3, -g^, to 16 terras. 

7. Insert 3 Arithmetical means between 12 and 901 

8. Insert 6 Arithmetical means between 14 and 10. 
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9. Iiisert 7 Arithmetical means between 8 and —4 

10. InBert S Arithmetical means between — 1 and t 

11. The first term of an Arithmetical Progression u 
13, the second term is 11, the sum is 40: find the number 
of terms. 

12. Tlie first tenn of an Arithmetical Progression is 
6, and the fifth term is 11 : find the sum of 8 terms. 

13. The sum of four terms in Arithmetical Progression 
is 44, and tiie last term is 17 : find the terms. 

14. Tlie sum of three numbers in Arithmetical Pro- 
gression is 21, and the sum of their squxires is 155 : find the 
numbers. 

15. The sum of five numbers in Arithmetical Progres- 
sion is 15, and the sum of their squares is 55: find the 
numbers. 

16. The seventh term of an Arithmetical Progression 
is 12, and the twelfth term is 7; the sum of the series is 
171 : find the number of terms. 

17. A traveller has a journey of 140 miles to perform 
He goes -26 miles the first day, 24 the second, 22 the 
third, and so on. In how many days does he perform the 
journey 1 

18. A sets out from a place and travels 2^ miles au 
hour. B sets out 3 hours after A, and travels in the 
same direction, 3 miles the first hour, 3^ miles the second, 
4 miles the third, and so on. In how many hours will B 
overtake A ? 

19. The sum of three numbers in Arithmetical Pro- 
gression is 12 ; and the sum of their squares is 66 : find 
the numbers. 

20. If the sum of n terms of an Arithmetical Pro- 
fession is always equal to n\ find the first term and the 
wmmon differencei 
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XXXIX Geometrical Progresnan. 

400. Quantities are said to be in Geometrical Pro- 
gression when each is equal to the product of the i>reoediiiff 
and some constant factor. The constant factor is called 
the common ratio of the series, or more shortly, the ratio. 

Thus the following series are in Geometrical Progre»- 
■ion. 

1, 3, 9, 27, 81, 

1 1 1 J_ 

^' 2' 4' 8' 16' 

a, ar, ar^, ar^, at^, 

The common ratio is found by dividing any term by 
that which immediately precedes it. In the first example 

the common ratio is 3, in the second it is - , in the third 

it is r. 

401. Let a denote the first term of a Geometrical Pro- 
gression, r the common ratio; then the second term is ar, 
the third term is ar^y the fourth term is aH, and so on. 
Thus the «*** term is ar^'K 

402. To find the gum qfa given number qf terms of a 
Geometrical Progression, the first term and the common 
ratio being supposed known. 

Let a denote the first term, r the common ratio, n the 
number of terms, s the sum of the terms. Then 

therefore sr=ar-\- ar^ + ar^ + . . . + ar^'^ + a»*. 

Therefore^ by subtraction, 

sr—s^ar*—a, 

tbereforo '=^^7^^ (^X 
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If / denote the last term we hare 

l=af*^^ (2X 

therefore *= -~r C3). 

Equation (1) gives the value of # in terms of thi 
quantities which were supposed known. Equation (3) is 
sometinies a convenient form. 

We shall now apply these equations to solve some ex- 
amples relating to Geometrical Progression. 

403. Find the sum of 6 terms of tlie series 1, 3, 9, 27,. . 
Here a=l, r=3, n=6; therefore 

3«-l 729-1 ^^^ 

•=33r=-3:T=^^^ 

404. Find the sam of 6 terms of the serlefl 1, — 3^ 
P, -27.... 

Here a= 1, r= — 3, n=6 ; therefore 
(-Sy-l 729-1 
'- _3-l - -4 =-^»2. 

406. Find the sum of 8 terms of the series 4, 2, 1, -,... 

Herea=4, r=-, n=8; therefore 

^V^'V '^V""2«y _255 2^255 
'" 1_ ■ ,1 64 ^1" 32* 

2 2 

406. Find the sum of 7 terms of the series, 8, — ^ 

«, -1. \, ••• 

Here o=8, »""--o» w = 7; therefore 
,_ H(-iy-'} _ K-i|8-0 _l29„2_^ 

• 1 ' r~^- 16 ''a-s' 
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407. Insert three Oeometrical means between 2 and 
88. 

Here we hare to obtain a Geometrical Precession 
consisting of five terms, beginning with 2 and ending with 
32. Thus a =2, /=32, n=6; therefore, by equation (2) 
of Art 402, 

32 = 2r«, 
that is r*=16=2*; 

therefore r=2. 

Thus the whole series is 2, 4, 8, 16» 32. 

408. We may write the value of t, given in Art 402, 
thus 

, g(l~r») 

Now suppose that r is less than unity; then the larger 
n is, the smaller will r" be, and by taking n large enough 
r" can be made as small as we pleasa If we neglect r" 
we obtain 

a 

and we may enunciate the result thus. In a Geometrical 
Progression in which the common ratio is numerically 
less than unity, by taking a sufficient number of terms 
the sum can be made to differ as little as tee please 

from ^. 

409. For example, take the series 1, ^i , - , - , ... 

^ 4 o 

Here a=l, r= - ; therefore -=—— =2. Thus by taking 

a sufficient number of terms the sum can be made to differ 
as little as wo please from 2. In fact if we take four 

terms the sum is 2--, if we take five terms the sum is 

o 

2-— , if we take six terms the smn is 2-- — , and so on. 

The result is sometimes expressed tlius for. shortness, 
the sum of an infinite number qf terms qfthis series is 
2; or tJius, the sum to infinity is 2. 
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410. Recurring decimals are examples of what are 
cdled infinite Geometrical Progression. Thus for example 

«M2424... denote. 1 + ?i + g + ^ + ... 

3 
Here the terms after — form a Geometrical Prpgret- 

24 
sion, of which the first term is y^, and the common ratio 

if --|. Hence we may say that the sum of an infinite 

24 / 1 \ 
number of terms of this series ^ jp -^ f 1 -752} » ^^* ** 

•— . Therefore the ralue of the recurring decimal is 

990 

1 24 

10'*"990' 

The value of the recurring decimal may be found prac- 
tically thus: 

Let «= -32424...; 

then 10 «= 3-2424..., 

and 1000*= 324-2424... 

Hence, by subtraction, (1000- 10)* =324 -3 =321 ; 
321 
therefore '^990' 

And any other example may be treated in a similar 
manner. 



Examples. XXXIX. 

Sum the following series : 

1. 1,4,16, to 6 terms. 

2. 9, 3, 1, to 6 terms. 

K. 25, 10, 4, to 4 terms 

4. 1, s/2, 2, 2^2, ... to 12 terma 
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«• g» 4> g» to eterma 

2 3 

6. 3» -1»2' toTtcrnuL 

7. I, -^, g, to infinity. 

1 1 

8. 1, J, jg, to infinity. 

9. 1,-^, J, to infinity. 

2 

10. 6, -2, -, to infinity. 

Find the value of the following recorring decimals : 

11. -161615... 12. 123123123... 
13. -4282828... 14. '28131313... 

15. Insert 3 Geometrical means between 1 and 256. 

16. Insert 4 Geometrical means between 5^ and 40^. 

17. Insert 4 Geometric^ means between 3 and -729. 

18. The sum of three terms in Geometrical Progression 
Is 63, and the difference of the first and third terms is 45: 
find the terms. 

19. The smn of the first four terms of a Geometrical 
Progression is 40, and the sum of the first eight terms is 
3280 : find the Progression. 

20. The sum of three terms in Geometrical Progres- 
sion is 21j and the sum of their squares is 189 : find Uui 
tanoSi 
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XL. Harmonical Progression. 

411. Three quantities A, B, G are said to be in Har 
moaical Progression when A : C :: A — B : B — C* 

Any number of quantities are said to be in Harmonical 
Progression when every three consecutive quantities are in 
Harmonical Progression. 

41*2. 7%« reciprocals qf quantities in Harmonical 
Progression are in Arithmetical Progression, 

Let A J B^ (7 be in Harmonical Progression; then 
A : C v.A-B : B-C. 

Therefore AiB-'C) = C{A -B). 

Divide by ^jBC; *^^^^-;^ = ;g-3- 
This demonstrates the proposition. 

413. The property established in the preceding Article 
will enable us to solve some questions relating to Har- 
monical Progression. For example, insert five Harmonical 

2 3 

means between - and —. Here we have to insert fire 

o lo 

Arithmetical means between - and -3*. Hence, by equa- 

2 8 

tion(2}of Art 393, 

3 ' 1 

therefore 6& = - , therefore ft = — . 
o 16 

3 25 26 

Hence the Arithmetical Progression is -, — , — , 

16' 16' 16' 8"' ^^^ therefore the Harmonical Pr^ 

gressionis? 15 l? I? 16 16 1 
^^^ ""a' 26' 26' 27' 28' 29' 15" 
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414. Jjet a and c be any two quantities; let ^ be 
iheir Arithmetical mean, G their Geometrio^ mean^ M 
their Ilarmonical mean. Then 

A'-a^c—A ; therefore A = ~ (a+c). 

a \ G :: O '. c; therefore 6r= ^J{ac), 

a : e i: a-H : H-c\ therefore 5"=— . 
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1. Continue the Harmonical Progression 6, 3, 2 for 
three terms. 

2. Continue the Hannonical Progression 8, 2» 1^ for 
three terms. 

3. Insert 2 Harmonical means between 4 and 2. 

4. Insert 3 Harmonical means between - and — . 

5. The Arithmetical mean of two numbers is 9, and 
the Harmonical mean is 8 : find the numbers. 

6. The Geometrical mean of two numbers is 48, and 
the Harmonical mean is 46^ : find the numbers. 

7. Find two numbers such that the sum of their Arith- 
metical, Geometrical, and Harmonical means is 9^, and the 
product of these means is 27. 

8. Find two numbers such that the product of their 
Arithmetical and Harmonical means is 27, and the excess 
of the Arithmetical mean above the Harmonical mean 
isli. 

9. licLjbyC are in Harmonical Progression, shew that 

a + c-26 : a—e :: a-c : a + c. 

10. If three numbers are in Geometrical Progression, 
and each of them is increased by the middle number, shew 
that the results are in Harmonical Progression. 
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JOiiL RrmtUations and OomlnTuUians, 



415. The dififerent orders in which a sec of things can 
be arranged are called their pei-mutatiana, 

Thns the permntations of the three lettexs a, d, e, taken 
fcwo at a time, are ab, ba, ac, ca, bCy cb. 

416. The eombinatums of a set of things are the 
different collections which can be formed out of them, 
withoat regarding the order in which the things ace placed. 

Thns the combinations of the three letters a, b, e, taken 
two at a time, are abf ae, be; ah and 5a, though different 
permutations, form the same conUfinatiorif so also do ac 
and ca, and bo and eb, 

417. The number of permutations of n things taJcen 
t Ota time is n (n— 1) (n — ^2). . . .(n— r-f-l). 

Let there be n letters a, 5, 0, cf, . . . .; we shall first find 
the number of permntations of them taken two at a time. 

Put a before each of the other letters ; we thus obtain 
n — ^1 permutations in which a stands first. Put I> before 
each of the other letters ; we thus obtain n — ^1 permuta- 
tions in which b stands first. Similarly there are n — 1 
permutations in which o stands first. And so on. Thus, 
on the whole, there are n {n — ^1) x>ermutations of n letters 
taken two at a time. We shaJl next find the number of 
permutations of n letters taken t/iree at a time. It has 
just been shown that out of n letters we can form n (n — ^1) 
permutations, each of two letters; hence out of the n — ^1 
letters 6, c, <i,. . . .we can form {n — 1) {n — 2) permutations, 
each of two letters: put a before each of these, and 
we have (n — ^1) (« — ^2) permutations, each of three letters, 
ia which a stands first. Similarly there are (n — ^1) {n — 2) 
permutations, each of three letters, in which b stands first. 
SimDarly there are as many in which c stands first. And 
■o on. Thus, on the whole, there are n (n — ^1) (n—2) per- 
mutations of n letters taken three at a time. 
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From considering these cases it might be conjectured 
that the number of pernuitatious of n letters taken r at a 
time is n(n — l)(n-2)...(n-r + l); and we shall shew 
that this is the case. For suppose it known that the num- 
ber of permutations of n letters taken r— 1 at a time is 
n (n— l)(n~ 2).. {w — (r— 1)+ 1}, we shall shew that a similar 
foi-mula will give the number of permutations of n letters^ 
taken r at a time. For out of the n-l letters h, c, ^,... 
we can form (n-l)(n-2) {w-l-(r— 1) + 1} permuta- 
tions, each of r— 1 letters: put a before each of these, and 
we obtain as many permutations, each of r letters, in 
which a stands firat Similarly there are as many permu- 
tations, each of r letters, in which h stands first Simi- 
larly tnere are as many permutations, each of r letters, 
in which e stands first. And so on. Thus on the whole 
there are •»(«— l)(n-2)....(n— r+1) permutations of n 
letters taken r at a time. 

If then the formula holds when the letters are taken r — 1 
at a time it will hold when they are taken r at a time. 
But it has been shewn to hold wnen they are taken three 
at a time, therefore it holds when they are taken four at a 
time, and therefore it holds when they are taken five at a 
time, and so on: thus it holds universally. 

418. Hence the number of permutations of n things 
taken all together is n («— 1) (n— 2)... 1. 

419. For the sake of brevity « (» - 1 ) (n - 2). . . 1 is often 
denoted by |n; thus \n denotes the product of the natunil 
numbers from 1 to n inclusiva The symbol \n may bo 
Vcad, yocforio/ n, 

420. Any combination cf r thingz wiU produce [r 
pemivJtations, 

For by Art. 418 the r things which form the given 
eombination can be arranged in (r different orders. 

491. The number qf comUnationa qfn thinge taken i 
m a time %$ -■ ■ r- • 
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For the number of permutations of n things taken r ii 
a time is n (n-l)(M-2) ... (n-r-^- 1) by Art. 417; and each 
combination produces [r permutations by Art 420; hence 
Ihe number of combinations must be 

n(n-l)(w~2)...(n-r+l) 

IL 
If we multiply both numerator and denominator of 

In 
this expression by I n—r it takes the form . — ~ — , the 

* *■ [jT |n— r 

Talue of ooune being unchanged. 

422. To find the number qf permutations of n things 
taken all together which are not all different. 

Let there be n letters; and suppose p of them to be e£, 
q of them to be &, r of them to be «, and the rest of them 
to be the letters dj <?,..., each oceuning singly: then the 
number of permutations of them taken all together will bo 

[a 

For suppose N to represent the required number of 
permutations. If in any one of the permutations the p 
letters a were changed into p new and different letters, 
then, without changing the situation of any of the other 
letters, we could from the single permutation produce \p 
different permutations: and thus if the p letters a were 
changed into p new and different letters the whole number 
of permutations would he Nx[p, Similarly if the q letters 
b were also changed into q new and different letters the 
wliole number of pennutaticns we could now obtain would 
bo Nx\p^x \q_. And if the r letters c were also changed 
into r new and different letters the whole number of per- 
mutations would bo iV X [£ X [£ X [r . But this number 
must be equal to the number of permutations of n different 
letters taken all together, that is to [n. 

In 

Thug Nx\px \qx |£ = |n; therefore iV=j— j= — . 

And similarly any other case may be treated. 
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423. The student should notice the peculiar method of 
demonstration which is employed in Art 417. This is called 
mathematical induction^ and may be thus described: Wo 
shew that if a theorem is true in one case, whatever that 
case may be, it is also true in another case so related to the 
former that it may be called the next case ; we also shew 
in some manner that the theorem is true in a certain case ; 
hence it is true in the next case, and hence in the next to 
that, and so on; tlms finally the theorem must be true 
in every case after that with which we began. 

The method of mathematical induction is frequently 
used in the higher parts of mathematics. 

Examples. XLL 

1. Find how many parties of 6 men each can be formed 
from a company of 24 men. 

2. Find how many permutations can be formed of the 
letters in the word company^ taken all together. 

3. Find how many combinations can be formed of the 
letters in the word longitude^ taken four at a time. 

4. Find how many permutations can be formed of the 
letters in the word consonant^ taken all together. 

5. The number of the combinations of a set of things 
taken /owr at a time is twiee as great as the number taken 
three at a time : find how many things there are in the set. 

6. Find how many words each containing two conso 
Dants and one vowel can be formed from 20 consonants 
and 5 vowels, the vowel being the middle letter of the 
word. 

7. Five persons are to be chosen by lot out of twenty i 
find in how many ways this can be done. Find also how 
often an assigned person would be chosen. 

8. A boat's crew consisting of eight rowers and a 
steersman is to be formed out of twelve persons, nine of 
whom can row but cannot steer, while the other three can 
steer but cannot row: find in how many ways the crew 
can be formed. Find also in how many wnys the crew 
could be formed if one of the three were able* both to row 
and to steer. 

17—2 
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XLII. Binomial Theorem, 

424. We hare already seen that ( j? + a)^ = aj* + ^xa + «•, 
and that {x-¥af=a^-\-Za^a^Zxa^+a^\ the object of the 
present Chapter is to find an expression for (x+a)* where 
n is aiiy positive integer. 

425. By actual multiplication we obtain 

(« + a) (4? + &) (a? + c) = a:* + (a + & + c)«* + (a& + 6c + ca)a? + oftc, 

+ (oft + oc + arf + &c + M + <:<^aj" 
+ {abc-k-hcd + cda -^ ddb)x -f abed. 

Now in these results we see that the following laws 
hold: 

I. The number of terms on the right-hand side is one 
more than the number of binomial factors which are midti- 
plied together. 

IL The exponent oix in the first term is the same as 
the number of binomial factors, and in the other terms 
each exponent is less than that of the preceding term by 
unity. 

in. The coefficient of the first term is unity; the 
coefficient of the second term is the sum of the second 
letters of the binomial factors ; the coefficient of the third 
term is the sum of the products of the second letters of 
the binomial factors taken two at a time ; the coefficient of 
the fourth term is the sum of the products of the second 
letters of the binomial factors taken three at a time ; and 
so on; the last term is the product of all the second letters 
of the binomial factoi*^ 

" We shall shew that these laws always hold, whatever 
be the number of binomial factors. Suppose the lawf 
to bold when n— 1 factors are multiplied together; that ii^ 
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■appose there are n— 1 factors ;p+a, jr+&y «+^...«+il^ 
and that 

(«+a)(:p+&)...(;r-f A;)-;c"""^+p;j;*-*+gaf +r«»**+...+ii| 

where p = the sum of the letters a,b,c,... k, 

^=the sum of the products of these letters taken 
two at a time, 

r=the sum of the products of these letters taken 
three at a time, 



11= the product of all these letters. 

Multiply both sides of this identitjr by another factor 
x-^-ly and arrange the product on the right hand according 
to powers of a;; thus 

{«+a)(«+&)(a? + c)...(;B+A)(a?+/)=-!»"+Cp-f^'* 

+ (9 +iE?/)af -" + (r + gOa?»-«+ ... + tt/. 

Now p+/=a+6+c+. ..+*+/ 

= the sum of all the letters a, 5, c,...A;, / ; 

=the sum of tho products taken two at a 
time of all the letters a, 6, e,,.,k, I ; 

sthe sum of the products taken three at a time 
of all the lettera a, b, Cf^.kjl; 



ti^=tho product of all the letters. 

Hence, if tho laws hold when n- 1 factors are multi. 
plied together, they hold when n factors are multiplied 
together; but they have been shewn to hold when /our 
factors are multiplied together, therefore they hold when 
Mve factora are multiplied together, and so on: thus tbiey 
oold universally. 
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We 8hal\ write the result for the multiplication of % 
factors thus for abbreviation : 

+ /?;c"-» + ...+ V, 
Now P is the sum of the letters a, hyCy...ky I, which are 
n in number; Q is the sum of the products of these 

letters two and two, so that there are — : - of these 

products; B is the sum of ^" I \~ ^ products; and so 
on. See Art 421. 

Suppose b,Cj..,kyl each equal to a. Then P becomes 

«a, Q becomes \ ^ a', /2 becomes ^ ^^ ^a'; 

and so on. Thus finally 

1.2 1^ ^ . o 

n(n>l)(n>2)(n-3) 
^ 1.2.3.4 '''^ ^ ^'*^- 

426. Theformulajust obtained is called the Binomial 
Theorem; the series on the right-band side is called the 
expansion of (j?+a)", and when we put this series instead 
of (a?+a)" wo are said to expand (a?+a)". The theorem 
was discovered by Newton. 

It will be seen that we have demonstrated the theorem 
in the case in which the exponent n is a positive integer; 
and that we have used in this demonstration the method 
of mathematical induction, 

427. Take for example {x + a)\ Here n=6, 
ii(n-l)_^6.5 n(n-l)(n-2) _6.5.4_,^ 

"t:2 ""172""^^' 1.2.3 rxs"^^' 

w(n~l) ( n-2)(w-3) ^ 6.5.4.3 

1.2.3.4 1.2.3.4" ' 

tl(»~l)(n-2)(n~3)(n-4) ^6. 5.4.3.2 

1.2.3.4.6 1.2.3.4.6* ' 
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thai 

Again, suppose we require the expansion of if^-^-cyfx 
we have only to put ^ for x and cy for a in the preceding 
identity; thus 

(fts + cy)» = (62)« + 6<:y (&7 + 1 5(cy)2(&2)* + 20(cy)»(52)» 

+ 20c»y»&« + 1 6cV^* + 6c»y*6* + c"i^. 

Again, suppose we require the expansion of (x—cY; we 
must put — c for a in the result of Art. 425 ; thus 



1 • z 



«.;>.- lXn-2) 

1.2.3 '^'^ *•• 

Agam, in tho espansion of (d;+a)' put 1 for x; tlins 
and as this is true for all values t^'' ^ we may put x for a ; thus 

428. We may apply the Binomial Theorem to expand 
expressions containing more than two tenns. For example, 
required to expand (1 +2^— or*)*. Put y for 2a?— ar^; then 
wehave(l + 2a?-A'2)*=(l+y)»=l + 4y + 6y' + 4y'+y* 

= l+4(2a?-a;8) + 6(2aT-ar02 + 4(2a?-a;*)» + (2a?-a;«)*. 

Also (2a?-a:»)2=(2a?)2-2(2a?)a;»+(a:2)«=4a?2-4aj»+«*, 
(2aj-««)» = (2a:)3 « 3(2^^)2-1.2 + 3(2^1.) (aja)2- {x^^ 

= 8a:3-12a?* + 6ar'-a-«, 
f2jr-fl^*=(2ar)*-4(2a?)V + 6(2a?)«(aj2)«-4(2a:)(««)»^-(«^ 

» l&r* - 32«» + 24«« - 8a;' 4 «*, 
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Heoce, coHecting the terms, we obtain (1 + 2a; - j^ 

429. In the expansion of (l-hxf the coefficients qf 
terms equally distant from the beginning and the end 
are the same. 

The coefficient of the r^ term from the beginning is 
-^ ^^-j — -T-^ ^ ; by multiplying both numerator 

' ^^ In 

and denominator by [ n — r + 1 this becomes , ^4= 7 . 

|r-l | n-r +l 

The r* term from the end is the (n-r+ 2)* term from 
the beginning, and its coefficient is 

■ n(n-l)...{«-(n-r4.2)4.2} ^ >i(n~l)...r 
\n-r+i ' | »-r+l 

by multiplying both numerator and denominator by |r~l 

L2 



this also becomes 



r— 1 \n-r+V 



430. Hitherto in speaking of the expansion of (a?+a)* 
we have assumed tbat n denotes some pesilive integer. 
But the Binomial Theorem is also applied to espand 
{» + a)" when n is a positive fraction, or a negative quan- 
tity whole or fractional. For a discussion of the Binomial 
Theorem with any exponent the student is referred to the 
larger Algebra; it will however bo a useful exercise to 
dbtain various particular cases from the general formula. 
Thus the student will assume for the present that whatever 
be the values of x^ a, and 7t, 

n(n-l)(n-2)(n-3) 
^ 1.2.3.4 



If n is not a positive integei the series never endfi 
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431. As an example take (1 + y)\ rfere in the formult 
of Art 430 we put 1 for x, y for a, and - for n. 

n(w-l) 2\2 V 1 
1.2 1.2 8* 

n(n~l)(n-2) _ 2V2"VV2""V 1 
1.2.3 1.2.3 16' 

w(n-l)(n-2)(w-3) 2 U" V U"" V U" V A 
1.2.3.4 1.2.3.4 128' 

and BO on. Thus 

(1 + j,)*=l +|y-|l,«+ il/»- j|gl^+ 

As another example take (1 + y)"^. Here we put 1 for j^ 
y for a, and — - for n. 

1 w(n-l)_3 n(n-l)(tt-2) _ 5 
^""2' 1.2 "8' 1.2.3 16' 

n(ti-l)(n~2)(n-3)^35^^^^^^^ ^j^^ 



Again, expand (1 +y)"'". Here we put 1 for a, y for Oj 
and - m for n, 

n^^m, -172"= 1.2 ' 

ll(n-l)(n-2) _ y/i(m + l)(w + 2) 
1.2.3 "" 1.2.3 ' 

,l(ii-l)(n-2)(n-3) ni(m-HXm^-2)(m4.3) ^jid so on 
1.2.3.4 ~ 1.2.3.4 ' 
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Tlmt 0♦y)^^l-w»y•^ \ 2 ^ " 1.2,3 — ^^ 

^ fii(m+l)(m4-2)(m+3) ._ 
''^ 1.2.3.4 ^ •• 

Ab a particular case gnppose m= 1 ; thus 
(l+y)"' = l-y+»»-y'+2^-... 
This may be yerified by dividing 1 by 1 + y. 

Again, expand (1 + 2x—a?)^ in powers of x. Put y for 
2«-«»; thnswehaTe(l + 2a?-aj«)«=(l-»-y)4 

1^1 1 . .1 • 6 ^ 
«l-^2^-8^-*T6^-i28^+ • 

.^l + ^(2a?-;u»)-^(2ar-«8)»+i(2«-««)»-j|g(2jr-^+.. 

Now expand (2jp-aj*^, (2iF-«2)»,... and collect the 
terms : thus we shall obtain 

(l + 2«-jj*)'=l+d?-a!»+«'--a?*+... 



Examples. XLIL 

1. Write down the first three and the last three terms 

of(a-^)« 

2. Write down the expansion of (3 - 2a^, 

S. Expand (l-2y)'. 

4. Write down the first four terms in the expansioii 
of («4-2y)*. 

ft. Expand (1 + ar-^*. 

C Expand (1 +«-!-«'/. 
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y. Expand (1-2^ + a'«)*. 

a Find the coefficient of ^e" in the expansion of 

9. Find the coefficient of o^ in the expansion of 

(1- 2d? +3^:2)5 

10. If the second term in the expansion of (^+y)" be 
240, the third term 720, and the fourth term 1080, find 
x^ y^ and n, 

11. If the sixth, seventh, and eighth terms in the ex- 
pansion of (x+f/Y be respectively 112, 7, and -, find a?, y, 
andn. 

12. Write down the first five terms of the expansion 

of(a-ac)*. 

13. Expand to four terms ( 1 "" ^ ^) • 

14. Expand (l-2a?)"\ 

15. Write down the coefficient of z' in the expansioD 

0f(I-^)-2. 

16. Write down the sixth term in the expansion of 
{Ss-y)'i. 

17. Expand to five terms (a— 36)"V*: shew that if 
a=l and b=- the fourth term is greater than either the 
third or the fifth. 

18. Write down the coefficient of or' in the expansion 
of(l-ar)-*. 

19. Expand (1 +^+aj*)* to four terms in powers of a, 
90. Expand (I-a?+«*)"* to four terms in powers of a 
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XLIIL Scales of Notation. 

432. The student will of course have learned from 
Arithmetic that in the ordinary method of expressing 
whole numbers by figures, the number represented by each 
figure is always scmie multiple of some power qften. Thus 
in 523 the 5 represents 5 hundreds, that is 5 times 10' ; 
the 2 represents 2 tens, that is 2 times 10^; and the 3, 
which represents^ units, may be said to represent 3 times 
10^ see Alt 324. 

This mode of expressing whole numbers is called the 
commxm scaJe of notation^ and ten is said to be the hose 
or radix of the common scale. 

433. We shall now shew that any positive integer 
greater than unity may be used instead of 10 for the radix; 
and then explain how a given whole number may be 
expressed in any proposed scale. 

The figures by means of which a number is expressed 
are called digits. When wo speak in future of any radix 
we shall always mean that this radix is some positive 
integer greater than unity. 

434. To shew that any whole number may be express- 
ed in terms of any radix. 

Let N denote the whole number, r the radix. Suppose 
that r* is the highest power of r which is not greater than 
N; divide iV by r*; let the quotient be a, and the re- 
mainder P : thus 

N=aT^+P, 

Here, by supposition, a is less than r, and P is less 
than «'". Divide P by r*-^; let the quotient be b, and the 
remainder Q : thus 

Proceed in this way until the remainder is less than r : 
thus we find N expressed in the manner shewn by the 
following identity, 

iV=ar"+6r*-' + cr—2+ +hr-^k. 
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Each of iihe digits a, 5, <;, h, k is less than r; uid 

any one or mpre of them aifter the first may happen to be 
sero. 

435. To express a given tokole number in any pr<h 
posed scale. 

By a given whole number we mean a whole number 
expressed in words, or else expressed by digits in some 
assigned scale. If no scale is mentioned the common scale 
is to be understood. 

Let iVbe the given whole number, r the radix of the 
scale in which it is to be expressed. Suppose k. A,. . .e, 5, a 
the required digits, n+1 in number, beginning with that 
on the right hand : then 

iV= ar* + 6r"*^ + cr""* + . . . + Ar + A;. 

Divide iVby r, and let M be the quotient; then it is 

obvious that M=ar*'^-i-br''* + + /*, and that the 

remainder is k. Hence the first digit is found by this 
rule : divide the given number by the proposed radix, 
and the remainder is the first qfthe required digits. 

Again, divide Jf by r ; then it is obvious that the 
remainder is h; and thus the second of the required 
digits is found. 

By proceeding in this way we shall find in succession 
all the required digits. 



436. 


We shall 


now solve i 


some examples. 


Transform 32S84 into the scale of which the radix is 


■even. 




7 1 32884 








7 46.97. 


..6 






7|671. 


..0 






Tl'Oo. 


..6 






7|13. 


..4 






1. 


..6 



Tlius 32884=1. 7' + 6.7* + 4. 7" +-6.7' + 0.7' + 5, 
gothtt the number expre&sed in the scale of which thi 
radix is seven is 164605. 
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Transform 74194 into the scale of which the radix it 
fcirelTe. 

12 I 74194 
12 1 6182 ...10 
12 I 515. ..2 
12|_42...11 
3. ..6 
Thus 74194=3. 12* + 6. 123+11.122+2.12 + 10. 

In order to express the number in the scale of which 
the radix is twelve in the usual manner, we require two 
new symbols, one for teriy and the other for eleven : we will 
use t for the former, and e for the latter. Thus the number 
expressed in the scale of which the radix is twelve is 

Transform 645032, which is expressed in the scale of 
which the radix is nine, into the scale of which the radix is 
eight. 

8 1 645032 

72782 ...4. 

The division by eight is performed thus : First eight is 
not contained in 6, so we have to find how often eight is 
contained in 64; here 6 stands for six times nine, that is 
fifty-four, so that the question is how often is eight con- 
tained in fifty-eight, and the answer is seven times with 
two over. Next we have to find how often eight is con- 
tained in 25, that is how often eight is contained in twenty- 
tlireo, and the answer is twice with seven over. Next we 
have to find how often eight is contained in 70, that is how 
often eight is contained in sixty-three, and the answer is 
seven times with seven over. Next we have to find how 
often eight is contained in 73, that is how often eight is 
contained in sixty-six, and the answer is eight times with 
two over. Next we have to find how often eight is con- 
tained in 22, that is how often eiglit is contained in twenty, 
and the answer is twice \?ith fom* over. Thus 4 is the first 
of the required digits. 

We will indicate the remainder of the process; the 
student should carefully work it for himself, and tlien com- 
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pare his rosult witli that which is here obtained. 
8 72782 
8| 8210 ...2 
8 1 1023. . .3 
8, 213... 6 
8|J12...6 
1...3. 

Thtistlieiitiinber = 1.8« + 3.8' + 6.8*+6.8»+3.8*+2.8+4| 
8o that, expressed in the scale of which the radix is eight, it 
is 1356324. 

437. It is easy to form an unlimited number of self- 
verifying examples. Thus, take two numbers, expressed in 
the common scale, and obtain their sum, their difference, 
and their product, and transform these into any proposed 
scale; next transform the numbers into the proposed 
scale, and obtain their sum, their difference, and their pro- 
duct in this scale ; the results should of course agree re- 
spectively with those already obtained. 



Examples. XLIII. 

1. Express 34042 in the scale whose radix is five. 

2. Express 45792 in the scale whose radix is twelve. 

3. Express 1866 in the scale whose radix is two. 

4. Express 2745 in the scale whose radix is eleven. 

5. Multiply eM by te\ these being in the scale with 
radix twelve; transform them to the common scale and 
multiply them together. 

6. Find in what scale the number 4161 becomes 10101, 

7. Find in what scale the number 5261 becomes 40205. 

8. Express 17161 in the scale whose radix is twelve, 
and divide it by te in that scale. 

9. Find the radix of the scale in which 13, 22, 33 are 
in geometrical progression. 

10. Extract the square root of e^^OOl^ in the scale 
whose radix is twelve. 
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XLIV. Interest. 

438. The sabjoct of Interest is discossed in trcafcisea 
on Arithmetic; bat by the aid of Algebraical notation 
the ntles can be presented in a form easy to understand 
and to remember. 

439. Intereit is money paid for the use of money. 
The money lent is called the Principal The Amount at 
the end of a given time is the sam of the Fiiucipal and the 
Interest at the end of that tima 

440. Interest is of two kinds, simple and compound. 
When interest is charged on the Principal alone it is called 
nmjdc interest ; but if the interest as soon as it becomes 
due is added to the principal, and interest chai^ged on the 
whole, it is called compound interest. 

441. The rate of interest is the money paid for the nse 
of a certain sum for a certain time. In practice the sum is 
usually iflOO, and the time is one year; and when we say 
that the rate is £^ 5#. per cent we mean tliat £4. 5#., that 
is £A^, is paid for the use of £lQO for one year. In theory 
it is convenient^ as we shall see, to use a symbol to denote 
the interest of cfne pound for one year. 

442. To find the amount qfa given sum in any given 
time at simple interest 

Let P be the number of x)Ounds in the principal, n the 
number of years, r the interest of one pound for one year, 
expressed as a fraction of a pound, M the number of 
pounds in the amount. Since r is the interest of one pound 
for one year, Pr is the interest of P pounds for one year, 
and nPr is the interest of P pounds for r* years; therefore 
M=P+Pnr=P{\^nr). 

443. From the equation M- P(l + nr\ if any three of 
the four quantities M, P, w, r are given, the fourth can be 
found: thus 

^ M _ M-P _ M-P 

^^\ir^' ^'' Pr ' ^'' Pn * 
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444. To find the amount qf a given turn in any 
given time at compound iiUerest. 

Let P be the number of pounds in the principal, n the 
number of years, r the interest of one pound for one year, 
expressed as a fraction of a pound, M the number of pounds 
in the amount. Let R denote the amount of one pound in 
one year; so that R-\-\-r. Then PR is the amount of P 
pounds in one year. The amount of PR pounds in one 
year is PRR, or PR? \ which is therefore the amount of P 
pounds in two years. Similarly the amount of PR? pounds 
m one year isPR'Ry or P72', which is therefore the amount 
of P pounds in three years. 

Proceeding in this way we find that the amount of P 
pounds in n years is PR^ ; that is 

The interest gained in n years is 

Pi2--PorP(i2"-l). 

445. The Present value of an amount due at the end 
of a given time is that sum which with its interc&t for the 
given time will be equal to the amount. That is, the Prin^ 
cipal is the present value of the Amount; see Art 439. 

446. Discount is an allowance made for the x>a'ynient 
of a sum of money before it is due. 

From the deGnition of present value it follows that a 
debt is fairly discharged by paying the present value at 
once: hence the discount is eqi^ to the amount due 
diminished by its present value. 

447. To find the present value of a sum qf money due 
at the end of a given time, and the discount. 

Let P be the number of pounds in the present value, n 
the number of years, r the interest of one pound for one 
year expressed as a fraction of a pound, M the number d 
pounds m the sum due, /> the discount 

Let A=l4-r. 

T. A, 18 
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At 8im|de interest 

if=P(l+nr), by Art 442; 

At oomponnd interest 

M=PBr, by Art. 444; 

therefore P=|[; D^M-P^^^^^^. 

443. In practice it is very common to allow the 
interest of a sum of money paid before it is due instead of 
the discount as here defined. Thus at simple interest in- 

stead of , the payer would be allowed Mnr for im- 

1 + nr "^^ 

mediate payment 
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1. At what rate i)er cent will £a produce the same 
Interest in one year as £b produces when the rate is £e 
percent? 

2. Shew that a sum of money at compound interest 
becomes greater at a ^ven rate per cent for a given number 
of years than it does at twice that rate per cent for half 
that number of years. 

3. Find in how many years a sum of money will double 
itself at a given rate of simple interest 

4. Shew, by taking the first three terms of the Bi- 
nomial series for (l + r)", that at five percent componnd 
ititercst a sum of money will be more than doubled in fifteea 
yeara. 
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Miscellaneous Examples. 

1. Find the values when a= 5 aud & = 4 of 

o' + 3a26+3a&2+63, of a^ + lOaft + Sft^, of (a -6)^, 
andof (a+9&)(a-5). 

2. Simplify 6;i?-3 [2iC+ 9y-2{3iP-4(y-d?)}]. 

3. Square 3— 6iP+2;c*. 

4. Divide 1 by l-;i?+:i^ to four terms: also divide 
1— « by 1— ic* to four terms. 



4a^-17i»+12 



u* 


OAUi^l. 


^ 6ar»-17a; + 12' 


6. Find 


the L.O.M. 


of 4^-9, 






- + - -2 




7. 


Simplify 2—2 


a ^ 


^+a 


8. 


Solve 


a?-2 a? + 5 
3^6 


7a?-6 
9 • 



6«*-5ar-6, and 



9. The first edition of a bouk had 600 pages and mis 
divided into two parts. In the second edition one quarter 
of the second part was omitted, and 30 pages were added 
to the first part ; this change made the two parts of the 
same length. Find the number of pages in each part in 
the first edition. 

10. In paying two bills, one of which exceeded the 
other by one third of the less, the change out of a £6 note 
was half tiie difference of the t>ills : find the amount of e.ich 
bill 

11. Add together y + 2^- 3^, « + ^^-^yy ^-^2^"^^' 

and ftom the result subtract g^-y-*^- 

18— « 
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12. If a== I, & » 3, and <;»5, find the value of 
2a»-t-y^-c3-i-ag( 5~c) -t-&g(2a--c) + c '( 2a->-» ) 
2a»-6»+c»+a2(6-c)-62(2a-c)+c2(2a+ft)' 

13. Simplify(a+&)2-(a+6X«-&)-{«(25-2)-(5«-2<i)} 

14. Divide 
2a?»-a?*y-4a:V+5«'^-4y« by a:»-.i^ + 2y*. 

. , a?*— 2x'+a?*-l 

15. Reduce to its lowest terms — --. ■—„ . , - . 

16. Find the l.c,m. of a:»-9a?-10, a^-7x-30, 

(;i?+l)(a:+3)(a:-10), and 4r* + 4a:-f a 

17. Simplify 

2 3 5 



a?-2 a:+16 a? 



la Solve X"- 



3 4 5' 



19. Solve ^(^-l)-|(^+2)+^(a7-3) = 4. 

Z o 4 

20. Two persons A and ^ own together 175 shares in 
a railway company. They agree to divide, and A takes 85 
shares, while B takes 90 shares and pays ^100 to ^. Find 
>be value of a shara 

21. Add together a+2d?-y+246, 3a-4a^-2y— 816, 
«c+y-2a + 556; 

and subtract the result from 3a + 5 + 3j; + 2y. 

22. Find the value of ^+^7tf6(2c*-a6)-(2a-36)», 
when a = 3, 6 = 2j, and c-2, 

23. Simplify {a;{x+a)-a(x—a)}{x{x-a)-a(ar-x)}. 

24. Divide --- + ---- by ^ - 2 ; and verify the 
result by multiplication. 

9& Find the g.c.m. of ;7«-i- Sa^- 10 and ^-dj^4>SL 
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27. Find the L.C.M. of «»-4, 4j^-7«-2, and 

28. Solve — - "zir + ^-^— =4. 

3 lo 6 

29. A man bought a suit of clothes for £4. 7#. 6cf. 
The trowsers cost half as much a^ain as the waistcoat, and 
the coat half as much again as the trowsers and waistcoat 
together. Find the price of each garment 

30. A farmer sells a certain number of bushels of 
wheat at 7*. 6rf. per bushel, and 200 bushels of barley at 
4«. Qd. per bushel, and receives altogether as much as if he 
had sold both wheat and barley at the rate of 6«. Qd, per 
bushel How much wheat did he sell 1 

31. If a=l, 6=2, c- --, d=0, find the yalue of 



a—b+e ad -bo 
a—b-c bd+ac 



" V V cV* 



32. Multiply together ^-a, x-b^ x+a, and «+&; 
and divide the result by a;* + x{a + 6) + ab, 

33. Divide Sa^-x'Y-^^^^J ^^-^V- 

34. Find the g.cm. of 4x{x^+lO)-2Sx-e2 and 
«»-7a;+10. 

X *x 1 w 1 2^-15a?y-f3y« 

35. Reduce to its lowest terms f^^^Qj^+2xy'i-2y^ 

36. Simplify — + ^ • 

1 + a-^b-h-j 

a 
vr OAU,^ ^"^ 2-;c 2^-1 , 2-3a? . 
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aa Solre 



2x-\ 



"■9 



&F-1 



3 9 27 

39. ^ can do a piece of work in one honr, B and 
each in two hours: how loog would A, B, and C take^ 
working together 7 

40. A having three times aa much money as B gave 
two pounds to B, and then he had twice as much as B 
had. How -much had each at first 7 

41. Add together 2a!-h3y+4z, a?-2y + 52r, and 

42. Find the sum, the difference, and the produ^- 1 of 

ar2«4ajy+4y* and 4a;8+2ajy-3y*. 
Simplify 
2a-3(6-c)+{a-2(6-<?)}-2{a-3(&-c)}. 

Find the o.CM. of 

af*+67iU^+66 and a?*+ar»+2^+24?+l. 



43. 



44. 



46. 

46. 

47. 

48. 
49. 
60. 



Simplify ^-j X ^^^^^^^^^ > 

Find the L.O.H. of a^-4, aP—ba^-^e, and oj*— 9. 

Zix^—'AiXi^'-x 14 

Reduce to its lowest terms ttj — ttz^ — tr » • 

6a:*-lla^— 10«+7 

Solve 3(^-l)-4(a;-2)=2(3-a?). 

Solve V(9 + 4a?) = 6-2V^. 

IIow much tea at 3^. ^d, per lb. must be mixed 



with 46 lbs. at 3^. 4d, per lb. that the mixture may be 
worth3*. 6rf. per lb.? 

61. Multiply 3a2+aft-62 i,y a'-2a&-36', and divide 
the product by a + 6. 

62. Find the o.CM. of 2a:(a:-3)+3(«-S|)+16 and 
2«'-6;b'-6;i?+16. 



63i Simplify 



1- 



14-^ 



l- 



l-« 
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M. Simplify ^-^^^S- 

KK a 1 1 2 2a?+3 1-2^ V 

56. Solve -+- = , ^=--fl+2«r\. 

6^, Solve i» + -=L Zx-^- = ^. 
y 2' y 3 

67. Solve 2(a?-3)-^(y-3) = 3, 

3(y-6) + ^(a?-2) = 10. 

6a Solve 
*Jyz==lO(3/ + z), 3zx=4{z-hx\ 9a!y=20(«+y). 

69. Solve ? + ^=m, ^-?-n. 

60. The denominator of a certain fraction exceeds the 
nnmerator by 2 ; if the numerator be increased by 6 the 
fraction is increased by unity : find the fraction. 

61. Divide ^-4 by a?-- . 

62. Reduce to ite lowest tenns 2 J?^-^i2_. 

63. Simplify /«-^w(f^l-l). 

^ x' 

64. Solve 3(a?-l)+2(a?-2)=ar-3. 

66. Solve -3- = -J- , ^- =-y^. 

66. Solve 657+2=3y, Gxy-lOx'-h^^^^^S. 

a 

«T Solve *+*' _ 2y-*_ , 3y + 2« 9 (ar-l) « 
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ea Solve V(x*4-40)=^4.4. 

69. Solve -^^^ iT2-=2-- 

70. A father*8 age is double that of his son; 10 yean 
ago the father's SLse was three times that of his son : find 
the present age or each. 

71. Find tlie value when ^=4 of 

72. Reduce gr_;g±|gr| to its lowest tenns; 
and find its value when a;s3. 

73. Resolve into simple factoi-s a** — 3;» + 2, ic" - 7.t? +10, 
and;B*-6j;+5. 

74. Simplify 



;i;*-3.i? + 2 ^-7a? + 10 ;b*-6x+6' 
76. Solve ^(3;r+^^)-J(4;r-2S) = |(5a:-l). 

76. Solve 9a:* -63a: + 68 = 0. 

77. A man and a boy being paid for certain days* work, 
the man received 27 shillings and the boy who had been 
absent 3 days out of the time received 12 shillings : had tlie 
man instead of the boy been absent those 3 days they would 
both have claimed an equal sum. Find the wages of each 
per day. 

78. Extract the square root of 9a^-Ga^ + 7a^^2x+li 
and shew that the result is true when x=lQ. 

79. If a : 6 :: c : d, shew that 

a'c+ac^ : b^d+bd^ :: {a^c'f : (&+rf)». 

80. If a, ft, Cj d be in geometrical progression, shew tliat 
a^-i-d^k greater than 6' + c*. 

81. If n is a whole positive number 7*'*' + 1 is dlTisibis 
by a 
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82. Find the least common multiple of «*— 4y* 
<r* + 6ajV+l2;i'y*+8y', and a^-Qochf + l2x^-S^, 

83. ?k>lve - + ?=L --^=2*. 

84. Solve aj?+a» + 2^/(:r2 + ai? + l)-=47. 

85. The sum of a certain number consisting of two 
digits and of the number formed by reversing the digits is 
121 ; and the product of the digits is 28 : find the number. 

86. Nine gallons are drawn from a cask full of wine^ 
and it is then filled up with water ; then nine gallons of the 
mixture are drawn, and the cask is again filled up with 
water. If the quantity of wine now in the cask be to the 
quantity of water in it as 16 is to 9, find how much the cai^ 
holds. 

87. Extract the square root of 

1 6a;" + 252^ - SOorjr' - 24a? V + 9 jjV + 40«V. 

88. In an arithmetical progression the first term is 81, 
and the fourteenth is 159. In a geometrical progression 
HiQ second term is 81, and the sixth is 16. Find the 
harmonic mean between the fourth terms of the twc pro- 
gressions. 

89. If 1^5=2 23606, find the value to five places ^ 

decimals of —jz — - . 
vo— 1 

90. If X be greater than 9, shew that tj9 is greatev 
than Jf (a? +18). 

91. Divide (a?-y)"-2y(a?-y)*+j/»(a?-y) by (df-2y)a 

92. Find the o.c. H. and the l. c. h. of 

24(«' + ajV+^+y") and 1 6 («'-a:V +«!/*- y")- 

93. Simplify 

^ . y . _J L 

M^-^a^^-k-xy^-k-y^ afi-x^y-^xy^-t^ a^-t/* a^+y» 
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•4. Solye^^+-^ = 3 ^. 

95. Solve 
4|r+20(a?~y)=0, y« + 30(y-2f)=0, 3a?-a8r=0. 
§6. Solve 3jJ*-2a?+V(3J?'-4a:-6)=18+ai?. 

97. ^ rows at the rate of 8 J miles an hour. He leaves 
Cambridge at the same time that B leaves Ely. A spends 
12 minutes in Ely and is back in Cambridge 2 hours and 
20 minutes after B gets there. B rows at the rate of 7^ 
miles an hour; and there is no stream. Find the distance 
from Cambridge to Ely. 

98. An apple woman finding that apples have this 
year become so much cheaper that she could sell 60 more 
than she used to do for five shillings, lowered her price and 
Bold them one penny per dozen cheaper. Find the price 
per dozen. 

99. Sum to 8 terms and to infinity 12 + 4 + 1} + ... 

100. Find three numbers in geometrical progression 
gnch that if 1, 3, and 9 be subtracted from them in order 
they will form an arithmetical pr(^ression whose sum is 15. 

101. Multiplya?i-;ij'+a?^-a^+a?5-a?+a?*-lbya?* + l; 
and divide l—ar by 1 - :r». 

102. Find the L.O.M. of a^—a?^ ^ + a', o!* + c^a^ -h oi^, 

103. Simplify ,^~ . 



, a-hb 

1+ — V 

a-6 



104. Solve 

2N 2,„_^„ . 4j?-14 jth- XO 

lOft. Solve -5^+-^ = 4? + -^- 



^+5 l/x 
6 *"9V2 
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106. Solve x^¥^^z^=60, 

107. A and B travel 120 miles together by rail B 
hitending to come back a^ain takes a return ticket for 
which he pays half as much again as A ; and thej find that 
B travels cheaper than A by 4«. 2d, for every 100 miles. 
Find the price of ^'s ticket 

108. Find a third proportional to the harmonic mean 

3 
between 3 and - , and the geometric mean between 2 

and 18. 

109. Extract the square root of 

y\ yJ ^\ ^ yj 

110. If a : 6 :: 6 : c, shew that ?>*= .^__,.g — ^. 

Sn S» It » 

111. Divide x^-x~ * hy x» — x'*. 

x^ + 3x^—20 

112. Reduce ._ »_ to its lowest terms, and 

find its value when x=2, 
lia Solve — , - 77 = i 



x-4 3 3(6-ar)' 

114. Find the values of m for which the equation 
m^x^-h{m*+m) ax +a^=0 will have its roots equal to one 
another. 

115. Solve 3a^ + ic*= 10, 5ary-2a:'=2. 

116. Solve - + - = 6, ? + ^ = 2i. 

X y ' y X *» 

117. Find the fraction such that if you quadruple the 
numerator and add 3 to the denominator the fraction is 
doubled ; but if you add 2 to the numerator and quadruple 
the denominator Uie fraction is halved. 
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118. SimpUfy {-(aj»)*}"*x{-(-a?)-»}4. 

119. The third term of an aritbnietical progression it 
18; and the serenth term is 30: find the sum of 17 terms. 

120. If — g-, 6, -r- be in harmonical progression^ 
shew that a, ft, c are in geometrical progresaon. 

121. Simplify a ^ — 

6 + 






182. Extract the square root of 

37;BV-30ajV+ 9^-204J2^+4y«. 

123. Besolve ^^ l^ - 2^x into its simple factors. 

a?+5 3(5jP-H) 4 
a»-l 6a:+4 



124. Solve ^^^, - Tr.'/' = ir^ -2J. 



125. Solve ^+^ = f . 

126. Solve «8-y*=9, a?+4=3(y-l). 

127. Solve y + ^/(:c*- 1) = 2, ^(a? + 1) - ^(a?- 1) = ^y 

128. If a, &, c, ci? are in Geometrical Progression, 

a : b^d :: c* : t^d+dP, 

129. The common difference in an arithmetical pro- 
gression is equal to 2, and the number of terms is equsd to 
the second term : find what the first term must be that the 
sum may be 35. 

130. Sum to n terms the series whose m^ term is 
2x3-. 

^^^- Simplify ,,;;;i_2^) -^ -^^- . 

132. Find the g.cm. of 3a9*-fl&i^- 501^-249 and 
•4»*4.14aj"-4ac'-32«. 
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133. Bolve a?»-a?-12 = 0. 

134. Form a quadratic equation whose roots shall be 
Sand -2. 

135. Solve ^+^=«*+^* 

136. Solve „^ .x =H-- 



137. Having given ^/3 = 1' 73205, find the yalue of 
. to five places of decimals. 

13a Extract the square root of 61 - 28 J^. 

139. Find the mean proportional between - and 



140. If a, &, c be the first, second and last terms of an 
arithmetical progression, find the number of terms. Also 
find the sum of the terms. 

141. If d^ c, b, a are 2, 3, 4, 5, find the values of 

a-f5+c ab-cd , /a— I 
i^b+~c' ac-bd'^"^ yb-r 

142. In the product of 1 +4a? + 7^+10a?' + 15a?* by 
1 + 6a? + 9aj2 + \Za^ + I7ar*, find the coeflScient of ^. 

Divide 21;c5_2a?*-70;»"--23a?^+33^+27 by 7aj*+4i?-a 
juj^ \/^ \/« ^-g 
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lii. SoWe the following eqaations: 
(1) -i5 7-=6 ^. 

145. Solve the following equations : 

,,. 20 21 

W 3.^-^53^ = 11. 

(3) 3a?2-44jy=7, 3«y--V=6. 

146. A bill of £20 is paid in sovereigns and crowns, 
and 32 pieces are used: find how many there were of each 
kind 

147. A herd cost jC180, but on 2 oxen being stolen, the 
rest average £\ a head more ti.an at first : find the number 
of oxen. 

148. Find two numbers when their sum is 40, and the 
sum of their reciprocals is -- . 

149. Find a mean proportional to 2| and 5f ; and a 
third proportional to 100 and 130. 

150. If 8 gold coins and 9 silver coins are worth as 
much as 6 gold coins and 19 silver ones, find the ratio of 
the value of a gold coin to that of a silver coin. 

151. Remove the brackets from 

(x-a){x-h){i;--c)-\hc{x-a)-'{{a'¥h+c)X'-a(J>-^c)}x\ 

162. Multiply ai-2^{a^b) + 2^ by a'-2ij{a^) + 2jh. 

153. Find the g.cm. of iP*-16;i;» + 93:B"- 234a? +216 
and 4^-48.»*+186a?-234. 
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164. Solve the following equations : 

(0 —^ 3- =^7- -8"' 

. 2a? + 3 23?- 8 
^^ 3;i? + 9~ 3^-13* 

(3) -y=3, 3g + l)=ng-i). 

155. Solve the following equations : 

(1) ^/(a;+l)i-V(2^)=7. 

(2) 7«-20<^ar=3. 

(3) y^-y-Sar^^se^ 4ary-3jr*=105. 

156. A Boy spends his money in oranges ; if he had 
bought 5 more for his money they would have aveniged 
an half-penny less, if 3 fewer an half-penny more : find how 
much he spent 

157. Potatoes are sold so as to gain 25 per cent at 
6 lbs. for 6cUi find the gain per cent when they are sold at 
511)8. for 6(]?. 

158. A horse is sold for £2Af and the number ex- 
pressing the profit per cent, expi'esses also the cost price 
of the horse : find the cost 

159. Simplify ^{4a2+V(16a2^ + 8aa;»+a7*)}. 

160. If the sum of two fractions is unity, shew that the 
first-together with the^quare of the second is equal to the 
lecond together with the square of the first 

161. Simplify the following expressions : 

a-[6^(a+(6-a)}], 

25a-19&-[3&-{4a~(56-6<;)}]-8(i, 

[{(a-)-}-^-L{(a*-r"}-]. 
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162. Find the o.aM. of 18a'-18a*;i?+6aa:*-t>^,and 

163. Find the L.C.M. of 18(d:*-y«), 12{x-yfy and 

24(aj» + y»). 

164. Solve the following equations : 
(1) %--n?^=7. 

, . 9« + 20 4*-12 « 

**' "36 6S::i*4- 



(3) 



In « 



(4) 2(a?~y)=3(«-4y), 14(a?+y)=ll(a?+8) 

165. Solve the following equations : 

(1) 32a?-5a:»=12. 

(2) V(2^ + 3),^/(a?-2)=15. 

(3) a?2+y2=290, «y=143. 

(4) 3:^8-42^=8, 5a:«-6^=32. 

166. A and J9 together complete a work in 3 days 
which would have occupied A alone 4 days: how long 
would it employ B alone I 

2 

167. Find two numbers whose product is - of the sum 

D 

of their squares, and the difference of their squares is 
96 times the quotient of the le^ number divided by the 
greater. 

168. Find a fraction whicii becomes - on increasing its 

o 

numerator by 1, and - on similarly increasing its denomi- 
nator. 
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109. If a \h :i e I dy shew that 

1^1 1 1 1.1 1 1 
ahahedcd 

170. Find a mean proportional between 169 and 256| 
and a third proportional to 25 and 100. 

171. Remove the brackets from the expression 

&-2{6-3[a-4(a-6)]}. 

172. Simplify the following expressions : 

y scy a^ a^ * 

(p-g-m)^-(w + g'-^)^+(g'+m)w+w(p-m)+fl*, 



'^-(M" 



173. Find the g.o.m. of a* + aai^-9a^x^'^lla^a''4£^ 
and ar*-a^-3a2;B8+5a3-p_2a*. 

174. Solve the following equations : 
2a?+l ;c + 7 



(1) x^ 
(2, 



3 • 5 * 
10a?+17 12a?+2 6a?-4 



18 13a?- 16 9 • 

;^) 9^+1=70, 7y-^=44, 

(4) ^•*"7 ^ 2^-ri 9 
^ ^ SiC+l'" ^ + 7 • 

175. Solve the following equations: 

(1) x+4-7-^ = 3. 

X 

(2) 2;c*-3y2=2, icy = 20. 

(3) 22^2.<j^=,i^ 3a:a-4a:y=7. 

(4) « + y=6, «»+2/»=126. 

V.A. 10 
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176. When are the dock-hands at right angles first 
after 12 o'clock? 

177. A number divided by the product of its digits 
gives as quotient 2, and the digits are inverted by ad(Oug 
27 : find the number. 

17& A bill of X26. 15«. was paid with half-guineas and 
crowns, and the number of half-guineas exceed^ the num- 
ber of crowns by 17 : find how many there were of each. 

179. Sum to six terms and to infinity 12 + 8 + 6j + .... 

180. Extract the square root of 55 — 7 <s/24. 

181. If ^= j|zY» a^d y=^|^J, find the value of 

182. Reduce to its lowest terms - ~ 



a^-Sj^-i2x-k'l4^' 



183. If two numbers of two digits be expressed by the 
same digits in a reversed order, shew that the difference of 
the numbers can be divided by 9. 

184. Solve the following equations : 
3:r-3 3a:-4 21-4a? 



(1) 
(2) 



4 3 9 • 

2:g + 3y X ly-Ss 

— g— +3-8, 2 y-"- 



(3) 4.^-111^=14. 

185 Solve the following equations: 

(1) ^/(^4-3)xJ(3;r-3) = 24. 

(2) ^/(a? + 2) + ^(34: + 4) = 8. 

(3) ar*-a^(2a?-3) = 2jp+8. 

186. Find two numbers in the proportion of 9 to 7 
such that the square of their simi snail be equal to th« 
cube of their difference. 
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187. A traveller sets out from A for B^ going 3^ miles 
an hour. Forty minutes afterwards another sets out from 
B for Ay going 4^ miles an hour, and he goes half a mile 
beyond the middle point between A and B before he meets 
the first traveller; find the distance between A and B. 

188. Two persons A and B play at bowls. A bets B 
four shillings to three on every game, and after playing a 
certain number of games A is the winner of eight shilling& 
The next day A bets two to one, and wins one game more 
out of the same number, and finds that he has to receive 
three shillings. Find the number of games. 

189. If m^x—x'^ and n=y—y'~\ 

shew that mn+J{{m^'¥^){n'^-\'^)}=^\xy'\- —\ 

9 3 3 

190. Sum to nineteen terms :i + « "*" i "^ ••- 

191. Multiply-- - + -by- + 5-2. 

4 o 4 4 ^ 

192. Reduce to its lowest terms 

45:^-275-^4- 58a? -39 



iC* - 95r* + 295?2- 395? + 18 ' 

193. Find the L. c. m. of 5?*+ 25?^+ 45?^*+ 8y» and 
aj3-25?V+45?2/2-8y3. 

194. Solve the following equations : 
(1) j(a?+6)-i(16-35?)=4i. 

(») ^C«+y)=|(2*+4), |(«-y)-^(«-24). 

19-4 
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196. Solye the following equations : 

(1) ?(a:»~S)=^(a?-3). 

(2) J{pB^2) + J{?x-Z) = \0. 

(3) x-^y=% (a^+y2)(^+y8)=1440. 

196. The express train between London and Cam- 
bridge, which travels at the rate of 32 miles an hour, per- 
forms the journey in 2^ hours less than the parliamentary 
train which travels at uie rate of 14 miles an hour: find 
the distance. 

197. Find the number, consisting of two digits, which 
is equal to three times the product of those digits, and is 
also such that if it be divided by the sum of the digits the 
quotient is 4. 

19S. The number of resident members of a certain 
college in the Michaelmas Term 1864, exceeded the num- 
ber in 1863 by 9. If thei-e had been accommodation in 
1864 for 13 more students in college rooms, the number in 
college would have been 18 times the number in lodgings, 
and the number in lodgings would have been less by 27 
than the total number of residents in 1863. Find the 
number of residents in 1864. 

199. Extract the square root of 

a*-2a36-l-3a^-2a&8 + &«, 

and of (a + 6)*-2(a2+52)(^+5)2+2(a*+&*). 

200. Find a geometrical progression of four terms 
such that the third term is greater by 2 than the sum of 
the first and second, and the fourth term is greater by 4 
than the sum of the second and third. 

■ 201. Multiply 8-3^H. ^%-_^-°« 

S02. FindtheG.c.M.of;tr*+4a''+16andd;*-d^+ar-S 
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m Add together ^, ^^, ^. 
Take , -r from 



204. Solve the following equations: 

(1) -g g-=39-6a:. 

(2) (a + &)(a-iP)-a(5-a?). 
2£+3y a? 7y-3a? 

205. Solve the following equations: 

(1) 6a? + =44. 

a? 

(2) 4(aj8+3a?)-2V(^+3a?) = 12. 

(3) a?'+a!y=15, y*+a!y=10. 

206. A person walked out from Cambridge to a village 
at the rate of 4 miles an hour, and on reaching the railway 
station had to wait ten minutes for the train which was 
then 4| miles off. On arriving at his rooms which were 
a mile from the Cambridge station he found that he had 
been out 3^ hours. Find the distance of the village. 

207. The tens digit of a mmiber is less by 2 than the 
units digits and if the digits are inverted the new number 
is to the former as 7 is to 4 : find the number. 

20& A sum of money consists of shillings and crowns, 
and is such, that the square of the number of crowns is 
equal to twice the number of shillings; also tlie sum is 
worth as many florins as there are pieces of money: find 
the sunk 

209. Extract the square root of 

4a?* + 8ffa?>+ 4a*aj3+ l6ftV>+ 16aft»a?+ 16&*. 

210. Find the arithmetical progression of whidl tlM 
Arst term is 7, and the sum of twelve terms is 348. 
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211. Divide 6aj'-25arV+47«V'- 49^^+62^"* -45/ 
by2«*-7a!y+9y'. 

212. Multiply 

213. Reduce to its lowest terms 

4a^~45j^-f 162j?-185 
a^- 15;B» + 81a?«- 185a?+ 160" 

214. Solve the following equationg: 

3^-2 _^ 1-5^ 
^^' 6 II 

(2) «+-y=17, y+^ar=8. 

,-. 1 i__l 1 1_4 1 !_«. 
^^^ 5"*"y~"2' iz^r y z~\^* 

215. Solve the following equations : 

^^ a? a? + 3 6 

(2) l0a:y-7«*=7, 5y2_3a?y = 20. 

(3) 4? + y=6, ;ir* + y* = 272. 

216. Divide ;£34. 4«. into two parts such that the num- 
ber of crowns in the one may be equal to the number of 
shillings in the other. 

217. A number, consisting of three digits whose sum is 
9, is equal to 42 times the sum of the middle aud left-luw^ 
digits; also the right-hand digit is twice the sum of tiie 
other two : find the number. 

218. A i>erson bought a number of railway shares when 
they were at a certain price for £2625, and afterwards 
when the price of each share was doubled, sold them aO 
but five ior X4000 : find how many shares he bought^ 
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219. Four numbers are in arithmetical progression; 
ttieir sum is 50, and the product of the second and third ia 
156 : find the numbers. 

220. Extract the square root of 17 + 12 ^2. 

221. Divide a^— 1 by s^— 1 ; and 

m {qx^—rai)+p{ma^ — nx^ — n {qx— r) by ma? — n. 

222. Simplify 

a^bx-U'a^ ^^ a^-b^-c^~2bc 

223. Find the L. o. M. of 7a^ -4^- 2 la? 4- 12 and 

224. Solve the following equations : 

(2) 17«-.13y = 144^ 23a?+19y = 89a 

,3) 1.1 = 1 1 1^1 1_1^5 
^ ^ X y 8' X z 9* z y 72* 

225. Solve the following equations : 

(1) ^-lL = i. 

^ ' 100 25a? 4 

(2) •0075a;« + -75^=150. 

(3) s/(a!+y)'^J(x-y) = Jc, 

b{x-a) + a(b—y)'=0. 

226. A person walked out a certain distuice at the 
rate of 3^ mues an hour, and then ran part of the way back 
at the rate of 7 miles an hour, walking the remaining dis- 
tance in 5 minutes. He was out 25 minutes : how &c did 
ho run? 

227. A man leaves his property amounting to £7600 
to be divided between hh wiie^ his two sons, and his three 
daughters as follows: a son is to have twice as much aff 
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a daughter, and the widow jg500 more than all the five oMl* 
dren tc^ether : find how much each person obtained. 

228. A cistern can be filled by two pipes in 1} honre. 
The larger pipe by itself will fill the cistern sooner than 
the smsuler oy 2 hours. Find what time each will sepa- 
lately take to fill it 

229. The third term of an arithmetical progression is 
four times the first term ; and the sixth term is 17 : find 
the series. 

230. Sam to n terms 3| + 2|+ 1}+ ... 

831. Simplify tlie following expressions: 
«•+*+• X af+»- X ar-*+' X a:»+— , 

a+& 2a 2a{a-hy 
a'-db + h^ a«-&« 



a^ + lla?+30 



232. Reduce to its lowest terms -g^^g^_^^^-g: 

233. Solve the following equations: 

(2) JL + ^^s. 

.„. 4ar+6y 2a?-y „ 1 

(3) -io^=*-y. V^+2y=-. 

234 Solve the following equations : 

^^ a? + 3 ar+10 

(2) aa:8 + &«+c«=a2+2&(;+2(6-c):p^/«. 

(3) ^/(^+y)+^/(^-y)=4, a:»+y^=4L 
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835. A body of troops retreating before the enemy^ 
from which it is at a certain time 26 miles distant, marches 
18 miles a day. The enemy pursues it at the rate of 23 
miles a day, but is first a day later in starting, then after 
two days' march is forced to halt for one day to repair a 
bridge, and this they have to do again after two days' more 
marching. After how many days from the beginning of the 
retreat will tho retreating force be overtaken ? 

236. A man has a sum of money amounting to £23. 1 5«. 
consisting only of half-crowns and florins ; in all he has 200 
pieces of money : how many has he of each sort ? 

237. Two numbers are in the ratio of 4 to 5 ; if one is 
increased, and the other diminished by 10, the ratio of the 
resulting numbers is inverted : find the numbera 

238. A colonel wished to form a solid square of his 
men. The first time he had 39 men over; the second time 
he increased the side of the square by one man, and then 
he found he wanted 60 men to complete it Of how many 
men did the regiment consist ? 

239. Extract the square root of 
a^+2a«fe+3a*6'+4a36»+3a'&^+2a6«» + d« 

and of o«+462+9c2+4a6+6ac+126c. 

240. Multiply x^y^ - 2xy + ^x^y^ by x^ + 2yi 

241. Simplify 
40a!2^-(9a?-8y)(5^+2y)-(4y-3^)(15a:+4yX 

and r + 5 ' o— +2. 

\-x \-\-x 1+ic* 1-a?^ 

242. Find the g.o.m. of ^+flw?'+2a^^+3flfti?+a*, 
and a?*+flw?3+2aV+3a'«+a62^4-a*+a268. 

243. Two shopkeepers went to the cheese fair with the 
same gum of money. The one spent aU his money but 5#. 
in buying cheese, of which he nought 250 lb& The other 
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booght 9X the same price 350 lbs., but was obliged tc 
borrow 35ii. to complete the payment. How mach had 
they at first ? 

244. The two digits of a number are inverted; the 
number thus formed is subtracted from the first, and 
leaves a remainder eapsX to the sum of the digits; the dif- 
ference of the digits is unity: find the number. 

245. Find thi'ee numbers the third of which exceeds 
the first by 5, sucn that the product of their sum multi- 
plied by the first is 48, and the product of their sum mul- 
tiplied by the third is 128. 

246. A person lends £1024 at a certain rate of 
interest ; at the end of two years he receives back for his 
capital and compound interest on it the sum of j£115G: 
find the rate of interest. 

247. From a sum of money I take away £50 more 
than the half, then from the remainder £30 more than the 
fifth, then from the second remainder £20 more than the 
fourth part; at last only £10 remains: find the original 
sum. 

248. Find such a fraction that when 2 is added to the 

numerator its value becomes -, and when 1 is taken from 
the denominator its value becomes - . 

4 

249. If I divide the smaller of two numbers by the 
greater, the quottent is '21, and the remainder is '04 162 ; if 
I divide the greater number by the smaller the quotient is 
4, and the remainder is '742 : find the numbers. 

250. Shew that ^-^^ — >—^ = -r r . 

x+y a:*+y* 

251. Simplify 
6a+[4a-{S&-(2a+45)-225}-76] 

- [7& + {8a - (3& + 4a) + 8^} + 6a]. 

252. Multiply a — a? successively by a h :?, a* + a^, a* -f JT, 
4^4 ^; also multiply a*"" 6"*' by a"~"*6'""c. 
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253. Find the G.O.M. of 45a'a?+3a«^-9<wj3+6«*and 

254. Solve the following equations : 

,,. ^-2 a?+23 10+a; 
(1) ;,-_-=_ _. 

(3) a-a7=^ta2-a7^(4a2_7^}. 

255. Divide the number 208 into two parts, sudi that 
the sum of one quarter of the greater and one third of the 
less when increased by 4, shall equal four times the diffe- 
rence of the two parts. 

256. Two men purchase an estate for £9000. A 
could pay the whole if B gave him half his capital, while B 
could pay the whole if -4 gave him one-third of his capital: 
find how much money.each of them had. 

257. A piece of groimd whose length exceeds the 
breadth by 6 yards, has an area of 91 square }*ards : find 
its dimensions. 

258. A man buys a certain quantity of apples to divide 
among his children. To the eldest he gives half of the whole, 
all but 8 apples; to the second he gives half the remainder, 
all but 8 apples. In the same manner also does he treat the 
third and fourth child. To the fifth he gives the 20 apples 
which remain. Find how many he bought. 

259. The sum of two numbers is 13, the difference of 
their squares is 39 ; find the numbers. 

260. A horse-dealer buys a horse, and sells it again for 
£144, and gains just as many pounds per cent, as the horse 
had cost him. Find what he gave for the horse. 

261. Simplify 
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t77« Soke the following^ equations: 
(1) a\x-af'=^l^{x-^af. 

(3) ^/(13:r-l)-V(2^-l)=5. 

878. A person walked to the top of a mountain at the 
rate of 21 miles an hour, and down the same way at the 
rate of 3| miles an hour, and was out 5 hours : how fax 
did he wsuk altogether % 

279. Bhew that the difference between the square of a 
number, consisting of two digits, and the square of the 
number formed by changing the places of the digits is divi- 
sible by 99. 

280. li aihwcid, shew that 

281. FmdtheTalueof ^^^^3^^^^^^ 4- V^ ^^^ \ 

whena=3, 5 = 4. 

282. Subtract (ft-a) {c-d) from {a-h) {c-d): what if 
the value of the result when a= 2&, and (1=261 

283. Reduce to their simplest forms : 

25—- —r-i and — + — ^— - . 

a^-7ax-A4a* x^-y x-y y—x 

284. Solve the equations: 

^ ' ^ + X X Ix 

^^' ^ 2~-^' 3'*"2"^ 

(&; ^C2^-i)+v(3^+io)=V(ii«+»X 
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286. Solve the equatious : 

(1) 10;»+r-^ = 9. 

» e-"-)('*M)-«- 

(3) o^-xyAry^^^l, 5«-2y=9. 

286. In a time race one boat is rowed over the course 
at an average pace of 4 yards per second ; another moves 
over the first half of the course at the rate of 3^ yards per 
second, and over the last half at 4^ yards per second, 
reaching the winning post 15 seconds later than the first 
Find the time taken by each. 

287. A rectangular picture is surrounded by a narrow 
frame, which measures altogether ten linear feet, and costs, 
at three shillings a foot, five times as many shillings as 
there are square feet in the area of the picture. Find the 
length and breadth of the picture. 

288. \i a\h\\c\d, shew that 

a+& + c+rf: a-^-h—c—d :: a—h-^c-d : a— fe-c+dl 

289. The volume of a pyramid varies jointly as the 
area of its base and its altitude. A pyramid, the base of 
which is 9 feet square, and the height of i^hich is 10 
feet is found to contain 10 cubic yards. Find the height 
of a pyramid on a base 3 feet square that It may contain 
2 cubic yards. 

290. Find the sum of n terms of the arithmetical pro- 
1 1 1 



gression 



1+af' l-A-*' \-x' 



291. Find the value of o'-fi'+c'+Sadc, when a« 01^ 

:-l, <?=07. 
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»2. Simplify ^<^-^d?Had^hcf ^^,^ ^^ ^^^ ^ 
fc.(ft»-<^4.ua(c»-a*) + a&(a«-6«) 

293. If a+6+c=0, shew that a' +&* 4 0^=30^ 

294. Reduce to its lowest terms 

295. Solve the following equations: 

^' 18 134?- 16" 9 • 

(2) 6;i?-5y = l, y-a?=12. 

(3) |+8y=66, |+8a?=129. 



296. Solve the following equations 
„. a?+l 3;i?+l ^ 

(2) V(2a? + 2)V(4a:-3) = 20. 

(3) ^/(3a? + l)~^/(2;r-l)=l. 



297. A siphon would empty a cistern in 48 minutes, 
a cock would nil it in 36 minutes ; when it is empty both 
begin to act : find how soon the cistern will be filled. 

298. A waterman rows 30 miles and back in 12 hours, 
and he finds that he can row 5 miles with the stream in 
the same time as 3 against it. Find the times of rowing 
up and down. 

299. Insert three Arithmetical means between a—l 
and a+&. 

aOO. Finda?if2«^:2"*::8:l. 
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20—2 
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XIII. 1. 12aW 2. 36a»&»c». 3. 24a*b'xh/^. 
4. (a+6)(o-&)*. 6. 12a&(a»4-&>). 6. (a+6)(a3-2^, 
7. (a? 4- 1) (a? 4- 3) (j?- 4). 8. (a?4.2)(ar+4)(«»4-3a?4.1) 

9. X (2a? + 1) (3a7- 1) (4a? 4- 3). 

10. {x^-5x-he){x-l){x-4). 

11. {a;« + 3a?4-2)(a?-3)(a?4-5). 

12. (a?»4-a?4.1)(a;«+l)(a?4-l)(a?-l> 

13. (a?'-ar*-4a?4-4)(a?-l)(a?-4). 

14. la^^ax+a*){a^ + ax+a*)(x-af. 
X& 86a»2>»c». 16. 120(a4-6)»(a-6)*. 
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17. 24(a-&)(a» + 6'). 18. 105a5^«+5)(a-.ft). 

19. afi-l. 20. a^-\, 21. «*«-!. 

22. (ar+l)(a? + 2)(a? + 3). 23. (a?+l)(a; + 2)(a;« + 2i»~3> 

24. (a^-19:i?-30)(iB«+5a?+10). 

XIV. 1.3^+^. 2. 4ac+^. 3. 2a+ ?5. 
7 9 4a 

4, 2a?-~. 6. ;p+ . 6. 2a? ^. 

* 6.» «+3 a?-3 

7. «'+3flwr+3a*+-^. a «-l- 



d?— 2a' aj"-a?+l' 

9. «'4-«3+dj + i + -?-. 10. aj»--aj«+x-l. 11. ^. 
flf— 1 3& 

8(a>+6^ 3(«-6) *» 

*"* 3(a+6)- ^* 2(a+6)' ^** («-l)2(«+l)- 

4« 3a+2& 2(a-6) (a!»-lXa>+l) 

TV 1 ?^ e fLh* o «+^ 4 2<» 
•*■*• ^* 3y • ^ 26 • * iPft- *• ax-Z^' 
4(a+6) - g'-oS+y a;+2 ar+7 „ «+3 

^ 6(a-6)' a-6 ' ^' x+&' "" «-5" "" i-7 

10 £±-^ n. 1=^. 12. I^j. la ?!«::»=£. 

a?+c «+<? 4a?— 3 a? + &-a— c 

lii ^+3 a?-3 a? + 5 

**• «»-2a?4.5' ^''' a?» + 7J?+3' ^^- a?^h3^+2' 

17. ::i^i^. la .-^::^. i9. ^'^^ 



a?*-4a?-3' 3iB«+a?+l* ""• 3a?»+a? + 2' 

Oft d?--a „, a?-4 a?"4-aj?--2a» 

a?8-aa?+a2* * ir+4' 2^+3a^+4? 

23 ^"^ 24. ^+^ 25 ?^ 

^' a?«-3;i?+r ^^ A-^+o^+a^- ^^- a-+i- 

3a;'+;i?4-2 S^Ca^^-Sa^) a^-H 

^^- 2;i?2+^+3' -*V. 2a;«+3a« ' ^^' af^+^+l" 

1 t?" 1 t/*~* 

89. -4. 30. . - . 31. 3^. 32. ^,. 

a?— 1 ar—cry ar—tr af** 
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„ g(a^-&)(a»-^yO .. (^-l)(a?-H)» 



40. 



•(a?-a)(«-6)(a?-c)'*" 

XVI. 1. — ^ . 2. ^3^. 3. — ^rp— 

2c5 ^ a+5+c ^1 ^12^ 

4. -Ti. O. r . 6. 



«+£ g + & 10 -i^ 11 ^'-*-^^ 
16. rA:?. 17. -I— -I . 18. 



««-52' ''• a*-;if* • °' (ar + l)(a?+2)(d?+3)' 
6a^-7x 4x^ 2a^ 2a^ 

"• (a:«-l)(a?-2)- ^"- y(ar2-y«)- ^^T^- ^^ ^-r 

23. — T-s ;?. 24. — -r~j^- • 25. 



Aa^a^-ax + a^) 4(;g+10) 2a:8-9;g-f44 

^— 4<M?— a' 2a a:*— 2a? 

34. , ,1 „, . 35. ,. . J,^, ,. . 36. ^ 



»(« +!)(»+ 2)* • (l+«^(l+a!3)' «'+i(»' 

40. -,J^. 41. 0. 42. -j*^.. 43. -^. 

«■+«* + ! a?*-a* a8— 6" 

.4 ,^ f:t . . 45. ^^ 



(«*-a^(*«-9a*) ^"^ a(a«-6«)(a«-46«)' 
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49. 7 ?; 5T. 50. ^~f~^,^ . 61. 0. 

62. --T- — =-r ^. 63. 1. 64. ^ « ^ «^ 



"c(6*-a)(c-&)' ' ■ {pB'-a){x-b){x—cy 

58. .^-^'-n-'^. . 66. 



(a?— a) (^—6) (a?— <;) ' * {x—a) {x-b) (x-c) ' 

xm 1. 1^. 2. 1. 3. ^^^ ^ ^ 



0. a?— a. o. — i: — . 7. -« — rs. 8. 



9. (*±4. 10. ^. 11. -^. 12. (£=^. 
«2+^ a:+ft a:-y a6c 

»^ — ^i^ — • 1*- a'-^i^-p-j;*- ^»- ^• 

XVIIL 1. «^. 2. ^. 3. 4-. 4. I^', 
6a? 16aV x-yy b(a+b) 

j?(a+2j?) fl 2^ rr ^±^ o *~^ 

0. a . o. . 7. — : — . o. • . 

, a' x—y x+y x—a 

a+6— c 1 fx—W^ t/*— ^ 

c-\-a-b x^—jr \«— 3/ y3 

,3. 6,-1. 14. ?^±^. 15. <^±^^p^, 

a^ x^a^ 

xa y ax lax 

„^ jr*-3a!^a+3a^a?-f-a* „, , ._ x-\ 
20. ,". . 21. 1. 22. -. 

23. -4-T. 24. ,-'^'^—1-. 25. -i-. 

^+1 .JF(a + 6+c)-6c 4?+i 

26. i±f . 27. *+l. 28. ^. 29. ^^'. 
sot * 81. 1. 32. (^.i^'. 33. g. 34. ^. 
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35. a a(. |. 37. 2f. 38. 0. 39. 0. Ma 

XIX 1. 6. 2. 9. 3. 7. 4. 11. & 21. 

€.2. 7. 4 a 7. 9. a la 5. 

11. la 12. 6. 13. 2. 14. 27. 15. 15, 

la 63. 17. 60. 18. 36. 19. 64. 20. 9a 

21. 4a 22. 24. 2a 120. 24. 72. 25. 12. 

2a a 27. 5. 2a i. 29. a 30. 2. 31. 2. 

32. a 3a li 34. 7. 35. 1|. 3a 11. 

37. a 3a 2i. 39. 3. 40. 7. 41. 11. 

42; la 4a 4. 44. a 45. 7. 4a a 

47. 5^. 4a H. 49. la 50. a 51. 10. 

5a 7. 5a 1. 54 la 55. a 56. \. 

7 

57. a 5a 2. 59. a 6a 2a 61. a 

62. a 6a 3. 64. 2. 6a 4. 66. a 

XX. 1. la a a a la 4. a 

a -7. a 16. 7. a a 3f. a -a 

la a 11. a la ^. la a 14. a 

la 7. la If 17. f la 1. la 17. 

20. a 21. 5. 2a a 2a 6. 24. 7. 25. a 

26*. a 27. a 2a ^. 2a 7. 30. 4. 

29 

31. -1. s^ i- 3a -2a 34. a 3a 5^; 

A. 87. a 38. 20. 3a 3 40. 5 



""• 13- 

41. a- 5. 4a a + 6. 4a b-a. 44 



2db 

4a 2(a+5). 4a -^^y-. 47, ^^;^^^. 

48. -??-^LtA^. 4a ^,. 50. ^. 

51. : . 62 & 5a i: . 
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ii>-pq i(a+6+3). 66. -^^. 

^^- 3 (a+6) ' ^®- 2('''*-^^- *^' ^• 

60. 60. 61. 26. 62. g^. 63. (a-&)s. 64 4 

XXI. 1. 30. 2. 2. 3. 13,20. 4. 35,60,70. 

6. 17,31. 6. 28,14. 7. 28. 8. November 20tlL 
9. 62. 10. 36,27. 11. 48,36. 12. 14,24,38 
13. 28,32. 14. 103. 15. 64,21. 16. 8. 
17. 8,12. 18. 10. 19. 36,9. 20. 36,12. 

21. 100,88. 22. 14. 23. 24,76. 24. 21. 
25. 36,24. 26. 24,60,192. 27. 840. 28. 3000a 
29. 460. 30. 24. 31. 600. 32. 10, 14, 18, 22, 26, 30. 
33. 36, 26, 18, 12. 34. 60, 100, 150, 250. 36. 5, 6. 
36. 24, 36, 66. 37. 88, 44. 38. 130, 150, 130, 9a 
39. 13,27. 40. 76,25. 41. 85,35. 42. lOOG 
43. 18,3,3. 44. 24000. 46. 80. 46. 26,16,32,27,42. 
47. ^140. 48. 10^6?. 

XXIL 1. 72. 2. 20, 30. 3. 200 miles from 
Edinburgh. 4. 12, 16. 6. 8, 16. 6. 32, 16. 

7. 48. a 30. 9. 9, 16. 10. 30. 11. 18, 22, 10, 40. 
12. 6, 24. 13. 10, 15, 3, 60. 14. 10 shillings. 15. 66, 45. 
16. At the end of 66 hours. 17. 27, 17. 18. 168, 84, 42. 
19. 16, 25, 7, 42. 20. 240, 180, 144 days. 21. 15, 21. 

22. 2660. 23. 36, 54. 24. 60. 25. 12. 26. 8 pence. 
27. 875, 1125. 28. 25. 29. 10, 20. 30. 20, 80. 
31. 6/^. 32. 40,50. 33. 11,17. 34. 2a 
35. 24. 36. 1024. 37. 450, 270. 38. 2200, 1620, 
1100,1080. 39. 60. 40. 7 + 12 + 32. 41. 30. 
42. 60. 43. 240. 44. Zd.Qd,U.Ad, 46. ^M. 
46. ^133}. 47. 24. 48. 60. 49. £120000. 
6a 26. 61. 4i,3i 62. 39. 69. 40 
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M, 200000000. 55. Of. 56. 4a 57. 49^ miniites 
past three. 58. 32^ minates past tbrea 59. £288. 

60. 2 secoLds. 61. 40 minutes past eleven. 

62. £300 and £200. 63. 14. 64. 640. 

XXIII. 1. 10; 7. 2. 17; 19. 3. 2; 13. 
4. 4; 1. 5. 5; 5. 6. 21 ; 12. 7. 20; 10. 
a 2; -a. 9. 3; 2. 10. 3 ; 2. 11. 3^ ; 4. 
12. 10; 7. 13. 19; 2. 14. 38^; 70. 15. 6; 12. 
!«• \V^^ W 17. 10; 5. 18. 12; 12. 19. 20; 20. 
20. 13; 6. 21. 9 ; 7. 22. 10; 4. 23. 4 ; 9. 
24. 5; 7. 25. 2J; 1. 26. -2; 2. 27. 10; 8. 
2a 12; 3. 29. 3; 2. 30. 63; 14. 31. 3 ; 2. 
32. 2; 3. 33. 4; 12. 34. a;&. 35. a; &. 

89. J?^; -^. 40. — -t;0. 41. a;b. 

42. a+b;a'b. 43. (a+6)«; (a-6)«. 44. ^; ^. 

XXIV. 1. 2;1;3. 2. 3; 4; 6. a 2;l;a 
4. 9;ll;ia 5. 4;0;5. 6. 5; -5; 5. 
7. 45;-21;l. a 10; 7; a 9. 51;76;1. 

10. |; |; ?. 11. a?=l(6+c-a),&c. 

2 1 

12. a?=- (a+*+c)-a,&c. la d?=2 (*+c), &c 

16. f>=3,aT=4,y=5,4r=2. 

XXV. 1. 42; 26. 2. 12 ; 16. a 116; 16& 
4. 24; 60. 5. 30d.;Sd. 6. 49; 21. 7. ^. 
a 46; 6a a 72; 6O. 10. ZOd.; I5d. 11. 5t.; Sb 
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12. 20; 52. 13. 70; 50. 14. |. 15. (24-1) 2a 

IG. 15; 65. 17. 12; 5. 18. 14; 10. 19. 24 

20. 1;2. 21. 59. 22. 100 lbs. 23. 150 yards 
30y 20 yards per minute. 24. 21 ; 11. 25. 50 ; 75. 
26. 70 ; 42; 35. 27. 90 ; 72 ; 60. 2a 12 miles. 

29. 4 miles walking, 3 miles rowing, at first 30. 33^ 
miles per hour ; 48} distance. 31. 45 ; 30 miles per hour. 
32. 30; 50 miles per hour. 33. 60 miles ; passenger 

train 30 miles per hour. 34. 150; 120; 90. 35. 3Jf. ; 
3«.; 2}^. 36. 4; 59; 55. 37. 120; 80; 40. 38. 432. 
39. 420; 35; 21 shillings. 40. 2; 4; 94. 

XXVI. 1. ±4. 2. ±25. 3. ±7. 4. *9. 

5. ±9. 6. ±6. 7. 1,2. 8. 2,3. 9. 2,-12. 



10. 


.-!. 


11. 4j,-a. 


IS. 10,5. 


13. 5. -5. 


14. 


6,-3. 


18 3 * 
"• 2' -2- 


■- I. \- 


17. 6,?. 


18. 


3»-». 


19. 2J. -\. 


20. lj,-li 


21. 1,2. 


22. 


4. 


23. 6,|. 


24 11, a 


25. 6,^ 


26. 


44,-2. 


27. 7, 


7 
12- 


28. 10, -la 


29. 


3.-2J. 


30. \,-Z. 


31. 2. 


32, 2,-3. 


33. 


ii.2. 


S4. 1,-4. 


35. 3, -|. 


36. 6,2f. 


37. 


«,y. 


38. 7,?. 


39. 8,2tV. 


4a 3,-41. 


41. 


3, -6. 


42. 3, -5. 


43. 2, -1. 


44. 4, -L 


45. 


7,8H. 


46. Ij, 1. 


47. 4i,i. 


48. Z,-\. 


4A. 


«,-». 


60. -10,9i{. 


51. 3, -IJ. 


62. 8, -1| 



S16 
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631 


4,0. 




64. 


U,o. 


to. 18,'. 




66. 6,-S) 


57. 


»,- 


lA- 




6& 6,11. 


69. 6, - 


li. 


60. 8},0 



61. a* J. 62. (a*W 63. *V(a5). 64. «» "^^^ 

XXVIL 1. ^2, AX 2. 49. 3. 4. 4. «k4. 
6. 6, -3. 6. 3, -2. 7. 6, 0. a 12, -3. 

9. 9,-12. 10. ika 11.2,-15}. 12. 4»lljt. 

13. If. 14. 16. 15. 1. 16. |, |. 17. 4. 

18. 4. 19. i(^^l(^. 20. ^. 21. 3a« 

22. 0, A-^. 23. 0, ±5. 24. 0, ^ J% 25. 2, *1. 

86. 0, * Jiflb). 27. 0,-20,-20. » o, ^, -|. 

XXYIIL 1. 36,24. 2. 36,24. 3. 30,24. 

4. 18, 12, 9. 6. 12, 10. 6. 4, 6. 7. 196. 

8. 3,48. 9. 11. 10. 7. 11. 6, IZ 12. 15. 

13. 24. 14. 27 lbs. 16. 8*. 9rf., 7*. 16. iC20. 

17. 126,96. 18. 8d 19. 10, 9 mUes. 20. 56. 

21. 192,128. 22. 9 gallons. 23. 64. 24. EqnaL 
25. 4 per cent 

XXIX. 1. 5,-4; 4,-5. 2. 4, -^; 1, -g. 

3. *8; *6. 4. 6,12; 2, -4. 5. 7, -4; 4, -7. 

48 « 41 ^ «^ 6 ,« 4 ^ ^ 4 ^ 13 
6. 4,--; 3,--. 7. -24,-; 12,-. 8.6,--;5,gj. 

«i 8. -|i ; ^ -J- 10- 6, ; 5, a 11. g, 0; \, 0. 

I8.>,6;j,| ia4,|;8,i. 14.^,0;^,0. U.a,h. 
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18. a, 0; 0, h. 19. a4, a J^ J *^» ^^- 20. *6; *4, 

21. .k7; ik6. 22. iiilS; ^1. 23. db4, ihl4; ihl, wA. 

23 
24. ±9; ±4. 25. ±3, ±36; "b6, i--^-. 26. *9; ±a 

27. •kS; ik6. 28. a2; ^1. 29. >b9, it8^2; di7, :t>V% 

30. ±4; ±1. 31. 0, 1, g; 0, 2,22- 

32. ±_^±l)^.4J«zW*_ 33.±a±«±^.*6±«r.* 

'^ *'^*^^'*''*^* '''■ «»-■*!*.-«• 

36. 5,4; 4,5. 37. 4, 2 ; 2, 4. 38. 4, -3; 3, -4. 

39. 1,2; 2,1. 40. ±4, ±3; ±3, ±4. 41. 2, 1;^,^ 

o o 

42. ±6; *3. 43. 2, 1, - 1, -2; 1, 2, -2, -1. 

44. -, 2 » 4 » *» -2=pV3, 2 

45. 3.-|;6,-|. 46. 5,-|;2,-|. 

47 2-1 48 4?-^ _?.2? -? ' 

*•• ^» *• *2*4* 4*2' * 4*4' 

49. a+ft + 1, "^i^'; ^-^. 50. *|; *3&. 

61. *|; ±26. 62. 0,0+6, |(a-6)±^^/{(a+3ft)(a-6)}; 

0,a+6,|(a-6)T|V{(a+36)(a-6)}. 63.a=a-r'i/{abc);&o, 
64. («+yXy+^)(^+^)=±«^<?; &Ci 66. *1; *2; ±a 
••• d» 2' 2' 3' 
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XXX. 1. 11; 7. 2. 6; 18. 3. 8; 24 4. 8; U 
5. 10; 16. 6. 10; 12. 7. 7; 5. a 18; 8: 6; 16. 
9. 6; 3. 10. 4; Z 11. 2; 2. 12. 4; 6. 
13. 7 ; 4. 14. 12 ; 8. 15. 20 ; 15. 16. 30 ; 40. 
17. 60; la la 6-4. 19. 160; ;e2. 20. 24; 4t.; S*. 

21. 756; 36; 27. 22. 4i walking; 4j rowing at first 

23. 10 ; 12 miles per hour. 24. 6 miles. 

XXXI. 1. ^i/^z^\ 2. -Safiy^zK 3. 81tf*ft8c» 
± ^ _ 64a:» ^ ^ 
^ ^' ^' '27?* ^' '^' 
7. a'+ 7a^+ 21a»6'+35«*i»'+ 35a»i^+ 21a»J^+ 7a6«+ U. 

9. a^-3a*6»4.3a«6*-e^. lo. l-3ar+3aj»-a:». 

11. S-k-llx + ^a^-^a^. 12. 27-54;i?+36d:"-aB". 

13. l + 4a: + 6a:24.4^^.^^ 14^ a?*-ai?='+24^-32ii?+16. 

15. 16;i?*4-96;»"+2l6aj'+216a?+81. 16. 2a»a:> + 6aa*V. 

17. 2tf«4?«+12a«;c*6V + 26V. 18. 2(5a?+l0a:8+a?^. 

19. l-Aa^-s-^a^-Aafi + afi. 20. l + 2^+3a:*-»-2iiJ*+d?«. 

22. l+lx-x^-T^-k-a^. 23. I + 6:c+ 130^2 4. 12^^+40?*. 

24. l-6a?+16;e»-iaF» + 9j^. 25. 2(4 + 2&c"+16^;. 
26. 1 + 3^+ 60^2 ^.7^^g<p4^3^^^^ 

28. l+Zx-^ai^ + Za^—afi, 

29. l + 9:c4.?3a?«+63aj'+66a?*+36ar»f8a:«. 

30. l-9a?+36a?2-81^' + 10air*-81jB'+27a^. 

31. 2(36^+171«»+144ar»). 32. l-2:i?+3j:*-ir«+2a?'+*». 

33. 1 + 4a? + 10a?» + 20;i;* + 25a?* + 24a?^ + l^afi, 

34. Aiflb+ad-^-hc+cd). 35. 2(a2+2tfc+c*+5'+2M4-rf')L 
86. l + 6^+15a?« + 20a?'+loa?« + 6j7'+a?8. 

37. 1 - 1 2;P+ 60aJ*- 160jf» + 240^?* - 192d^ + 64;!^. 

38. l4-8a? + 28a?*+56a;"+70«*+56a?' + 2&i;*4-au'+aj'. . 
89. l-3J?'+3a;«-a;*. 40. l + Sa;* + 6.1?* +7a;«+6a?'+ 3a?' 04.^11 

XXXII. 1. 3a'6«. 2. 2a6. 3. -4a6». 4. 2aW:>. 

. .^V a — 7 -5^ 8 ^ Q « 
A. aoc. 6. y^. 7. ^. 8. g^. 9. 2^. 
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10. ^. 11. 4a+5^ 12. 7a'-66. 13. 6«»-»-L 

14. Sa+Sft^ 15.gj|. 16.gf|. 17.*«+*+l. 

la l-d?+2a;". 19. a^+2x+S. 20. «*-2a?-2. 

21. l-2;»+3^. 22. ai?*-««-2. 23. «*-«jp+2a«. 
24.«*-ad:-»-2>*. 25, «"-6^2+ 12^-8. 26.a:'+2aB»-2fl^a?-a». 

27. l-ar+a^-«»+^. 2a ?^-l?.??. 29. l+;ir. 

3y 62? 4^ 

3a 2ar-3y. 31. 1-^+a?*. 32. a?»-(a+6)a?-»-a6. 

33. «+l. 34. a^-xy + y^ 35. 34. 36. 45. 

37. 61. 38. 72. 39. 87. 40. 99. 

41. 12a 42. 321. 4a 407. 44. 55'5. 

45. 6-42. 46. -914. 47. 1234. 4a 6420. 

49. 620-1. 60. 70-5a 61. 8*008. 62. '4937. 

ea 12007. 64. 60406. 65. 1-8042. 66. 213ia 

67. •754ia 6a 443329. 59. •9486a 60. 2-4919a 
61. -65574. 62. •0923a 6a 412310. 64. 11-35781. 
65. 1863488. 66. 119*56331. 67. 2^+3y. 

68. 120:^+4^8. 6a x-a-h. 70. «*+a?+l. 
71. x^-cuf-cfi, 72. 2a^+Acx-Z(^. 73. l-ac + 4;c2^ 
74. l-a?-».aj»-«». 75. l+ar. 76. ac-1. 
77. 27. 7a 35. 7a 54. 80. 61. 81. 8a 82. 92. 
8a ISa 84. 148. 85. .378. 86. 39-2. 87. 6*76. 
8a -604. 8a Ull. 90. 2755. 91. 4504a 92. 1747a 

XXXIII. i.J. 2.|. al. 4ioa 6.1. 

6. a-*. 7. if. a a'\ a a'\ la a^^. 11. a?*-j/*. 
12. a-&. 13. a^+2^* + :c-4. 14. a?» + l+a?-*. 15.a-i-l. 
la a«-3a^+3a"^-flr-2. 17. a«+2aM+a6-a?V. 

18. a^ + x^p-xy^-v^ 19. d?*+a?V-*-^y +y ' 

Sa a^+aM+tl 21. iai?'"*-122?-*y-*-».9y-*. 
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22. #+y. 2a a*-aM + 6*. 24. a^ + b^^A 

20. «*+ai^a*+3a:*a+2a:*a*4.<^. 26. «*-2a?*y*+y*, 

27. «*-2«"*. 2a «-2-«-\ 29. «*-2x^+«* 

3a 2«''3+4»"*. 





XXXIV. 


1.1J2. 


2. 9^4 


3.|^ 


-?• 


s. 


13^15 
10 • 


^- 2 ' 


7. 2 + 2^2- 


2^3. a2+f^/6. 
b 


9. 


4+1^2. 


10. 5 + 2^6. 


n. ?^ 


-v/15 
33 • 


12. 


^ (l8 + 9 ^/6 +4 >/15 + 6 ^/loV 


13. 


3+^/5. 


14 


3-^/7. 


15. 


^/6+^/2. 


^«- yi 


-^- 
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^- 12' 8' 3' 
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-1- 


4. 


14, 21. 


5. 2A 


\, 30. 6. 


20, 32. 


7. 1. 


8. 


16, 10. 


9. 6, 


a 10. 35,42. 


11. 4. 


12. 


db 


13. 60, 


60, 90. 14. 


0, 2 : 6. 





XXXVI. 1. 14. 2. la 3. 16. 4. 12. 5. 4. 
6. 4. 7. 2, 2^. 8. 6. 9. 1,-1. 13. 45,60,8a 
14. 4,6,9. 

XXXVII. 1. 4. 3. 6:2. 4. 2. 6. 4. 
6. 5. 7. a a abc. d. ^. la jeil3i^ 
II. l& 12. ^16360. 
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XXXVTIIL 1. 936. 2. 77^. a 69. 4 139|. 
6. 37i. 6. -115. 7. 14,16,18. a 14j, 14|,.., 

9. 6i,6,... 10. -|, |,... 11. 10,4. 12. 82. 

la 6,9,13,17. 14. 5,7,9. 15. 1,2,3,4,5. 

16. 18,19. 17. 7. la 6. 19. 1,4,7. 20. 1,2. 

XXXIX. 1. 1365. 2. \^. a 40f. 4. 63(^/2 + 1), 



665 
"• 648' 


.f. ,.?. ..|. ..=. ....t 


"• k' 


12. *1 13 HL2 1. 6" 
''^ 333* ^"^ 495- '*• 1980* 


16. 4, 16, 64. 16. 8, 12, 18, 27. 17. -9, 27, -81, 24a 


la 3, 12, 


, 48 ; or 36, -64. 81. 19. 1, 3, 9,... 20. 3, 6, 12. 


XL. 


1 ' i 1 2. * 8 1 sal? 
*• 2* 6'*- * 6' 13' 2- ^ ^' 6- 



4. J, j^, ^. 5. 6, 12. 6. 36, 64. 7. 1, 9. a 3, a 

XLI. 1. 134596. 2. 5040. a 126. 4. 30240. 

5. 11. a 1900. 7. 15504; 3876. a 27; 99. 

XLII. 1. a«-13a^2:p4-78a"aj8...-78a«:c>*4-13aa:«-d?». 

2. 243-810:»*+ 1080a?* - 720j?' + 240:b' - 32a;* 

3. 1 - 14y + 84y2- 280y' + 560y* - 672y» + 448y*- 1 28y^ 

4. 4f +2naj-»y+2«(n-l)a?-V+ ^'^^'^~^}^^--^^ af^'^. 

o 

5. l-»-4a? + 2a?8-8a;"-5a?* + 8ar» + 2a;«-4a^ + a:* a l + 5« 
+ 15a;3+ 30a:» + 450?*+ 51a?»+ 45a?»+ 30a?^+ 15a?8 ^- 5aj»+ «i«. 
7. l-8a?+28a?2-56a;* + 70a?*-56a?»+28a?«-ai?7 + aj». 

3.5922. 9.1590. 10.a?=2,y=3,n = 5. ILx^A^y^^-^n^Hk 

,- 1 a'^x ZaT^a^ 7a" Vd?* 77o~*^ 
la at-^ 3 fg j28"- 

18. l + f + ^+^- 14. l+2a?f4j» + ai!»+-^ 
SLA. 21 
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-1^ -^ -2i 1040 !• 4Q40 ** 

17. a •+10a »6+65a »62+ i^a-Tfts+l^^Tj* 

o 3 

,« (r-H)(r-i-2)(r + 3) , . ^ ^S:^' 3a?> 

^' ^*2-8-T6- 

XLIII. 1. 2042132. 2. 22600. 3. 11101001010 
4. 2076. 5. <4592. 6. Radix a 7. Radix 6 

8. 9^1 ; te. 9. Radix 5. 10. eee. 

XLIV. L -. Z. n^^-. 

a r 

MI8CELLANSOU& 1. 729, 369, 1, 41. 2. 41«— 51y 
3. 9-30x+87^-20j;»+4^. 4. l+a?-^-< 

l-«^.«»-x*. 5. ?^t2£pl. 6. (44:«-9)(9;r«-4) 
7. -. a 3. 9. 240,360. 10. ^2, i:2|. 

11 7« 7y 7t^ ^4_^3yj.?£ 19 1 iQ w 

14. 2aj»-;ry-2i^. 15. STfxT- 

^4-a?+l 

16. (af-10)(ar + l)(a?+3). 17. , ,^,,^^,,, jr.. 

^ /\ /\ / (^-10)(:c+l)(:c + 3) 

18. 5. 19. 7. 20. £40. 21. 2a-26-a?-2y. 

fl+36+4«+4y. 22. 11. 23. a?«-a*. 24.^ + f-5, 

2 o 4 

25. «»-« 26. ^fg. 27. (16*S-l)(4r»-4). 

2a 6. 29. Us, 2U, 52if. 30. 100 

II. L 32. (j«-a2)(-r2-62)^ (;i?-a)rjr-*^ 
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n. 4jJ*-2jrV + a:V-«y'+^. 34. s-% 

35. 2{S^.^^Jt^ . 36. 1. 37. 4. 38. 2. 39. 30 minutea 

40. ^18,^6. 41. 10«+10;». 42. 7«2-2jy+y», 

-«»-6df2^+7y«, 12j?*-10j^y-<fl?2y^ + 20j?2^-12y*. 

43. a+t-c. 44.^ + 1. 45.-^. 46. («a-4)(#»-9). 

51. 3a*-6a»6-12a«6«-aft'4-3M, 3a^-8«'6-4a5*+32»». 

52. a»-6. 63, 2. 54. (^L^. 55. 1. g. 66. 3; 6 

57. 6; 8. 58. 4; 5; 2. 59. -^'^^-j ^+^ 



60. |. 61. jr*+af2+i + ^+ 1^ 

5 a^ a* 

lljr + 2 2€Uf 

66. 2; 4. 6r. 3; -3. 68. a 69. 2. 

70. 20; 40 years. 71. 1. 72. ~^, |. 

73. (#-2)(a?-l), (ar-2)(^-6), (jr-l)(a?-6). 74. 0. 

2 17 4 

75. - . 76. "5^ , o • -^7. 3 shilliDgs, 2 shillings. 

7a 3««-^+l. 82. (jf»-4y»)». 83. 3; -2. 

84. 5. 85. 47 or 74. 86. 45 gallons. 

87. 4j?»-3d?y« + 5y3. 58. 62i. 89. 4-85409. 91. a?-y. 

92. 8(;p» + 2/*);48(a?«-y*). 93.^-^^. 94.1. 95.4^5,6. 

5 
96. 3, -^ r . 97. 20 miles. 98. Present price 3 pence 

l^doien. 99. 18ri'-|iy; 18. 100. 4,8,18. 
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101. ••-I, !+«*-»-«*. 102. (^-a«)(^-rt^ 103. ft 
104.1. 106. 13. ^.y^JY- 106. *3; ^4; t5: 

or A3; A6; *f>4. 107. 20 shillings. 

lOa 48. 109. - + 1-*. 111. ^+l-»"a'"*. 
y » 

116. *2;*1. 116. \,\',\, |. 

117. |. 118. -«-». 119. 612. 

123. #(3* + 4)(a?-6). 124. ^. 125. 2,|. 

126. i^ -7; 4,5. 127. lj;2; \. 129. 3. 

130. 3(3--l). 131. J. 132. 2jc(3t?+4). 

133. 4, -3. 134. a!8-a?-6=0. 135. ir«=a* or ^. 
136. *2. 137. 819615. 138. 7-2^/3. 139.^^. 

142. 197, 3«»-2aj2-5iP-3. 143. «(«' + &*), ^Z^t • 

QA 

144. (1) 4. (2) 0, 5. (3) 5; 7. 145. (1) 3, jj. (2) a 

(3) *7; *6. 146. 16; 16. 147. 20. 148. 16, 24. 
149. — , 169. 150. As 5 to 1. 151. a^, 152. a?+46 
ISa x-X 154. (1) 5. (2) 3. (3) 7; 4. 

16& (1) a (2) 9. (3) *9; *7. 156. 30 penoet 
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167. 80. 158. ^20. 169. x-^-ta. 

161. a, 21a-27& + 6c, «"-». 162. 3(a-a?). 

163. 72(a?-y)«(;c»+y3), i64. (l) 9. (2) 8. (3j ?SL 

(4) 20; 2. 165. (1) 6, |. (2) 11. (3) *11, ±13; 

4 
±13, ill. (4) ±2; 1-1. 166. 12 days. 167. 4, 8. 168. j^. 

170. 208; 400. 171. 23&-18a. 172. 2,p»,af». 

173. aj»-3<Mr« + 3a«a:-rt^. 174.(1)13. (2)4. (3) 6; 10. 
(4) a 175. (1) 2,4. (2) ±6; ±4. (3) *1, *7; 

t1, d»6. (4) 1, 6; 6, 1. 176. 16,^ minutes after 12. 

177. 36. 178. 40,23. 179. 36(l-|I), 36. 

180. 7-^/6. 181. 16. 182. ^^f^^ . 184. (1) 9. 

(2) 6; 8. (3) 4, -|. 185. (1) 13, -16. (2) 7. (3) 2, -L 

186. 288,224. 187. 29 mUes. 188. On the first day 
A won 8 games and lost 4 games. 190. -85^. 

l&i;*+12^-43a^+3&r-18 6aj"-20aj»+^ + 36 

191. Hi » 4 ^' 

(2) 7. (3) 40; 16. 195. (1) |, -|. (2) 13. (3) 2,4; 

4,2. 196. 56maes. 197. 24. 198. 23+15. 

199. a^-a6+6», a«+&«. 200. 2,4,8,16. 

_^. 204. (1) 9. (2) ?. (3) 6, a 
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a* (1)7, I («)l,-4. (S) *8; *2. 206. lOBiita* 

W7. 24. 203. 6 crowii8+ 18 riuIliDgs. 

109. 2«'-i-2(W+4C. 210. 7, 11, 15, ... 

Ml. 3*»-22*y+3^-C/. 2ia - t2^.sf-38a^ - 

"^P^^sSfo- «^-<^>'- (^^^^''^ 

(3) 3; 6; 9. 215. (1) 3, -6. (2) ^7; *5. (3) 8, 4; 4, 2. 
216. 114 of each. 217. 126. 218. 21. 219. 11,12, 
13,14. 220. 3 + 2^/2. 221. aj«+a:»+l, p^+g^-r. 

224. (1)9. (2) 23; 19. (3)12; -24; 36. 225. (1)28, -3. 
(2)10(^-200. (3)_^-^^-^;^j^2;^f^. 

896. :]^ofaiilil& 227. 503; 1000; 4000. 228. 2 hours; 
12 

4houta 229. 2,5,8,.... 230. J2(^""**)- 

231 a!^^ Hc^±n ^^^ 



g+5 
9««-jf-3' 



m (1)|. (2)*|. (3)|;J. 

234. (1) 6, 5- (2) ^^- (3) 5; ±4. 235. 19. 

236. 150,50. 237. 40,50. 23a 1975. 

239. a«+a«&+a52+j»^ a+26 + 3c. 240. ajV*+8«V- 

241. 14ay, ^^^^^ — ■ 242. «+a. 243. 105 shfl- 
lings. 244. 54. 245. 3,5,8. 246. 6J per cent 
S47. 220a 248. ^. 849. 5*678, 1*234. 251. 2a-4 
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262. a"-^«, e. 253. ^(3a+2a;). 254. (1) 5. 

(2) 114; 77. (3) 0, |. 255. 112; 96. 256. ^ hai 

;£5400, B has ;e7200. 257. 7; 13. 25a 80. 

259. 8; 5. 260. ;£80. 261. <?+2hc 

262. a:w-l, -^,(ar*+3a;c>-4aV-.3a»j?+2a*). 

263. a^-^^l^Uy,. 264.g^^3,l. 265..(1)«. 

(2) 1. (8) 18; 9. 266. (1) 3, -2. (2) 6, ?. (3) 2, 3-; 3, 2. 

2ea 45 shilKngs, 30 shiUings. 270. ir8+|- i 6-21^2. 

2 3 

271. 0. 272. ««+3«+& 273. ^^^i^, 

12a8-8<M?^-&B» 4;g* 

15a2 + aa?-2«« • ^^^- (4a-3;i?)(5a-2j?)' ^^^"^^ 

^'^' a6(c+rf)+a+i:+rf' Sn^^^T^- 276. (1)2. 

(2)ll;7.(3)4;f. 277.(1)^),^). (2)4,7. 
(3)5. 278. 7+7 miles. 281.?^. 288. 2(a-6)(c-d), 
-'^ ^^- SS' -^- 284. (1) 4. (2) 6; 4. 
(3) 5, |. 285. (1) i, ^. (2)20, -a, «, .|. (3) 1, |; 

47 
-2,—. 286. Second boat 16 minutes. 287. 3 feet j 

2 feet 289. 18 feet 290. ? / A_ + (^zllfl ' 

2 ll+ar l-.«* /• 

»1. a 292. 6«. 294. f''^^ . 
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S95. (1) 4. (2) 61; 73. (3) 16; a 296. (1) 7, -6 
(2) 7, ~. (3) 1,5. 297. 144ininutea 

298. 4^ hoon with the stream, 7^ hours against the 
fftioam. 299. a-^6, a, a-i-|&. 300. 3,-1. 
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LESSONS IN ELEMENTARY ANATOMY. By St. George 

Mi vart, F. R. S. W ith upwards of 400 Illustrations. 1 6mo, $1 -7 5* 

** // may be questioned whether any other work on anatomy contains in 

like compass so proportionately great a mass of information" — Lancet. 

A8TRONOMT. 

ELEMENTARY LESSONS IN ASTRONOMY. By J. 
Norman Lockyer, F.R.S. With numerous illustrations. New 
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POPULAR ASTRONOMY. With Illustrations. By G. B. Airy, 

Astronomer Royal. Seventh Edition. i6mo, cloth, $1.10. 
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BIOIiOOY. 

A COURSE OF PRACTICAL INSTRUCTION IN ELE- 
MENTARY BIOLOGY. By T. H. Huxley, LL.D. Assisted 
by H. N. Martin, B.A., M.B., D.Sc, Professor of Biolc^ in 
Johns Hopkins University, Baltimore. Third Edition, revised. 
X2mo, cloth, $1.50. 

** The work is entirely prtuHcaly and should be one of the first bocks 
read by the student of natural history ^ and by the student of medicine 
who desires to rest kts later physiological studies upon a sound elemen- 
tary basis.** — Medical Record. 

•*// is impossible for an intelligent youths with this book in his hand^ 
placing himself before any one of tJie organisms desctibedy and carefully 
following the directions given^ to fail to verify each point to which his. 
attention is directed" — ^ATHENiGUM. 

BOTANY. 

LESSONS IN ELEMENTARY BOTANY. By D. Oliver, 

F.R.S. With Illustrations. New Edition. i8mo, cloth, $1.10. 
This book is designed to teach the elements of Botany on Professor 
Henslow* s plan of selected Types and by the use of Schedules. The 
eat tier chapters^ embracing the elements of Structural a?td Physiological 
Botany y introduce us to the methodical study of the Ordinal Types. 
The concluding chapters are entitled ^^Mow to Dry Plants" and 
*'How to Describe Plants" 
TEXT-BOOK OF BOTANY. Morphological and Physiological. 

By Julius Sachs. Translated and Annotated. By A. W. 

Bennett, M.A., F.R.S., and W. T. T. Dyer, M.A., F.R.S. 

8vo, cloth. Out of print. 
The Popular Science Monthly says : **This admircible trcmsla- 
Hon of the work of Professor Sachs supplies a want long felt in our 
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the original." 
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here. Indeed the rendeting seems to us particularly happy, and the 
whole appearance of the volume is most satis fcutory." — Nature. 

**// is thoroughly up to the present state of botanical science* It is 
wfitten in a clear, vigorous, and fcucinating style, and is admimbly 
illustrated. » » » Messrs.Bennettand Dyer have performed thAf 
tcuk thoroughly, and earned the gratitude of every student of botany.^ 
— Spectator, 
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LESSONS IN ELEMENTARY CHEMISTRY, INOR. 
GANIC AND ORGANIC. By Henry E. Roscoe, F.R.S., 
Professor of Chemistry in Owens College. Manchester. With 
numerous Illustrations. New Edition. i6mo, cloih, $i.io. 

*^As a standard general text-book it deserves to take a leading place/* 
' — Spectator. " 

" IVe unhesitatingly pronounce it the best of all our elementary 
treatises on Chemistry,'* — Medical Times. 

THE OWENS COLLEGE JUNIOR COURSE OF PRACTICAL 
CHEMISTRY. By Francis Jones, Chemical Master in the 
Grammar School, Manchester. With Preface by Professor 
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A SERIES OF CHEMICAL PROBLEMS. For Use in Colleges 
and Schools. Adapted for the Preparation of Students for the 
Government, Science, and Society of Arts Examinations. With 
a Preface by Professor RoscoE. With Key, i8mo, cloth, 50 cents. 

In tJu Preface Professor Roscoe says : **My experience has led me 
to feel more and more strongly that by no method can accuracy in a 
knowledge of chemistry be more surely secured than by attention to the 
working of well-selef*ed problems^ and Dr, Thorpe's thorough aC" 
quaintance with the wants of the student is a sufficient guarantee that 
this selection has been carefully made, I intend largely to use these 
questions in my own classes ^ and I can confidently recommend them to 
all teachers and students of the science, " 

CHEMISTRY FOR STUDENTS. By A. W. Williamson, Phil. 
Doc., F. R. S., Professor of Chemistry, University College 
London. Second Edition, with Solutions. i6mo, cloth, $2.10. 

EXERCISES IN PRACTICAL CHEMISTRY. By A. G. Vernon 
Harcourt, M. a., F. R. S., and H. G. Madan, M. A., Fellow 
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cloth, $1.90. 

*^An invaluable work for those who are beginning to learn practu 
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cular. 

BEAT. 

AN ELEMENTARY TREATISE ON HEAT. By Bal- 
four Stewart, LL.D., F.R.S. Professor of Natural Philosophy 
at Owens College. Thinl Edition, enlarged. i6mo, 477 pp. $1.90. 
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To this ediHon haift been added notices of such discoveries connected 
with ^*ffeat" which have taken place since the second edition was 
published^ and also articles on ''*^ The Molecular Theory of Gases" 
**The Connection between the Two Elasticities and the Two Specific 
Heats:" ''The Velocity of Sound ** and '' Graphical Representations cf 
Physical Laws" 

2x>aio. 

ELEMENTARY LESSONS IN LOGIC ; Deductive and In- 
ductive, with copious Questions and Examples, and a Vocabu* 
lary of Logical Terms. By W. Stanley Jevons, M. A., Pro- 
fessor of Logic in Owens College, Manchester. New Edition, 
l6mo, 40 cents. 
**A Manual alike simple^ interesting^ and ScienHfc" — ^Athen<«X7M. 
**// brings before the reader in a concise and very intelligible manner 
the whole body of recognized logical doctrines. Refers them to the great 
principles or so-called laws of thought from which they appear to be 
derived^ furnishes the student with a variety of examples ^ and indicates 
the sources where he may find a full discussion of the subject 
treated:* — Spectator. 

THE ELEMENTS OF DEDUCTIVE LOGIC, designed 
mainly for the use of Junior Students in the Universities. By 
T. Fowler, M.A., Fellow and Tutor of Lincoln College, Ox- 
ford. Sixth Edition, corrected and revised, with a Collection of 
Examples. i6mo, cloth, 90 cents. 
*'Mr. Fowler appears to us to have cccomplished his task skillfully 

and usefully. His book contains all the essential details of its subject, 

is clearly expressed, and embodies the result of much accurate 

thought, " — Guardian. 

THE ELEMENTS OF INDUCTIVE LOGIC, designed mainly 
for the use of Students in the Universities. By the same 
Author. Third Edition, corrected and revised. i6mo, 387 pp., 
cloth, $1.50. 
*'A most useful hand-book, mainly intended for University students, 
but which will be a convenient book, also, for those whose student days 
areovtr, but who wish to keep up with more recent methods" — Liter- 
ary Churchman. 

MORAL PHILOSOPHY. 

HAND-BOOK OF MORAL PHILOSOPHY. By the Rev. 
Henry Calderwood, LL.D., Professor of Moral Philosophy, 
University of Edinburgh. Third Edition. i2mo, $1.50. 
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**A compact and useful work. * » » tvill be an assistant to many 
students outside the author* s own University,** — Guardian. 

**// w, we feel convinced^ the best hand-book on the subject^ intellect^ 
ually and morally , and does infinite credit to its author" — Standard. 

NATURAIi PHILOSOPHY. 

NATURAL PHILOSOPHY FOR BEGINNERS. With 
numerous Examples. By I. Todhunter, M.A., F.R.S. Part 
I. The Properties of Solid and Fluid Bodies. i8mo, cloth, 
90 cents. 

Part II. Sound, Light, and Heat. i8mO, cloth, 9Q cents. ; 
From John M. Langley, Esq., University of Michigan : 
** I think this little book is thoroughly adapted for use in Grammar 
schools and others of a similar grade, and it will undoubtedly tend to 
hasten the day when elementary science shall be as universally taught 
as are now the ' three R*s* " 

From Charles R. Cross, Esq. Professor of Physics, Massachusetts 
Institute of Technology : 
"// would furnish a good basis of sound knowledge forsom^e of us 
to build upon^ instead of being obliged to cause our students to unlearn 
much which they suppose to be f cuts,** 

From A. E. Dolbear, Esq., Professor of Physics, Tufts College, 
Mass. 
**/ have very carefully examined it, and find it to be a most excellent 
treatise, and one which might well supplant most of the text-books on 
that subject:' 

** Perspicuous language, vigorous investigations, scrutiny of dif- 
ficulties, and methodical treatment characterize Mr, TodhunteVs 
works,** — Civil Engineer. 

THE ELEMENTS OF NATURAL PHILOSOPHY. Ey Pro- 
fessor Sir W. Thomson, and P. G. Tait. Part I. 8vo, 
cloth, $2.50. 

LESSONS IN ELEMENTARYPHYSICS. By Balfour Stewart, 

F.R.S., Professor of Natural Philosophy ia Owens College, 

Manchester. With numerous Illustrations. New Edition. 

i6mo, $1.10. 

** The £u:tive agents — heat, light, electricity, etc, — are regarded as 

varieties of energy, and the work is so arranged that their relation to 

one another, looked tst in this light, and the paramount importance 

of the laws of energv, are clearly brought out. The volume contains 

all the necessary illustrations" — The Educational Times. 
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^HTSIOAXi GBOORAPHT. 

ELEMENTARY LESSONS IN PHYSICAL GEOGRAPHY, 
By Archibald Geikie, F.R.S., Professor of Geology, etc., 
Edinburgh. With numerous Illustrations and Colored Maps. 
New Edition. i6mo, $i.io. Questions on, 40 cents. 

*^ Anything more (Ufferent from and more superior to the ordinary 
school-book it is impossible to imagine. Were text-books adopted on 
their merits we should expect to see this one supplant all others on 
Physical Geography.** — CHRISTIAN Union. 

'* We heartily commend this little volume to all uachers and students 
of Physical Geography" — NATIONAL Journal of Education. 

**The subject is treated in such a manner as to engage the interest of 
the young student^ and to excite him to observaHons and investigations 
for himself** — HARTFORD COURANT. 

FB7SIOLOGY. 

LESSONS IN ELEMENTARY PHYSIOLOGY. By T. H. 

Huxley, F.R.S. With numerous Illustrations. New Edition. 

i6mo, clolh, $1.10. Questions on, 40 cents. 

This book describes and explains ^ in a series of graduated lessons, 

the principles of Human Physiology^ or the Structure and Functions 

of the Human Body, 

**Pure gold throughout.** — GUARDIAN. 

" Unquestionably the clearest and most complete elementary treatise 
on this subject that we possess in any language" — ^WESTMINSTER 
Review. 

A COURSE OF ELEMENTARY PRACTICAL PHYSIOLOGY. 
By M. Foster, M.D., F.R.S. Assisted by J. M. Langley, 
B.A. New Edition. i2mo, cloth, $2.00. 

**This work will prove of great value to the teacher of physiology^ as 
an aid to the preparation of an eminently practical course of lectteres 
end demonstrations of elementary experimental physiology. Its chief 
utility y however, will be to the intelligent student, who, armed with a 
dissecting case, a microscope, and the book, will be enabled to pass his 
summer vacation in a manner at once interesting and profitable,"-^ 
Medical Record. 

A TEXT-BOOK OF PHYSIOLOGY. By M. Foster, M. A., 
M.D., F.R.S. Fourth Edition, revised. i2mo, cloth, I5.50. 

** After a care ful perusal of the entire work we can cordially frcom* 
mend it, both to the student and to the practitioner, as being one of the 
lest text-books of Physiology extant, the facts recorded being as reliable 
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as the reasonings are sounds while the arrangement and style are alike 
excellent" — LONDON Lancet. 

**/ recommend it to my students as the latest y and in some respects the 
hesty Physiology in the English Language" — ^From a Letter from 
Professor Burt G. Wilder. 

POLrnOAL SOONOMT. 

MANUAL OF POLITICAL ECONOMY. By Henry Faw- 
CETT, M.P., University of Cambridge. Fifth Edition, revised 
and enlarged. i2mo, cloth, 663 pp., $2.65. 

** // forms one of the best introductions to the principles of the 
.science, and its practiced applications." — Daily News. 

" The book is wfitten throughout with admirable force^ clearness and 
Brevity y every important part of the subject being duly considered""^ 
Examiner. 

POLITICAL ECONOMY FOR BEGINNERS. By Milucent 

G. Fawcett. New Edition. i8mo, 75 cents.' 
. ** We cannot conceive a book more fitted for populafizing this science 
than the cUar^ compact and comprehensive treatise ^ for which we are 
indebted to Mrs, Fawcett,'* — DAILY News. 

** The relations of capital and labor have never been more simply or 
more clearly expounded," — CONTEMPORARY Review. 

A MANUAL OF POLITICAL ECONOMY. By J. E. Thor- 
OLD Rogers, M.A., formerly Professor of Political Economy, 
Oxford. Second Edition, with Index. i6mo, cloth, $1.10. 

•' Political economy is not a subject of which ^ in these days, sensible 
men can afford to be ignorant. Much of the ignorance which prevails 
respecting it will be cut at the root, if the able manual of Mr, Kogers 
is used extensively in our schools and colleges," — GUARDIAN. 

STEAM, 

AN ELEMENTARY TREATISE OF STEAM. By John 
Perry, B.E.; Whitworth Scholar, etc., late Lecturer in Physics 
at Clifton College With numerous Woodcuts, Numerical Ex- 
amples and Exercises. i8mo, $i 10. 

•'//r. Perry has^ in this compact little volume^ brought together an 
immense amount of information^ new toldy regarding steam and its 
application^ not the least of its merits being that it is suited to the 
capacities alike of the tyro in engineeiing science or the better grade of 
artisan,"'~lR.os, 
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Mathematical Works, 

BY 

i; TODHUNTER, M.A.F.R.S., 

Of St. John's College, Cambridge. 



"J/r. Todhunteris chiefly known to students of Mathematics ax 
the author of a series of admirable Mathemcttical text'baoks, which 
possess the rare qualities of being clear in style, and absolutely free 
from mistakes, typographical or other,*" — Saturday Review. 

THE ELEMENTS OF EUCLID. For the use of CoUeges and 

Schools, i&mo, 90 cents. Key, $1.75. 
ALGEBRA FOR BEGINNERS. With numerous Examples, 

l6mo, 75 cents. Key, i2mo, S1.75. 
MENSURATION FOR BEGINNERS. With numerous Ex, 

amples. l8mo, 75 cents. Key, $1.90. 
MECHANICS FOR BEGINNERS. With numerous examples. 

l8mo, |i.ia Key, $1.75. 
TRIGONOMETRY FOR BEGINNERS. With numerous exam- 

•pics. i8mo, 75 cents. Key, i2mo, $2.25. 
ALGEBRA. For the use of Colleges and Schools. Seventh Edition, 

with new Chapters. Z2mo, $1.80. Key, $2.60. 
PLANE TRIGONOMETRY. For the use of Collies and Schools, 

i2mo, $1.30. Key, $2.60. 
A TREATISE ON SPHERICAL TRIGONOMETRY. i2mo, 

J51.25. 
AN ELEMENTARY TREATISE ON THE THEORY OF 

EQUATIONS. Third Edition. i2mo, $1.80. 
PLANE COORDINATE GEOMETRY, as applied to the Straight 

Line and the Conic Sections. i2mo, $1.80. 
A TREATISE ON THE DIFFERENTIAL CALCULUS. With 

numerous examples. i2mo, $2.60. 
A TREATISE ON THE INTEGRAL CALCULUS AND ITS 

APPLICATIONS. Fourth Edition. i2mo, $2.60. 

Macmillan & Co., 1 1 2 Fourth Avenue, N.Y. 



MAOMILLAN'S 
ELEMENTARY CLASSICS. 



Under tlie above title it is proposed to issue a series of 
Classical Reading Books, selected from the best Greek 
and Latin authors, with short introductions, and full 
elementary Notes at the end, designed for the use of the 
Lower Forms of Public Schools, of Private Preparatory- 
Schools, of Candidates for Junior Local Examinations, and 
of beginners generally. 

A primary object of the Saries will be to impart 
knowledge in a way both interesting and sound, that the 
students who use the books may really be attracted by the 
information given in the Notes, and may therefore go on 
into higher walks of learning with genuine zeal, feeling 
confident that they have a solid basis in the knowledge 
already acquired. With this object an endeavor will be 
made to illustrate each author from all the various points 
of view that have been brought out by modem learning. 
The attention of students will not be confined to mere 
questions of grammar, but, where feasible, the results of 
philological and archsological research will be insinuated, 
and points of historical and literary interest brought out ^ 



MAGIILLAN'S ELEMENTARY CLASSICS. 

1 81110, 40 cents each. 



"Among (he best of the Tarioas eeries of sshool-books which are Just 
now bcln^ published may bs mentioned tlia ' Eleaxentary Classics.'. 
The notes are precisely the s irt of notes which ar3 roqnired, which 
assist a boy without making; him lazy/*— Westminster Review. 

The following are ready or in preparation : — 

C-»SAR-Th-^ Gallic War, Book I. Edited, with Notes and 
. Vocabulary, by A. S. Walpole, M.A- 

OJS13 AB— The Second and Third Caznpaifms of the Gkillie 
War. Edited by W. G. Rutherford, m:a., Balliol Coliego, Ox- 
ford, and Assistant-Master at St. Paul's School. 

" It contains interesting introductions on * Ciesar and his Soldiers,* 
on the *C3untry of the Gauls,' uid on the Roman Army. The la**t men- 
tioned {-* especially full and accurate, and much better than anythiu'^* 
of the kind which we hare met with in similar booKs; Th>' notes are 
sc .olaiiy, and supply the sort of information required by Elementary 
&:vi±QUte>.^*— Educational Times. 

C^ 3 AB— Scenes from th^^ Fifth and Sixth Books of the 
U-aliic War. Selected and • dited by C. Colbeck. M.A.. late 
F How of Trinity College, Cambridge, and Assistant^Master at 
Harro»7. 

It Is accompanied with notes to explain all difficuiticB. . . . The 
introduction which Mr. Colbeck has prefixed will be found useful and 
even entei-tain.ng. 

CICZBO-Sel«K!% Letters. Edited by Rev. Q. E. Jeans, M.A., 
Fellow of Hertford College, Oxford, and Assistant-Master in Hailey- 
bury College. 

JBTjaiP'TDIIS—Hecuba. Edited by Rev. John Bond, M. A., and A. 
S. Wal?olk, M.A. 

QREEK TE3~? AMENT— Selpctiona. Edited by Rev. Q. P. Mac- 
UBAii, M.A., D.D.^ Warden of St. Augustine'd Colieje, Canterbury. 

[Inpresi. 
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HERODOTUS— Selections from Books VII. and VIH. The 
- Expedition of Xerxes. Edited by A. H. Cooke, B.A., Fellow 

of Kiug'B College, Cambridge. 
••A cap'tnl guide for beginners, with a very useful introduction, ex- 
planatory headings to the chapters of the Greek text, and a series of 
apt, simple, and scholarly notuB."— Examiner. 

HOMEH'S IlilAD-Book XVIII. The Arms of Achilles. 
Edited by S. R. James, M.A., Scholar of Trinity College, Cam- 
bridge, and Assistant-Master at Eton. 

HOBACE— Select Epodes and Ars Poetica. Edited bv Bov. H. 
A. Dalton, M.A., late Student of Christ's Church, Oxford. 

HOBACE -The First Book of the Odes. Edited bv T. E. 

Page, M.A.. late Fellow of St. John's College, Cambridge, and 

Assistaiit-Master at the Charterhouse. 
** 'I'he parallels from other and especially modem poets are happily 
chosen and really illustrative, and the brief inrrodnctions are perfect 
models of what they should be for the help of the schoolboy and 
schoolgirl, "—^ca^^'my. 

HORACE- Th<^ Second Book of the Odes. Edited by T. E. 
Page, M A , late Fellow of St John's College, Cambridge, and As- 
sistant-Master at the Char.erhouse. 

HORACE— Th-^ Third Book of the Odes. By tho same Editor. 
"This Iltt e book is one of the few which rise by their intrinsic 
merits above the mass of annotated ed.tions which have for &3me years 
pa^t embarrassed and pauperized the teaching profession. The notes 
are pcholarly, indeed at timcH almost too scholarly, c-onsinerins the 
modest aim which the book is supposed to fulfil, but they are helpful 
in the best scnBe.^^—Atkenarum. 

HORACE— The Fourth Book of the Odes. By the same 
Editor. 

HOBACE— Select ons from the Epistles and Satires Edited 
by Rev. W. J. V. Bakkk. 15. A., Fellow of St. John's College. Cam- 
bridge, and Assistant-Master at Marlborough. 

UrW— The Hannibal.an War. Being* part of the 2l8t and 22d 
Books of Livy, adapted for the use of beginners. By G. C. Mac- 
ADI.AT. M.A , Assistant-Master at Hugby, formerly Fellow of 
Trinity Coilege, Cambridge. 
"It is an adaptation of LivyV difficult text to the wants of beginners, 
thepecnliaritiesof Livy's beaatiful style being carefully and most in- 
geniously preserved, while its difficulties are entirely removed. . . . 
We heartily recommend this little book for use in Schools. There 
could be no better introduction to Llvy, nor lo the Art of Latin l*ro80 
Composition."— i>M6/frt Ev^ninj Mail. 

liIVY— Th*^ Last Two Kin^s of Kacc don. Scenes from tho 
Last Decade of L= vy. Selected and Edite 1 by F. H. Rawlins. M.A, 
Fellow of King's College. Cambridge, and Assistant-Master at Eton. 
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OTII>— Selections from the Fasti and Epistles. Edited by B. 

8. SaucKBUtteH. M.A.. late Fellow of Emmannet College, Cam- 

bndge, and AssislaDt-Master at Eton. 
*' The Selections are well made, and the Notes scholarly/'— iSifuca- 
tkmal Tbfi£8. 

PULTO— Euthyiihio and Menexenns, Edited by C. E. Gravis, 

THB OBJSBX, EliEOIAC POETS. Selected and edited by ReT. 
Hbrbekt Kth ASTON. M. A-. Principal of Cheltenham College, and 
formerly Fellow of St. John*9 Colk^, Cambridge. 
''This capital selecticm supplies an obvions need, and should be used 
in all Hchools wheie Greek is tau^t, and by senior scholars who can- 
not afford complete editions of the poets in question.''* — Afhe/UBum. 

THTJCYDIDES-Book IV,, Ch. 1—41. The Siege of Pylos. 
Edited by C. E Graves, M.A., Classical Lecturer and late Fellow 
of St. John's College, Cambridge. 
'*Thi4 little volume we have thoroughly tested, and can confidently 
pronounce it Unt-iaie.^^—At/ienoium. 

TH U C Y DIBES— The Rise of the Athenian Emrire. Book 
I., Ch. 80-118 and 188--13H. Edited b v F H Cols/»n, b!a , Fellow 
of St. John's College, Cambridge, ana A8sistant-Ma9twr at Clifton 
College. 

VIRGIIj-Th«* Second Qeor^lc. Edited by Rev. J. H. 8kt:ink, 
M.A.. late Fellow of Merton College, Osford, and Assistant-Master 
at Uppingham. 
"He (^ives us a carefully -writ* en Introduction, and f^ome Notes which 
show both taste and scholarship. ... If any teacher desires to in- 
terest a pupil in Virgirs poetry, he cannot do tetter than put this little 
book Into nis l.a.ndA.'''— Academy. 

VIBOHj— TheF'Tst^Sneid. With Notes and Vocabalarj'. By A. 
b. Walpolk, M.A. 

VHtGILi— The Fifth JEnnid. The Punenl Games. Edited by 
Rev. A. Calv Br, M.A.. late Fellow cf St. Johns College, Cam- 
bridge. With Vocabulary. 
" Masters wh • want to read with the third form may make a note of 

this hooky -Educational Timea. 

:«a:NOPHON- Analysis. Book I. With Notes and Vocabnkiry. 
By A. S. Wawole, M.A. 

HOMER— Odyssey. Book T. Notes by Rev. J. Bond a:3d A a 
Walpolk. 



MAOMILLAN'S 
CLASSICAL SERIES 

FOB 

COLLEO-ES AND SCHOOLS, 



Being select portions of Greek and Latin authors, edited with Introdno* 
tions and Notes at the end, hj eminent scholcrs. The ceries is designed 
to supply first-rate text-books for the higher forms of schools, having 
in view also the needs of Candidates for public examinations at the 
Universities and elsewhere. 

The following volumes are ready:— 

JBSCHYIiXJS— Pers8B. Edited by A. O. Prickabd, M.A., Fel- 
low and Tuior of New College, Oxford. With Map. 75 cents. 

OATTTLIiXTS—Select Poems. Edited by F. P. Simppon, B.A., late 
Scholar of Ballioi College, Oxford. New and revised Edition. $ 1.10. 

CIGERO— The Second Philippic Oration. From the German o* 
Karl Halm. Edited, witb Corrections and Additions, by John £. 
B. Mator, Professor of Latin in the University of Cambridge, and 
Fellow of St. John's College. New edition, revised. $1. 

The Catiline Orations. From the German of Karl Halm. Edited, 
with Additions, by A. S. Wilkins, M.A.. Professor of Latin at the 
Owens College, Manchester. New edition. 90 cents. 

The Acadenxica. Edited by James Bkid, H. A., Fellow of Cains 
College, Cambridge. $1. 

Pro "Lege Manilla. Edited after Halx by Professor A. S. Wilkins, 
M.A. 75 cents. 

pro Boscio Amerino. Edited after Halx. 67 E. H. Donkin, 
M.A., late Scholar of Lincoln Colleger Oxford. Assistant-Master 
at Uppingham. 90 cents. 
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J>ElCOSTH£NBS— The Oration on the Crown. Edited bj B. 
Drake. M.A. late Fellow of King'a College, Cambridge. Sixth 
and reviMd edidon . $1. 

AdverBus Leptinem. Edited by J. R. Kmo, M.A., Fellow and 
Tutor of Oriel CoU«ce, Oxford. $1. 

SX7BIPIDE3— Hippolytua. Edited by J. P. Mahafft, M.A., 
Fellow and ProfeMor of Ancient History in Trinity College, Dublin, 
and J B. Buur, bcholar of Trinity College, Dublin. 90 cents. 

HGITBR^S HJ AB-The Story of AcbiUes. Edited by the lato 
J. H. Pkatt. M.A. and Walter Leaf, M.A., Fellows of Trinity 
College, Can^bridge. $1.50. 

HOMEB*8 ODT'SSET'— The Narrative of GdyssQus, Books 
IX.— XXL Edited by John £. B. Mayor, M.A. Parr I. 75 cents. 

JTTVEN AI«-Select Satires. Edited by John E. B. Mator, F^I. 
low of St. John':* Collefre, Cambridge, and Professor of Latin. 
Satires X. and XL 9J cents. SatiresXlL— XVI. $1.10. 

lilVT— HannilMd's First Campaipi in Italy, Books XXI. 
and XXH. Edited by the Ret. W^. Capes, Eeader in Ancient 
History at Oxford. With 8 Maps. $1.10. 

Books H. and HI. Edited br the Ret. H. M. Stephenson, 
H.A., Head-Master of St Peter's School, York. $1.10. 

XABTIAIj- Select Epigrrams. Edited by Key. H. M. Stephen- 
BON, MA., Head-Master of St. Peter's School, York. $1.50. 

OVH>— Fasti. Edited by G. H. Hallam, M.A., Fellow of St. 
JohiPs College, Cambridge, and Assistant-Master at Harrow. With 
Map0. $1.25. 

Heroidum Epistulao Xm. Edited by E. S. Shuckburoh, 
M.A. $1.10. 

FLATTTUS—Miles Gloriosua Edited by R. T. Tthrell, M.A., 
Fellow and Professor of Greek in Trinity College, Dublin. $1.25. 

PUinr'S LXSTTEBS— Book m. Edited by Profe8!*or John E. 
B. Mayor. With Life of Pliny, by O. H. Kendall, M.A. $1.10. 

PI4XJTABCH— Life of Themlstokles. Edited by Rev. H. A. 
HoLDBN. M.A., LL.D., Head-Master of Ipswich School; some time 
Fellow of Trinity College, Cambridge; Editor of '' Arietophanes," 
Ac. $1.10. 

PBOPEBTIXTS— Select Poems. Edited by J. P. Postoats, 
H. A., Fellow of Trinity College, Cambi idge. $1 .00. 

SAXLXJST.— Catiline and Jugrurtha. Edited by C. Meriyalb, 
B.D. New edition, carefully revlBed and enlarged. $1.10. Or 
separately, 00 cents each. 
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TA0ITX7S— Asrricola and a«>rznania. Edited by A. J. CntritcH, 
M.A., and WT J. Brodhibb, M.A. Translators of 'J'acitos. New 
edition. 90 cents. Or separately, 56 cents each. 

The Annals, Book VI. By the same Editors. 60 cents. 

TEBENCE— Hauton Timoiizm«nos. Edited by R. B. Shuck- 
BUROH, M.Am Assistant Master at Eton College. 75 cents. With 
Translation, $1. 

Phormio. Edited by Rsr. John Bond, M.A., and A. S. Wa]> 
FOLK, B.A. $1. 

' m UCY DIDES— The Sicilian Expedition, Books VI. and 
Vn. Edited by the Key. Pkucital Frost, M. A., late Fellow of 
St. John^s College, Cambridge. New edition, revised and enlaiged, 
with Map. J1.25. 

VHIGIIj— ^neid, U. andlH. TheXarratireof^neas. Edited 
by B. W. HowS'iN, M.A., Fellow of King^s College, Cambridge, 
and AssistaDt-Master at Harrow. 75 cents. 

XENOPHON-Hellenica, Books I. and H. Edited by H. 
Hailstonb, B. a., late Scholar of Peterhouse, Cambridge. With 
Map. $1. 

Cyropaedia, Books "VTT. and Viii. Edited by Alprbd 
Goodwin, M.A., Professor of Greek in University College, Lon> 
don. $1. 

Memorabilia Socratis. Edited by A. R. Cluer, B.A., Balliol 
CoU^e, Oxford. $1.80. 

Ths following are ready or in preparation .— 

JESOHINBS— In Ctesiphonteni. Edited by Hev. T. Gwatkxn, 
M.A., late Fellow of St John's College, Cambridge. [In press. 

CnOEBO— Pro P. Sestio. Edited by the Rev. H. A. Holden, M. A., 
LL.D., Head-Master of Ipswich School. late Fellow and Assistant 
Tutor of Trinity College, Cambridge. $1.25. 

DEMOSTHENES -First PhiUppic Edited by Rev. T. Gwat- 
KiN, M.A., late Fellow of St. John's College, Cambridge. GO centa^ 

ETJBIPIDES— Select Plays, by various Editors. 

Alcestls. Edited by J. E. C. Weujmn, B.A., Fellow and Leo- 
tnrer of King's College, Cambridge. 

Baechae. Edited by E. S. Shuckbitrgh, A.M., Assistant-Master 
at Eton College. 

Medea. Edited by A. W. Vkrraxl, M. A., Fellow and I^ectnier 
of Trinity College, Cambridge. 90 cents. 
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Iphiffeneia in Tavris. Edited hy E. B. Eiioi.Ain>, M.A., Leo 
tarer at the Owens College, Manchester. $1.10. 

H EBOD OTXr S~Th e Invasion of Greece by Xences, Books 
Vn. and VIll. Editerl by Thomas Case, M.A , formerly Fel- 
low of Brasenose College, Oxford. 

HOMEB'S ODTSaEy-Books XXI.-XXIV. Edited by S. 
O. HAsn^TOH, B.A., Fellow of Hertford College, Oxford. 9Cc. 

HOBACE--Tlie Odes. Edited by T. E. Vlqk, M.A., Master at 
Charterhoiue and late Fellow of St. John's College, Cambridge. 

$1.60. 
The Satires. Edited by Arthur Palwkr, M.A., Fellow and 
Professor of Latin in Trinity College, Dablin. $1.60. 

The Epistles and Ars Poetica. Edited by Professor A. S. 
WiLKisBt M.A $1.60. 

UVY— Books XXm. and XXIV. Edited by Rev. W. W. 
Capes, M.A. 

The Samnite 'Wars as narrated in the First Decade of Livy. 
Edited by Rev. T. H. Stokok, D.D., Lincoln College, Oxford, 
Head-Master of Eing's College School, Loudon. 

liTJCBETinS— Books I. to HI. Edited by J. H. Warbuhtoit 
Lbb, B.A., late Scholar of Corpas Christ! College, Oxford, and 
Assistant-Master at Rossall. $1.10. 

liTSI AS— Select Orations. Edited by E. S. Shuokbubgh, M.A., 
Assistant-Master at Eton College. $1.60. 

PLiATO— Meno. Edited by E. S. Thompson, M.A., Fellow of 
Christ^s College, Cambridge. 

Apoloffy and Crito. Edited by F. J. H. Jbnkinson, M.A., Fel- 
low of Trinity College, Cambridge. 

The Bepublic, Books I.— V. Edited by T. H. Warren, M.A., 
Fellow of Magdalen College, Oxford. 

SOPHOCIiES— AntifiTone. Edited by Rev. John Bond, MA., and 
A. S. Waltole, M.A. 

TACITUS— The History. Books I. and H. Edited by C. E. 
GRATsa, M.A. 

THXJCYDIDES— Books I. and II. Edited by H. Bro^dbbnt, 
M.A., Fellow of Exeter College, Oxford, and Assistant-Master at 
Eton College. 

Books III., IV. and V. Edited by C. E. Grates, M.A. 
Classical Lecturer, and late Fellow of St. John^s CoUege, Cam* 
bridge. (To be published separately.) Book 4, $1.10. Beady* 

Other volumes wiU SdUuw. 
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OICBBO—Liife and Ijetters. Being a new translation of the let- 
ters included In Mr. Watson's selection. With notes. By Rev. G. 
£. Jeans, M.A. 8vo. $2.75. 

CICERO— The Acadexnica. Translated by J. S. Reid, M.A. Svo, 
$1.50. 

HOMER'S ODYSSEY. Done into English Prose. By S. H. But- 
cher, M.A., and A. Lano, M.A. 12mo. $1.60. 
'* The present brilliant translation of the Odyssey is another most 
gratifying proof of the taste and soundness of finglish scholarship." 
—Saturday Review. 

HONKER'S TT.TATl. Translated into Ensriish Prose. By A. 

Lang, M.A., Walter Leaf, M.A., and Ernest Myers, M.A. 

12mo. $1.50. 
"We are thankful to have the general impression of the poem thus 
faithfully reproduced for the many readers who have not time for the 
study of the original."— JViB^iow . 

HORACE— Word for Word. The Odes literally versified. (With 
text on opposite page.) By William Thomas Thornton, C.B. 
12mo. $2^. 

HORACE— Works. Rendered into English prose, with introduc- 
tions, running analysis, notes and an index. By James Lonsdale, 
M. A., and Samuel Lee, M.A. 13mo. $1.25. 
" To classical and non-classical readers it will be invaluable."— Zon- 

don Standard. 

JirVEN" AIj— Thirteen Satires. Translated into English, after the 
Latin Text of J. B. B. Mayor, M .A. By H. A. Strong, M. A ., LL.D., 
and Alexander Leeper, M.A. l2mo. $1. 

PINDAR— The Extant Odes. Translated into English, with an 
introduction and short notes. By Ernest Mters, M.A. 12mo. 
$1.50. 
"Several translations In poetical prose have recently appeared; of 

these Mr. Ernest Myers* is by far the oest."— -4<A«MPwm. 

PIjATO— The Dialoflmes. Translated into English. By B. Jowett 
M.A., Master of BaUiol Colle^. Second edition, revised and cor- 
rected throughout, with additions and an index of subjects and 
proper names. 5vols.,8vo. $15.00. 
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PItATO— The Republic. Translated into English, with an analysis 

and notes. By John Llewkli— '^ " * ' *" 

yAUaiiASf M.A. 18mo. $1.25. 



and notes. By John Llewrltn Dayies, M.A., and Datid James 



PIjATO— The Trial and Death of Skx^rates, being the Enthy- 
phro, Apology, Crito, and Pluedo. Translated by F. J. Church. 
]2mo. |l.25. 
•* We shall be glad if onr good word may serve to promote the popu- 
larity of this little book, which contains one of the mostpathetic, and, 
if read aright, edifying books m our tdgtorj.''*— London £!xaminer. 

SAIXXJ8T— Catiline and Ju^artha. Translated into English. 
By Altrkd W. Pollard, B.A. 12mo. $r.60. 

TACITXTS— The Aerricola and Germany, cmd the Dialogme 
on Oratory, 'l^nslated into En^ish. By Alfred John 
Church, M.A., and William Jackson Brodribb, M.A. Revised 
edition, with notes and maps. 12mo. $1.25. 

By the same TransHators. 

TACITT7S— The Annals. 12mo. $2. 

The History. 12mo. $1.60. 

TERENCE— The Self-Tormentor. Translated from the Hauton 
Timorumenos of Terence. By B. 8. Shuckburoh, M. a., with text. 
16mo. $1. 

THEOCRITUS— Bion and Moachus. Bone into English, with 
an essay on Theocritus and his Life. By Andrew Lano, M.A. 
ISmo. $1.50. 

" We may at once pronounce this volume to be as near as possible to 
perfection. ^'*— Saturday Review. 

THEOPHRASTTJS— Characters An English translation (with 
a revised text on opposite page), with introduction and notes. By 
R. C. Jebb, M.A. [Reprinting. 

VIRGIXf— Works. Rendered into English prose, with introduction, 
running analysis, notes and an index. By Jambs Lonsdale, M.A., 
and Samuel Lee, M.A. 12mo. $1.25. 
*'A more complete edition of Vir^l it is scarcely possible to cm- 

ceive than the scholarly work before mb."*' —London Globe. 

ARISTOTIiE— The Politics. Translated by J. E. C. Welldon. 

$2.50. 
UVY. Books 21-25. The Second Punic War. Translated by A. J. 

Church and W. J. Bbodrib^. $2. 



CLASSICAL WORKS. 

COMPOSITION, GRAMMAR, Bta 



FIRST liATIN G-RAMlffAR. By M. C. Maoiiii.lan, M.A. 
40 cents. 

SCHOOIi liATIX G-RAMMAR. By H. J. Roby, M.A. $1.40. 

EXERCISBS IN LATIN SYNTAX AND IDIOM. Ar- 

ranged with reference to Roby's " School Latin Grammar.'* By B. 
B. England, M.A. 60 cents. 

LATIN PROSS COMPOSITION. By Rev. Hskrt Bxlohx^, 
M.A. 40 cents. Key, 90 cents. Fart II., &0 cents. 

LATIN PROSE COMPOSITION, HINTS TOWARDS. 
By A. W. Potts, LL.D. 75 cents. 

PASSAGES FOR TRANSLATION INTO LATIN PROSE. 

By the same. 60 cents. Key, 60 cents. 

LATIN PROSE COMPOSITION, FIRST STEPS TO. By 

G. RuBT, M.A. 40 cents. Key, 90 cents. 

SYNTHETIC LATIN DELECTUS. By E. Rush, B.A. 50 
cents. 

A GRAMMAR OF THE LATIN LANGUAGE, from 
Plautus to Sxietonitis. By H. J. Robt, M.A. In Two Parts. 
3d edition. Part I., crown 8vo, $2.00. Part 11., $8.60. 

GREEK PROSE COMPOSITION. First Steps. By Rev. 
Bloomfibld Jackson. M.A. 40 cents. Key, 90 cents. Second 
Steps, 60 cent:«. Key, 90 cents. 

GREEK IAMBICS FOR BEGINNERS. By Rev. H. Ktnab- 
TON, M.A. $1.10. 



MAGBOLLAN'S CLASSICAL WORKS. 



FOB BEQIHNSBS. By Prof. J. B. Mayob. Com- 
plete. Sl.lO. 

VIBST GBEEK itT! a "mg-n. By Prof. J. E. B. Mayob. $1.10. 

FIBST GBSEX QBAMlffAB. By W. G. Rttthkbfobd, M.A. 
40 cents. 

BLBXENTS OF GBZTBK GBAJOCAB. By Prof. J. G. 
Greenwood. $1.40. 

AN INTBODtJCTION TO OBZTBK AND LATIN ETT- 
MOLOGT. By John Peilb, MA. New edition. In prets. 



By JOSIAH WRIGHT, M.A., 

Latb Hbad Mastxb or Suttoh Coldvibld School. 

A OOXFLETE IjATIN OOTJBSB. Comprising Rules, with Ex- 
amples, Exercises and Vocabularies. 70 cents. 

FIBST LATIN STEPS ; or, an Introduction by a Series of 
Examples to the Study of the Latin Language. 90 cents. 

A HELP TO LATIN GBAMMAB : or, the Form and Use 
of Words in Latin. With Exercises. $1. 

THE SEVEN KINGS OF BOME. A Story abridged from the 
First Book of Livy. With Noies and Vocabularies. 80 cents. 

ATTIC PBIMEB. Arranged for the Use of Beginners. 70 cents. 



MACMILLAN & CO.. NEW YORK. 



MACMILLAN'S 



SERIES OF 



FOREIGN SCHOOL CLASSICS, 



EDITED BY 



G, eug£:ne-fasnacht, 

Author of the " Progressive French Course," etCi 



NOW READY: 

OORNEILIjZ!— Z^ CID, Tragedie en Cinq Actes. Edited 
with Biographical Notice, Historical Introduction, Glossary, 
Historical and Literary Notes, by G. Eug^jne-Fasnacht. 
i8mo, pp. XIV. I20. Cloth. 30 cents. ' 

Messrs. Macmillan & Co. have in preparation a series of Foreign 
Classics, edited for the use of Schools on a plan and scale similar 
to that of their series of Elementary Classics. Select works of the 
best foreign authors will be issued, with suitable notes and intro- 
ductions based on the latest researches of French and German 
scholars. 

The work will be put into the hands of editors actually en- 
gaged in teaching, and familiar with the needs of students, so 
that the books may be real aids to overcoming the difiiculties of 
the language and rightly appreciating the literature. It is now 
being felt that French and German, if taught on the same strict 
scientific principles as Greek and Latin, are of hardly less value as 
an educational instrument than the classical languages. M. Fas- 
nacht's own books have had no small share in producing the 



FOREIGN SCHOOL CLASSICS. 



recognition of this fact, and the publishers therefore feel confident 
that a series of Foreign Classics, prepared under his guidance, 
will adequately meet the needs of the present time. 

The following volumes are ready or in preparation: 

OOBNBnXB— X^ CID, Edited by G. E. Fasnacht. 
30 cents. 
SELECTIONS FROM FRENCH HISTORIANS. I. 
Ancient History. Edited by C. Colbeck, M.A., Assistant 
Master at Harrow. $1.10. 

MOljixaJl-'rA VARE, Edited by L. MORIARTY, B.A., 
Assistant Master at Rossall School. 30 cents. 

LES FEMMES SA VANTES. Edited by G. E. Fas- 
nacht. 30 cents. 

LE MEDECIN MALGRE LUL By the same Editor. 
30 cents. 
YGVTAIECB'^CHARLES XII, By the same Editor. 90 cts. 

OGEn^BB—GOETZ VON BERLICHINGEN, Edited by 
W. G. GuiLLEMARD, M.A., Assistant Master at Harrow, 
and H. A. Bull, B.A., Assistant Master at Wellington Col- 
lege. 55 cents. 

ICEDXIi— SELECTIONS FROM PROSE WORKS, Edited 
by C. CoLBBCK, M.A. 65 cents. 

• TJHLANTy—SELECr BALLADS, Edited by G. E. Fas- 
nacht. 30 cents. 

SELECTIONS FROM GERMAN HISTORIANS, I, 
Ancient History. By the same Editor. [In prepamtion. 

Other volumes, including Racine's " Britannicus," Lafontaine's 
" Fables/' SchiUer's " Maid of Orleans/' etc., wiU foUow. 



FRENCH AND GERMAN TEXT-BOOKS. 3 

MAOMIUiAN'S PROGRESSIVXS FRENCH OOURSB 

— By G. Eugene-Fasnacht, Senior Master of Modem Lan- 
guages, Harpur Foundation Modem School, Bedford. 

I. — First Year, containing Easy Lessons on the Regulai 
Accidence. 1 6mo. 30 cents. 

II. — Second Year, containing Conversational Lessons on 
Systematic Accidence and Elementary Syntax. With Philo- 
logical Illustrations and Etymological Vocabulary. 55 cents. 

III. — Third Year, containing a Systematic Syntax, and 
Lessons in Composition. 65 cents. 

Of Part I. the Educational Times says *' This is a very eood Exercise 
Book for the pupil's first year's course in French. Each lesson exactly 
occupies a page, with vocabulary, rule, and a double exercise in French 
and English — an arrangement which is not without its convenience, as the 
pupil has before him all the materials of his lesson, without turning to an- 
other part of the book." 

MAOMILIiAN'S PROGRESSIVZ! FRUNGH READERS 

— By G. Eug^jne-Fasnacht. 

I. — First Year, containing Tales, Historical Extracts, 
Letters, Dialogues, Fables, Ballads, Nursery Songs, etc., 
with Two Vocabularies : (i) in the order of subjects ; (2) in 
alphabetical order. i6mo. 65 cents. 

II. — Second Year, containing Fiction in Prose and Verse, 
Historical and Descriptive Extracts, Essays, Letters, Dia- 
logues, etc. i6mo. 65 cents. 

MAOMILLAITS PROGRESSIVJB QERMAN OOURSB 

— By G. EugAne-Fasnacht. 

Part I. — First Year, Easy Lessons and Rules on the Reg- 
ular Accidence. i6mo. 35 cents. 

Part II. — Second Year. Conversational Lessons in Sys- 
tematic Accidence and Elementary Syntax. With Philo- 
logical Illustrations and Etymological Vocabulary. i6mQ. 
90 cents. 



Macmillan & Co.'s 

CATALOGUE 

OF 

FreDch and German Text-Books. 



BBAXJMARCHAIB^LE BAR BIER DE SEVILLE. Ed- 
ited by Blouet. i6mo. 60 cents. 

BOWEN (H. O.y-FIRST LESSONS IN FRENCH, A 
Book for B^^inneis. i6mo. 30 cents. 

BRACHETS ZTTTMOIXX^IOAI. DICTIONART OF 

THE FRENCH LANGUAGE. Translated by G. W. 
KiTCHiN, M.A. New edition. $1.75. 

" We cannot speak too strongly in commending ihis volume to every 
student of philology, and especially to every thorough student of the 
English language/* — ColU^e Qmrant. 

HISTORICAL GRAMMAR OF THE FRENCH 
TONGUE. Translated by G. W. Kitchin, M.A. Third 
edition. i6mo. 90 cents. 

BRSTBIANN (HERBffANN)— WORKS. 

FRENCH GRAMMAR BASED ON PHILOLOGICAL 
PRINCIPLES. i6mo. $1.10. 

" This small Freik^h grammar of Mr. Breymann*s is a work in the right 
direction, and that deserves the attention of all those who are interested 
in the study of the modem languages. "—A'a/zVw. 

FIRST FRENCH EXERCISE BOOK. i6mo. %\.\o. 

SECOND FRENCH EXERCISE BOOK. l6mo. 7octs. 
4 



FRENCH AND GERMAN TEXT-BOOKS. 5 

BUOHHXZIM (O. A.)—DE UTSCHE L YRIJC. With Notes, 

etc. i8mo. $1.25. 

"The literary and grammatical notes at the end are extremely good, 
and cannot fail to be a decided help to both teacher and reader." — Nation, 

MODERN GERMAN READER, A graduated coUec- 
tion of prose extracts from modem German writers. Part I, 
with English notes, a grammatical appendix, and a complete 
Vocabulary. i2mo, cloth. 60 cents. 

BUCHHEIMS GERMAN CLASSICS. 

"These editions deserve special commendation for the clearness and 
copiousness of the commentary, which leaves no verbal or grammatical 
difficulty unnoticed, and for the genial and sympathetic spirit of the bio- 
graphical notices and introductions." — Saturday Review. 

I. GOETHE'S EGMONT. i6mo. 75 cents. 

//. SCHILLER' S WILHELM TELL. i6mo. 90 cents. 

///. LESSINGS MINNA VON BARNHELM, i6mo. 
90 cents. 

IV. SCHILLER'S EGMONT' S LEE EN UND TOD, 
DIE BELAGERUNG VON ANTWERPEN i6mo. 
60 cents. 

" Most worthy of being adopted in classes. The ' Life of Egmont * is 
generally consiaered to be Schiller^s masterpiece in prose ; ' The Siege of 
Antwerp ' is acknowledged to be the best piece of descriptive and narra- 
tive prose that Schiller ever wrote. We have to add that the Professor's 
notes are excellent." — Edttcational Times. 

V. GOETHE'S IPHIGENIE AUF TAURIS. i6mo. 
75 cents. 

FASNAOHT(a. EUOiSNE)— 7!^^ ORGANIC METHOD 
OF STUDYING LANGUAGES. I. French. Contain- 
ing a Complete Accidence and Elementary Syntax Combined. 
i2mo. $1.10. 

LANQB'S NEW GERMAN METHOD— THE GER-^ 
MANS A T HOME. A Practical Introduction to German 
Conversation, with an Appendix containing the Essentials 
of German Grammar. 8vo. 60 cents. 



FRENCH AND GERMAN TEXT-BOOKS. 



iMAXOiB^Continued. 

A GRAMMAR OF THE GERMAN LANGUAGE, 
8to. 90 cents. 

THE GERMAN MANUAL, A German Grammar, a 
Reading Book, and a Hand-book of Conversations in Ger- 
man. 8vo. fi.ga 

"UBl&SERQt—LAOKOON, Edited by A. Hamann, M.A. 
i6mo. fi.io. 

BSAS80N (O.y-FRENCH CLASSICS, i6mo. 

" Students of French ought to make acquaintance with French litera* 
ture, and M. Masson is well qualified to be their guide." — Noncon- 
formist. 

Vol. \,— CORN fillers " CINNA** and MOLIERES 
" LES FEMMES SA V ANTES,** With English Notes. 
60 cents. 

Vol. U,— RACINE'S " ANDROMAQUE," and COR- 
NEILLKS ''LE MENTEUR," 60 cents. 

You 111. -^MOLIERES ''LES FOURBERIES DE 
SCAPIN;* and RACINE* S ''A THALIE." 60 cents. 

Vol. IV.— SELECTIONS FROM THE CORRES- 
PONDENCE OF MME, DE S£VIGNE, 75 cents. 

Vol. V,— modern WRITERS, 60 cents. 

Vol. \1,—REGNARD*S " LE JOUEUR/* etc. 60 cents 

Vol. YU.— LOUIS XIV, AND HIS CONTEMPOR- 
ARIES, 60 cents. 

MASSON {aVSTlLY-By-FRENCH-ENGLISH AND 

ENGLISH-FRENCH DICTIONARY. Small 4to. 

American edition, $1.00. 

••By many degrees the most useful dictionary the student can obtain." 
— Eof CATION A L Times. 



FRENCH AND GERMAN TEXT-BOOKS. 7 

BSA8SON (QUSTAVB)— /'/T'T' PRESS EDITION OF 
FRENCH CLASSICS, 

VOLTAIRE'S ''HISTOIRE DU SI A CLE DE LOUIS 
XIV.** Chaps. I.-XIII. 60 cents. 

Chaps. XIV.-XXIV. 60 cents. 

Chaps. XXV. to end. 60 cents. 

SAINTE-BEUVE*S '' M. DARU*" With notes. 
50 cents. 

CORNEILLE*S ** LA SUITE DU MENTEUR:* 
With notes. 50 cents. 

XAVIER DE MAISTRE*S "LA JEUNE SIBERI- 
ENNE." With notes. 50 cents. 

MADAME DE STAEVS '* LE DIRECTOIRE," With 
notes. 50 cents. 

LEMERCIER'S '* FREDEGONDE ET BRUNE^ 
HA UT" With notes. 50 cents. 

MADAME DE STAEVS *'DIX ANNEES ITEXIL:* 
With notes. 50 cents. 

d*harleville*s *'le vieux celibataire:* 

With notes. 50 cents. 

PIRONS **LE METROMANIE:* With notes. 50 cts. 

VILLEMAIN*S ''LASCARIS OU LES GRECS DU 
XVe SIECLE, With a Selection of Poems on Greece. 
50 cents. 

SCRIBE'S '*LE VERRE LTEAU," by Colbeck. 
50 cents. 

BONNECHOSE'S LAZARE HOCHE. Gininl en 
Chef. By Colbeck. 50 cents. 



8 FRENCH AND GERMAN TEXT-BOOKS. 

MOUdRS— Z^ MALADE IMAGINAIRE. Edited by 

F. Tarver, M. a. i6mo. 60 cents. 

flAINTSBURT (GBORaB)— ^ PRIMER OF FRENCH 
LITERA TURE. i6mo, cloth. 40 cents. 

80HIL1.ER'S WILLIAM TELL. Translated into English 
Verse by E. Massie, M.A. With Text on opposite page. 
l6mo. fl.25. 

WAQNER'S PITT PRESS EDITION OF GERMAN 
CLASSICS. Edited with English Notes. i6mo. 

DER OBERHOFF, By Karl Immermann. 75 cents. 

A BOOK OF GERMAN DACTYLIC POETRY, 
75 cents. 

DER ERSTE KREUZZUG (1095-1099). By F. von 
Raumer. 50 cents. 

A BOOK OF BALLADS ON GERMAN HISTORY, 
50 cents. 

DER ST A AT FRIEDRICHS DES G^OSSEN By 

G. Freytag. 50 cents. 

GOETHKS KNABENJAHRE,^\*ji\,o-\^^K^, 50 cents. 

GOE THE '5 HERMANN AND DORO THE A. 
90 cents. 

DAS JAHR iSij, By F. KOHLRAUSCH. 50 cents. 

DAS WIRTHSHAUS IM SPESSART By Hauff. 
90 cents. 

GUTZKOW, ZOPF UND SCHWERT. Lustspiel. 
Edited by Wolstenholme. 90 cents. 



MACMILLAN & CO., - . NEW YORK 



...-^ff- ''■Wi^"^ 






%■* 



1^ 







I 



4 



